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I.  PHYSICAL  AND  GEOMETRIC 


Surface  area ,  sq.  ft. 

Width,  or  span,  ft. 

-  Stefan-Boltzmann' s  constant,  B  =  3.74  x  10-10,  foot-pound 
per  sq.  ft.  OF1*. 

-  Total  average  drag  force  coefficient  due  to  both  im¬ 
pinging  and  re-emitted  molecules,  d  iiensionless , 

CD  =  °Di  *  CD'  =  (Wfe 


-  Total  average  drag  force  coefficient,  (including  fric¬ 
tional  and  pressure  force  effects),  dimensionless, 

„  _  D 

CD  -  n/.\.  . 


VU  C/2 A 

-  Resultant  local  drag  force  coefficient,  referred  to  the 
(  Dj '  )  force,  dimensionless, 

CDl=  (vSJm? 

-  Resultant  average  drag  force  coefficient,  (due  to  im¬ 
pinging  molecules),  obtained  by  integration  of  the 
(Cd'i  )  on  a  finite  area  (A),  dimensionless. 

-  Resultant  local  drag  force  coefficient,  referred  to  the 
(  Dr‘  )  force,  dimensionless. 


Cp;  =  (Wm? 

-  Resultant  average  drag  force  coefficient  due  to  re-emitted 
molecules,  obtained  by  integration  of  (Co,)  on  a  finite  area 
(A),  dimensionless. 

-  Local  skin-friction  coefficient  due  to  tangential  momentum 
component  of  bcch  the  impinging  and  the  re-emitted  molecules, 
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Cf '  =  Cfi  ’  +  Cfr ' 

-  Average  skin-friction  coefficient  due  to  tangential  momentum 
component  of  both  the  impinging  and  the  re-emitted  molecules, 
dimensionless.  Obtained  by  integration  of  (Cf'  )  on  the  sur¬ 
face  (A). 
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Cf '  -  Local  skin-friction  coefficient  referred  to  the  free 

stream  reference  conditions, 

Cf '  = 

Cfi'  -  Local  skin-friction  coefficient  (at  some  point  M),  due  to 
tangential  momentum  transfer  component  of  all  impinging 
molecules,  dimensionless, 


Cmf  _  Most  probable  mean  average  molecular  speed  of  the  im¬ 
pinging  molecules,  i.e.  the  speed  possessed  by  the 
greatest  number  of  molecules,  ft.  per  sec. 

Cp  -  Average  pressure  coefficient  due  to  normal  momentum 

component  of  both  the  impinging  and  the  re-emitted  mole¬ 
cules,  dimensionless.  Obtained  by  integration  of  (  Cp  ) 
on  the  surface  (A) . 

Cp  -  Specific  heat  coefficient  of  a  gas  at  a  constant  pressure, 

BTU  per  slug  °F. 

Cp^'  -  Local  pressure  coefficient  (at  some  point  M),  due  to  normal 
momentum  transfer  component  of  all  impinging  molecules , 
dimensionless , 

r  •  - 

Pi  •  C/2)M* 

C'  -  Local  pressure  coefficient  (at  some  point  M )  due  to  normal 

p  momentum  transfer  of  both  the  impinging  and  the  re-emitted 

molecules,  dimensionless, 

Cp '  =  Cpi  +  Cpr 

Cv  -  Specific  heat  coefficient  of  a  gas  at  a  constant  volume, 

BTU  per  slug  °F. 

dEi'  -  Mean  average  internal  energy  flux  of  the  incident  molecules. 

dEr'  “  Mean  average  internal  energy  flux  of  the  rebounced  (re¬ 
emitted)  molecules. 

dEw’  -  Mean  average  internal  energy  flux  of  the  re-emitted  molecules, 
if  they  were  re-emitted  with  a  Maxwellian  velocity  distri¬ 
bution  function  so  modified  as  to  correspond  to  the  surface 
temperature  (Tw  )  . 

dEw'  -  Mean  average  internal  energy  flux  of  the  molecules  re-emitted 
in  Maxwellian  equilibrium  (Tr  =  Tw  )  from  a  surface,  with  no 
macroscopic  velocity  (  q  =  0  ). 

dA  -  Infinitesimal  surface  area,  sq.  ft. 

dp  -  Local  aerodynamic  force,  acting  on  an  infinitesimal  surface 
element  (  da  ) ,  lbf . 

dQ  -  Infinitesimal  convective  heat  content,  BTU. 

D  -  Alternatively,  a  reference  body  length  (maximum  diameter 
eventually) ,  f t . 
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■MW  Wi' 


'  f*» » » '■B V^f>W « "IW I  f  iL/lftAW«**w«wi  <t  ■— 


A  characteristic  dimensionless  length  of  the  body-fluid 
system, 

D  =  m 


q  -  Total  drag  force,  lbf. 

D  =  (Di'  +  Dr’)  A. 

D£'  -  Resultant  local  drag  force  per  unit  area,  due  to  the  re¬ 

sultant  momentum  exchange  of  all  the  impinging  molecules 
at  any  point  (M)  on  the  surface  ( d^  ) ,  lbf.  per  sq.  ft. 

Di'  =  CojC/z )  ptf  *  p,  >in0  ♦  ti  cote 

Df '  -  Resultant  local  frictional  drag  force  per  unit  area,  due 

to  resultant  tangential  momentum  exchange  of  both  the  im¬ 
pinging  and  the  re-emitted  molecules,  lbf.  per  sq.  ft. 

Dp'  -  Resultant  local  pressure  drag  force  per  unit  area,  due  to 

resultant  normal  momentum  exchange  of  both  the  impinging  and 
the  re-emitted  molecules,  lbf.  per  sq.  ft. 

D  ' 

r  -  Resultant  local  drag  force  per  unit  area,  due  to  the  resul¬ 
tant  momentum  exchange  of  all  the  re-emitted  molecules  at 
any  point  (M)  on  the  surface  (d^ ) ,  lbf.  per  sq.  ft. 

Dr'  =C|,r  0/2)  />,gf  =  pr*in0 

erf  -  Symbol  for  error  function. 

erfc-  Symbol  for  complementary  error  function. 

Gxp  -  Denotes  exponential  function. 

£  -  Mean  average  total  internal  energy  of  an  individual  molecule, 

due  to  all  existing  individual  degrees  of  molecular  freedom 
of  motion. 


E'EN-  Radiant  emission  energy  from  the  body  per  unit  area, 

S’EK  =«BtJ 

Ei  -  Mean  average  total  internal  energy  of  an  individual  inci¬ 
dent  molecule. 

E'  -  Mean  average  internal  molecular  energy  content  per  unit  area 
per  unit  time . 

Ei  -  Mean  average  internal  energy  content  per  unit  area  per  unit 
time  of  the  impinging  molecules . 

Etm  -  Radiant  input  energy  from  infinitely  per  unit  area  of  body  sur¬ 
face  , 

Ein  =  «  B  Tc4 

w  -  Mean  average  total  internal  energy  of  a  rebounced  (or  re-emitted) 

Er  molecule . 

.  -  Mean  average  total  internal  energy  of  a  molecule  that  would  be 

Ew  possessed  by  the  re-emitted  molecule,  if  it  were  re-emitted  from  e 
solid  surface  (wall)  in  accordance  with  a  modified  Maxwellian 
velocity  distribution  function  changed  to  correspond  to  the  sur¬ 
face  temperature  (Tv*  ). 
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I 

Er 


h2 


Kru 


Mi 


Mi 


Mean  average  internal  energy  content  per  unit  area  per 
unit  time  of  the  reflected  (re-emitted)  molecules. 

Total  aerodynamic  force,  acting  on  a  finite  surface  area 
(A),  lbf. 

Boltzmann's  function  for  1  =  2  . 

Shearing  stress  at  the  wall,  lbf.  per  sq.  ft. 

Modified  Bessel  function  of  the  order  (  i  ). 

Modified  Bessel  function  of  the  order  (o  ). 

The  internal  energy  output  per  unit  area  of  body  surface 
per  unit  time,  due  to  coolants. 

Coefficient  of  heat  conduction  for  monoatomic  gases,  BTU 
per  sec.  ft.  °R. 

A  constant,  related  to  (  X  )  and  (X),  dimensionless, 


ci  =  "lb 


-  Knudsen  Number,  dimensionless, 

Knx  =  =  x 

-  Total  length  .  ft. 

-  Local  dimensionless  mean  free  molecular  path  at  any  point 
in  the  boundary  layer, 

T 


C  = 


-  Mach  Number  of  the  impinging  molecules,  dimensionless, 


Mf  =-§>- 
1  o, 


Mach  Number,  dimensionless,  referred  to  some  reference 
"1"  station  of  the  free  stream  flow, 


Mi 


Total  number  of  impinging  molecules  per  unit  volume  per 
unit  time. 


ni’ 


Total  number  of  impinging  molecules  per  unit  area  per  unit 
time. 


nr  -  Total  number  of  the  reflected  (re -emitted)  molecules  per 
unit  volume  per  unit  time. 

nr'  -  Total  number  of  the  reflected  (re-emitted)  molecules  per 
unit  area  per  unit  time. 

Nu  -  Nusselt  Number,  dimensionless,  referred  to  the  reference 
(D)  length, 

Nu  = 

K 

nINT  -  Number  of  internal  (rotational  +  vibrational)  degrees  of 
molecular  freedom. 

p  -  Normal  momentum  component  in  defining  the  respective 


2.4-xi 


V  ..J£ 


parameter  of  a  partial  diffuse  re-emittance ,  (or1). 


p  -  Total  normal  stress  (pressure),  lbf.  per  sq.  ft. 

P  =  Pf  +  P, 

Pi  -  Normal  stress  (pressure)  due  to  impinging  molecules,  lbf. 
per  sq.  ft. 

pi=  "df'  ,infi 

Pr  -  Normal  stress  (pressure)  due  to  re-emitted  molecules,  lbf. 
per  sq.  ft. 

Pr=  -flf  *in® 

Pr  -  Prandtl  Numbe’  ,  dimensionless, 

_£j_£p 

q  -  Mean  average  "ordered"  molecular  resultant  velocity  of 
the  control  space-volume  (d  ),  ft.  per  sec. 

q  =  (u^  +  v"2  +  w? )  \  , 

q  =  Voo 

Res  -  Reynolds  Number,  dimensionless,  referred  to  free  stream 
reference  conditions  (1)  and  the  slant  length  of  a  cone 
(s), 

■u. 


Pr  = 


r 

r' 


-  Radius,  ft. 

-  Modified  recovery  factor,  accounting  for  the  type  of  mole¬ 
cular  re-emittance  mechanism, 


r  - 


Tf  —  T|  y+j 


T.-T,  r 

-  Recovery  factor,  dimensionless, 

r  -  Ta<-T. 
r  '  T,-T, 


Re^-  Reynolds  Number,  dimensionless,  referred  to  some  reference 
"1"  station  of  the  free  stream  flow, 

_  ^l~X|  Ui 

Mi 


Rei 


Speed  ratio  of  the  impinging  molecules  in  a  free  molecule 
flow,  dimensionless, 


Cm,  -V  2 

s  -  Slant  length  of  a  cone,  ft. 

Sr  -  Common  reference  area  for  a  given  missile  configuration, 
sq.  ft. 

Sv  -  Ratio  of  the  normal-to-surf ace  component  of  mean  average  mass 
velocity  (  vj  )  to  the  most  probable  speed  of  incident  mole¬ 
cules  (cm. ). 


Sy  —  S  sin  9  — 


t  -  Time,  sec. 
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Tod  -  Absolute  adiabatic  temperature,  or  or  or. 

Tw  -  Absolute  temperature  of  the  immersed  surface  (wall)  proper, 

or  or  or. 

U  -  Local  dimensionless  velocity  component  in  the  x-direction 

at  any  point  in  the  boundary  layer, 


u',v',w'-  Dimensionless  local  molecular  velocity  components,  ft.  per 
sec . 

u,v,w  -  Mean  average  velocity  components  within  an  infinitesimal  time 
interval  (dt),  ft.  per  sec. 

u  =  u  (x,y,z,t) 
v  =  v  (x,y,z,t) 
w  =  w,  ( x ,  y ,  z ,  t ) 

u',v',w'  -  Time-average  of  the  (u',  v' ,  w')  fluctuating  molecular 
velocity  components,  with  the  time  interval  (T)  long 
enough  to  allow 

»T 

U=  -J-/  U  dt  =0  etc. 

•'o 

x' ,y' ,z’ -  Dimensionless  coordinates  of  a  local  point,  ft. 
x-  -_i_  ,  etc. 

X  -  Dimensionless  longitudinal  position  coordinate  of  a  point, 


Y 

Zl 

Z2 

8U(  X  ) 

A 


-  Dimensionless  lateral  position  coordinate  of  a  point, 


-  A  molecular  speed  ratio  function, 

z,  =  ,,-i,5r0(±s*i 

-  A  molecular  speed  ratio  function, 

z,  =  ttsV  iSv  [l0  <£■  S2)  +  I,(-t  S2)] 

-  Local  "momentum"  boundary  layer  thickness,  or  local  boundary 
layer  thickness  at  a  station  (x) ,  defined  in  terms  of  the 
ordered  mass  velocity  deficiency,  ft. 

-  A  characteristic  dimensionless  length  of  the  body-fluid  sys¬ 
tem,  _ 

A  *  X/8U(D 


e  -  Emissivity  for  "gray"  bodies,  dimensionless. 

9  -  Alternatively  semi-vertex  angle  of  a  cone. 

9  -  Angle  of  incidence  of  the  impinging  molecular  stream 

(possessing  the  mean  average  resultant  velocity  qj  ),  radius. 

©  -  Dimensionless  absolute  temperature. 
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a 


or 

<r' 


r 


o 


C 


f  09 


-  Parameter  of  a  partial  diffuse  re-emittance,  i.e.  the 
fraction  of  incident  molecules  which  is  reflected 
diffusely  from  a  surface.  Alternatively,  (  ar  )  denotes 
the  parameter  of  a  partial  diffuse  re-emittance  due  to 
partial  tangential  momentum  transfer  only  if  a  more  elab¬ 
orate  interpretation  is  accepted,  i.e.: 

<r  *t  h-r,  ,  rw»  0 
T|-  T„ 

-  Geometric  diameter  of  a  molecule,  ft. 


-  Parameter  of  a  partial  diffuse  molecular  re-emittance  due 
to  a  partial  normal  momentum  transfer  at  the  surface  (wall), 


I 

<r  s 


Rzh 

R-H, 


Generally,  shearing  stress,  or  the  tangential  force  per  unit 
area,  lbf.  per  sq.  ft. 


-  Speed  of  sound, 

a  «  Vy  JE_  B  fll) 

P 


Local  speed  of  sound,  referred  to  free  stream  conditions  out¬ 
side  the  boundary  layer, 

O-J,  * 


-  Local  speed  of  sound,  referred  to  conditions  at  the  body 
surface,  [ft/aec] 

[°w],  *  f  (Tw)« 


Average  skin  friction  coefficient  referred  to  the  free 
stream  conditions,  dimensionless;  for  a  flat  plate,  zero 
angle  of  attack,  laminar  boundary  layer 


cf 


00 


with 


[v-].  • v*  ■ v' 


-  Local  skin  friction  coefficient  at  a  station  [x]  from  leading 
edge,  referred  to  the  local  free  stream  flow  conditions  just 
outside  the  boundary  layer,  dimensionless;  by  a  general 
definition: 

rcf.i  = - — — — 

1  J"  »*M.  M. 

-  Local  skin  friction  coefficient  at  a  station [x]  from  leading 
edge,  referred  to  the  local  conditions  at  the  body  surface, 
dimensionless;  by  a  general  definition: 

tc,‘k  =  nfiia, 

-  Local  specific  heet  coefficient  at  constant  pressure,  evalu¬ 
ated  at  the  outer  edge  of  the  boundary  layer, 


WSH 


or 


flow  conditions. 


[C  Poo]  „ 


f  fTJ«  ,  for  a  given  set  of  gas  and 
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tmm 


[CP**], 


tCp«]c 


M, 


[4 


H 

hx 


Local  specific  heat  coefficient  at  constant  pressure 
evaluated  at  the  body  surface, 

’  M*  “  f  (Tw)l 

for  a  given  set  of  gas  and  flow  conditions. 

Local  pressure  coefficient,  referred  to  the  local  free 
stream  conditions,  dimensionless, 


[cpJ< 


Poo  ~  Pa 

.^eoKl/2  J* 


Local  pressure  coefficient,  referred  to  the  ambient  flight 
conditions,  dimensionless, 


[CpJa 


[Pq»3»  -  Pa 

^aVa*/2 


Local  conductive  specific  heat  coefficient  of  a  given 
skin  material, 


r  etu  ] 

or 

Btu  i 

L  »lufl°R  J 

Ibf  #R  J 

Mx 

-  Local  energy  flux  into 
molecules,  „ 

[Ibf  ft  1 

[ft*  i*cj 

Mt 

-  Local  energy  flux  out 
flbf  It  1 

Lft2S.cJ 

W. 

-  Local  energy  flux  into 

radiation,  -  ,  - 

[Ibf  ft] 

[f  t2ncj 

M. 

-  Local  energy  flux  out  i 

[Ibf  ft  1 

[ft'.tcj 

M. 

-  Local  heat  absorption  < 
and  skin  material, 

[<*3*  *  [cw  K  "J, 

Flight  altitude, [ft]  , 


IN 


Local  film  coefficient  of  heat  transfer  in  the  flowing 
medium  (air) , 


Btu 

lie  ft*  °R 


Kn, 


Knudsen  Number  in  terms  of  the  characteristic  body  length, 
dimensionless , 

KnL=  £ 
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I 

I 


I 


I 


•  -m 


'  s*?1  '-w; 


•«  irtfEjTu  .7jTe£?t 

v.  v 


Local  Knudsen  Number,  at  a  station  (X),  referred  to  the 
local  point  distance  from  leading  edge  and  the  local  con¬ 
ditions  outside  the  boundary  layer,  dimensionless, 


Mm 


B jsL  ~ 


Local  Knudsen  Number  at- a  station  (  X  ),  referred  to  the 
local  point  distance  from  the  leading  edge  and  the  con¬ 
ditions  at  the  body  surface,  dimensionless, 

[Kn«L  =-CLpL  ~ 

Knudsen  Number  in  terms  of  a  laminar  boundary  layer  thick¬ 
ness,  dimensionless 

Kn .  ■  -5— 

8  8 

Local  Knudsen  Number  at  a  station  (  X  )  from  leading  edge, 
referred  to  the  local  laminar  boundary  layer  thickness  and 
the  local  conditions  outside  the  boundary  layer,  dimensionless 

[Kng  l  .  Lla  3-  ~  [M 

Local  Knudsen  Number  at  a  station  (x),  referred  to  the 
laminar  boundary  layer  local  thickness  and  the  conditions  at 
the  body  surface,  dimensionless 


f Kn.  I  .  QJa.  ~ 
l  8,j*  8. 


Aerodynamic  lift  force,  [ibf] 

Characteristic  length  of  a  particular  body  geometry,  or  of 
the  whole  vehicle  in  general,  [ft]  . 

Length,  [ft]  . 

Flight  Mach  Number,  dimensionless. 


Local  Mach  Number  at  a  station  (x)  from  leading  edge,  re¬ 
ferred  to  the  conditions  at  the  body  surface, 

N.  * 

Mass  on  one  molecule  of  air 

m  a  z  SJL  [  «N«  ] 

N*  l  molecule  J 

Number  of  molecules  contained  per  cubic  foot  of  the  ambient 
atmospheric  gas  at  some  altitude  (A  ), 


N‘  ■  "•  (Tf)(-fe-) 


[molecule*  1 

ft*  J 


Number  of  molecules  contained  per  cubic  foot  of  the  atmos¬ 
pheric  gas  at  sea  level,  [ molecules] 

N.  .  7.63KI023  L  f*3  J 


Static  pressure, 


m 
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M. 


M 


-  Local  free  stream  static  pressure,  outside  the  boundary 
Uyer'  flMl 

LhtJ 

-  Ambient  atmospheric  static  pressure 

B?] 

-  Static  pressure  at  sea  level, 

"•  ■ 2,17  pffi] 

-  Local  Prandtl  Number,  dimensionless;  in  the  present  case: 

M  =  (  laminar  flow® 

[^rx]  =  ( ■  °-W-” -®-  )  turbulent  flows 

L  J  1 00  —  oo 

-  Local  heat  transfer  rate  into  (or  out  of)  a  surface  element 

(A«>,  r biu  l 

[Aq]e  *  Aqx  AS  L‘0Cj 

-  Local  aerodynamic  heat  flux,  Btu  ~| 

[i,.]  =h.[T..-T.]i 


-  Local  heat  flux  to  or  from  the  skin  due  to  internal 
(artifical)  heating  or  cooling  effects, 

Rfc] 

-  Local  radiation  flux  out  of  skin  into  the  ambient  atmos¬ 
phere,  r  Btu  ] 

|_  sac  ft2J 


[a»,],  =  [«.t«4Lb 


-  Ambient  (Solar)  radiative  heat  flux  into  the  skin, 

•  *•  <BT*)  [-^V] 

t 

-  Local  instantaneous  heat  flux  into  (or  out  of)  surface  ^ 

■  [•-  tH-  [urk] 

-  Universal  gas  constant  (air) 

R  -  1544  [  lbf  ft  x— 1 
L  Ibf  mola  °R  J 

-  Reynolds  Number  in  terms  of  the  characteristic  body  length, 
dimensionless 

Re.  -  _VL_ 

L  v 

-  Local  Reynolds  Number  at  a  station  (x)  from  leading  edge, 
referred  to  the  local  free  stream  conditions  outside  the 
boundary  layer,  dimensionless 


["•J. 


Cv <*>]« x  . 


f  oojxjyoo],  X 
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"V- 


r  i 


1 

I 

p 


T 

H, 


[To-], 

T.w 


Tr 


-  Local  Reynolds  Number  at  a  station  (X)  from  leading  edge, 
referred  to  conditions  at  the  body  surface,  dimensionless 


UvJ,  X 

» - * 

ft 

Local  recovery  factor,  dimensionless;  in  the  present  case: 
1/2 


'*  «  [*«]' 


laminar  flows 

turbulent  flows 


u.v.w 


-  Local  Stanton  Number,  referred  to  the  local  free  stream  con¬ 
ditions  outside  the  boundary  layer,  dimensionless, 

W“‘  M.  M.  N  ’ 

-  Local  Stanton  Number,  dimensionless;  in  the  present  case: 

w.-  nJ 

for  laminar  flows 

[s*,].  --  .6  [C.,]„  =  -  [M.]. 

for  turbulent  flows  (i.e.  a  modified  Reynolds  Analogy  law) 

-  Absolute  temper  a  ture,[*R] . 

-  Local  absolute  free  stream  temperature  at  the  outer  edge  of 
the  boundary  layer, 

-  Local  adiabatic  wall  temperature, 

M 

-  Maximum  (usually  related  to  the  stagnation  point  conditions) 

permissible  equilibrium  skin  temperature  in  a  sustained 
flight  for  a  presumed  skin  material,  in  absence  of  artifi¬ 
cial  cooling  of  any  kind  (ablative,  internal,  ejected  ex¬ 
ternally  etc. ) ,  .  , 

[•r] 

-  Temperature  of  the  impinging  molecular  stream, [°r]  ,  condi¬ 
tionally, 

T,  =Ta 

-  Absolute  temperature  at  sea  level, 

T0  =  «92  [.„] 

-  Temperature  of  the  re-emitted  molecular  stream, 

[•r]  conditionally  Tr  -  Tw 

-  Absolute  temperature  of  the  outer  (Solar)  ambient, 

M 

-  Local  speed  components  in  the  x,y,z  directions  respectively 

r  1  wy 

-  Flight  speed  [-J^j 
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[*.]. 

X 

[x*]. 

tu 


H. 


-  Dynamic  lift  on  a  trajectory  ,  [lb] 

W  =  L  +  CF 

-  Molecular  weight  of  gas  (air),  Standard  Atmosphere  conditions, 

W  -  28.97  I"  Ibfl 

L  Ibf  mol*  J 

-  Right-hand  local  coordinates  of  a  point,  generally  taken  in  the 
local  tangent  and  the  local  normal  and  the  local  binormal  direc¬ 
tions  at  the  surface,  [ft]  . 

-  Accommodation  coefficient,  dimensionless 

a  =  ti~tf 
®i  — •«* 

-  Specific  heat  ratio,  dimensionless 

-  Boundary  layer  thickness,  M 

-  Boundary  layer  thickness  at  the  station  "L"  (ft)  from  the 
leading  edge,  [ft  ]  . 

-  Local  boundary  layer  thickness  at  a  station  (x)  from  leading 
edge, [ft]  . 

-  Ambient  (Solar)  emissivity,  dimensionless,  conditionally 
equal  to  the  skin  absorptivity,  i.e.  to  the  skin  emissivity, 
using  an  approximation  of  the  gray  body  law: 

*  *  =  *  w 

-  Local  emissivity  of  the  skin  surface,  (assumed  equal  to  the 
surface  absorptivity),  dimensionless, 

-  Mean  free  molecular  path,  [ft]  . 

-  Local  mean  free  molecular  path,  referred  to  the  conditions  at  the 
body  surface, [ft]  . 

[U  = 1 M, 

-  Local  mean  free  molecular  path,  referred  to  the  conditions  at  the 
outer  edge  of  the  boundary  layer, 

[*  J.  •  '  [T-].  ("3 

-  Coefficient  of  viscosity, 

£«luq/ft«ec]  or  [ibf  ••y'  f t2  j 

-  Local  coefficient  of  viscosity  referred  to  the  local  free 
stream  temperature  conditions  at  the  outer  edge  of  boundary 

laVer.  r  -i  r  _  n  r  t 


r  tbtflj 

or 

[lAi-us]  , 

IVcoL  =  t  [i 

■J 

L  ft  sed 

L  "2  J 

L  J*  [ 

•J* 

Local  coefficient  of  viscosity  referred  to  the  local  temperature 
conditions  at  the  body  surface, 


[lM_l  or  f  IM  Uil  ,  LI.,/.  \ 

[ftstcj  r-J.s  f(M> 

Kinematic  coefficient  of  viscosity,  fliLl  . 

L  sec  J 
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w. 


-  Local  kinematic  coefficient  of  viscosity,  referred  to  the 
local  free  stream  conditions,  at  the  outer  edge  of  boundary 
Wer,  „  .  ..  .  , 


[&-}■  w.-fefc 


-  Local  Kinematic  coefficient  of  viscosity,  referred  to  the 
conditions  at  the  body  surface, 


[«H 


Fluid  density, 

[slug  /ft3] 


w-'K 


-  Local  air  density  at  the  outer  edge  of  the  boundary  layer, 


HuslI 

If**  J 


y  at  the  body  surfa 
or  [MJlt2] 


-  Local  air  density  at  the  body  surface, 


-  Local  shear  stress  at  the  body  surface, 


for  two-dimensional  laminar  conditions  at  the  surface, 

-  A  dimensionless  quantity,  functionally  presented  in  Fig. 
(22  )  in  terms  of 


(*)-• 


-  A  function  of  the  molecular  speed  ratio  (S)  and  the  angle 
of  incidence  of  the  impinging  stream  ( B  ) , 

,-sJ 

*(S,)  =  - 

•Jv  Sv(  I  +  erf  Sv) 


II.  SUBSCRIPTS 


i  -  Refers  to  the  ambient  standard  atmosphere  conditions, 
i  -  Refers  to  aerodynamic  aspects. 

-  Refers  to  impinging  molecular  stream. 

-  Refers  to  internal  conditions. 

-  Refers  to  the  characteristic  length  of  the  body  reometry 
in  question. 

o  -  Refers  to  standard  atmosphere  conditions  at  sea  :.evel. 

r  -  Refers  to  radiation  into  ambient. 

r  -  Refers  to  re-emitted  molecular  stream. 

s  -  Refers  to  the  stagnation  point  conditions. 

%  -  Refers  to  radiation  from  ambient  (Solar). 

w  -  Refers  to  the  conditions  at  the  body  surface. 

x  -  Refers  to  the  local  conditions  at  a  given  section  along 
the  body  surface. 
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oo  -  Refers  to  the  local  free  stream  conditions  just  outside 
the  boundary  layer. 

S  -  Refers  to  the  boundary  layer  thickness. 

I,? ,3,4  -  Refers  to  various  surfaces  on  a  general  diamond-shape  two- 
dimensional  airfoil  section. 

I  -  Denotes  some  free  stream  (reference  station  1)  value  of  a 
physical  quantity. 

ad  -  Denotes  adiabatic  flow  conditions. 

b  -  Denotes  rear  face  of  a  surface  (not  directly  incident  to  the 

oncoming  stream). 

CYL  -  Refers  to  a  circular  cylinder. 

DIFF  -  Denotes  completely  diffuse  molecular  reflection. 

EM  -  Refers  to  radiation  emission  from  the  body. 

f  -  Denotes  front  incident  face  of  a  surface. 

FP  -  Refers  to  a  flat  plate. 

i  -  Denote"'  conditions  at  the  impinging  (on-coming)  molecular 
stream. 

IN  -  Refers  to  radiation  input  to  the  body  (from  outer  boundary). 

INT  -  Denotes  internal  (rotational  +  vibr/  tional)  degrees  of  molecu¬ 

lar  freedom  in  a  flowing  gas. 

r  -  Denotes  conditions  at  the  reflected  or  re-emitted  molecular 
stream. 

s  -  Denotes  conditions  at  the  fluid  layer  directly  in  contact 
with  the  washed  surface  (or  wall). 

SPEC  -  Denotes  completely  specular  molecular  reflection. 

TR  -  Denotes  translational  degrees  of  molecular  freedom  in  a 
flowing  gas. only. 

w  -  Denotes  conditions  of  the  solid  wall  proper. 

x,y  -  Denotes  dimensional  partial  derivative  operations,  respectively. 

x’.y'  -  Denotes  dimensionless  partial  derivative  operations,  respectively. 

III.  SUPERSCRIPTS 

-  Denotes  a  dimensionless  form  of  a  physical  variable. 

-  Alternatively  denotes  the  individual  fluctuating  velocity 
components  of  a  molecule,  in  excess  of  the  respective  mean 
average  velocity  component  values. 

-  Alternatively  denotes  energy  flux,  to  distinguish  from  energy 
con  tent. 
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Denotes  a  nondimensionaliaed  physical  quantity. 


Alternatively  denotes  number  of  molecules  per  unit  a 
Jar  unit  time,  in  order  to  diatinguisn  it  from  the  respec¬ 
tive  number  of  molecules  per  unit  vr^ume  per  unit  time 
(no  superscript) . 


Alternatively  denotes  local  value  of  the  aerodynamic  coeffi 
cients . 


Alternatively  denotes  modified  values  of  the  local  reC0Very 
factor  ( r‘ )  and  the  local  Stanton  Number  (S,  ). 


Denotes  a  physical  quantity  referred  to  an  infinitesimal  sur 
face  area  (d/0  • 


Denotes  mean  average 


value  of  a  physical  quantity. 


2.4  SKIN-FRICTION  DRAG  COEFFICIENT  ANALYSIS  ON 
A  PRESCRIBED  TRAJECTORY,  INCLUDING  RAREFIED 
GAS  EFFECTS 


A  high-speed, high-altitude  missile 
flight  history,  including  the  launch, 
the  atmospheric  reentry  and  the  target- 
approach  phases,  generally  can  be  sub¬ 
divided  into  four  basic  flow  regimes, 
see  Section  1.7: 

1.  Continuum  flow  regime, 


TsK"» 


<  lO'2  ,  ReL  »  I, 


2.  Slip  flow  regime, 


(2.4-1) 


10  2  *  T  =  K"s 


<  lO'1  ,  ReL  >  I, 


(2.4-2) 


3.  Transitional  flow  regime, 


: - —  UP  TO - 

(ReL)l/2  «eL 


<  3  , 


L  L  (2.4-3) 

4.  Free-molecule  flow  regime, 


Reu  (2.4-4) 

The  momentum,  mass  and  energy  trans¬ 
fer  mechanisms  in  each  of  the  four 


characteristic  regimes  are  intrinsical¬ 
ly  different,  and  the  resulting  analy¬ 
tical  expressions  for  skin-friction 
drag  and  pressure  drag  coefficients 
are  consequently  obtained  by  respec¬ 
tively  varied  analytic  methods. 

The  fundamental  physical  aspects  of 
the  continuum  flow  regime  and  the  re¬ 
spective  skin-friction  drag  force  anal¬ 
ysis  methods  are  presented  in  Section 
2.3  for  steady  or  quasi-steady  flow 
conditions  restrictively.  In  this 
Section,  the  skin  friction  phenomena 
are  considered  in  a  broader  sense,  as 
they  actually  occur  on  a  prescribed 
trajectory,  i.e.,  in  terms  of  the  tran¬ 
sient  characteristics  due  to  a  general¬ 
ly  accelerated  flight  time  history 
and  including  the  high  altitude  atmos¬ 
pheric  rarefaction  effects.  Therefore, 
the  basic  features  of  the  rarefied  gas 
flows  are  briefly  stated  first,  in 
as  much  as  they  are  needed  for  the 
aerodynamic  drag  force  estimates,  in¬ 
cluding  the  normal  pressure  coefficient 
expressions,  which  shall  be  needed 
later  for  the  pressure  drag  force 
analysis  in  Sections  2.5  and  2.6.  The 
material  should  be  treated  as  an  exten¬ 
sion  and  modification  of  the  funda¬ 
mental  concepts  from  Sections  1.7, 

2.2  and  2.3. 
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2.4.1  FREE  MOLECULE  FLOW  REGIME 


Basic  Reference  Works: 


Knudsen 

(Ref.  2.4-1  and 

2.4-2) 

Smoluchowski 

(Ref.  2.4-3) 

Sanger 

(Ref.  2.4-4) 

Tsien 

(Ref.  2.4-5) 

Ashley 

(Ref.  2.4-6) 

Stalder 

(Ref.  2.4-7  and 

2.4-8) 

Oppenheim 

(Ref.  2.4-9) 

Shaaf 

(Ref.  2.4-10) 

Epstein 

(Ref.  2.4-11) 

Maxwell 

(Ref.  2.4-13) 

^  for  low  speed  flows 


r  for  high  speed  flows 


Under  the  extremely  rarefied  condi¬ 
tions  (Kn  >  3) ,  the  internal  mechanism  of 
the  simplified  monoatomic  molecular 
model  (see  Section  2.2.5),  is  changed  as 
follows : 

Due  to  appreciably  increased  free 
molecular  distances  (or  low  densities), 
the  frequency  of  molecular  collisions 
within  the  control  space  volume,  dr  , 
becomes  negligibly  small,  although  the 
number  of  molecules  contained  in  dr  is 
still  retained  to  be  sufficiently  large, 
allowing  for  a  subsequent  statistical 
mean-averaging  procedure,  which  leads 
to  determination  of  the  bulk  matter 
physical  properties  (p,/>  ,T)  .  As  a 
consequence,  when  the  mean  free  molecu¬ 
lar  path,  X  ,  is  greater  than  the 
characteristic  solid  surface  dimension, 

L  ,  the  stream  of  iridident  molecules 
is  reflected  from  the  solid  surface  with¬ 
out  experiencing  any  appreciable  effect 
due  to  very  few  (or  none)  intermolecular 
collisions.  This  automatically  leads 
to  disappearance  of  the  boundary  layer 
and  the  bow  shock  wave  concepts,  and 
the  interaction  between  the  free  molecu¬ 
lar  stream  and  the  solid  surface  can  be 
investigated  on  the  basis  of  the  Max¬ 
wellian  velocity  distribution  laws,  see 
Section  2.2.5. 

( i)  Mass.  Momentum  and  Energy  Trans- 
fer  in  Rarefied  Free  Molecule  Flows. 


A  monoatomic  molecular  model  is 
assumed,  having  translational  degrees 
of  freedom  only,  with  partial  con- 
ceptional  modifications  as  pointed 
out  above. 

Immersed  surfaces  are  at  a  uniform, 
constant  temperature, Tw  ,  moving 
steadily  relative  to  a  macroscopically 
uniform  gas  at  rest,  extending  to 
infinity,  or  vice  versa. 

The  gas  is  in  a  condition  of  extreme 
rarefaction,  the  mean  free  molecular 
path  being  several  times  the  character¬ 
istic  body  length. 

The  interaction  between  the  impinging 
stream  of  molecules  and  the  immersed 
surface  is  completely  independent  of 
the  intermolecular  collisions  (X  >L  )  , 
i.e.,  the  body  presence  is  not  felt  by 
the  oncoming  stream  of  molecules:  the 
molecular  random  motion  proceeds  un¬ 
affected  by  body  presence.  The  mole¬ 
cules  that  individually  collide  with 
the  solid  surface  are  temporarily 
trapped,  and  then  re-emitted,  i.ev  the 
time  histories  of  motion  of  the  inde¬ 
dent  and  the  rebounded  molecules  are 
mutually  independent. 

Consequences : 

Since  ( X  >  L)  it  is  valid  to  neglect 
the  effect  of  the  re-emitted  particles 
on  the  incident  stream,  or  vice  versa, 


General  Assumptions: 
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in  the.  vicinity  of  body. 
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No  shock  waves  are  forme'd,  nor  is 
there  any  aerodynamic  interference 
effects  between  various  sections  of  the 
body  geometry. 

The  boundary  layer  concept  from  the 
classical  continuum  flow  theory  is  ab¬ 
sent. 

The  impinging  molecules  shall  follow 
the  Maxwellian  velocity  distribution 
law  for  gases  at  rest,  or  for  isentropic 
gas  flows  (if  an  observer  is  at  the  body). 
The  Maxwellian  velocity  distribution 
function  corresponds  to  a  temperature, 

T|  ,  of  the  isentropic  impinging  stream 
(ambient  atmospheric  temperature). 

In  the  time  interval  in  which  the 
impinging  molecules  are  trapped  in 
the  microscopic  crevices  at  the  surface, 
a  thermal  accommodation  process  is 
effected,  since  (T|*T„)in  general.  The 
accommodation  can  be  partial , i . e .,  some 
temperature  difference  (T„-Ti)  results, 
or  total  (T|—  T„),  depending  upon  the 
time  interval  during  which  the  molecule 
is  trapped,  and  the  general  surface 
conditions . 

The  re-emitted  molecules  are  then 
consequently  treated  as  being  either 
partially  (  T,*TW )  or  totally  {  Tr  =  Tw  ) 
diffusely  reflected,  where  Tr  is  the 
temperature  of  the  reflected  stream  of 
molecules.  Thus,  the  diffusely  re¬ 
emitted  molecules  shall  have  random 
motions  represented  by  a  changed  velocity 
distribution  function,  corresponding 
to  the  temperature  (Tr )  ,  i.e.,  as  if  they 
were  issuing  from  a  gas  at  rest  apparent¬ 
ly  on  the  other  side  of  the  surface 
having  the  temperature  (Tr) ,  see  Figs. 
(2.4-1),  (2.4-2)  and  (2.4-3). 

The  independence  of  motion  of  the 
impinging  and  of  the  reflected  molecules 
means  that  the  respective  mass,  momen¬ 
tum  and  energy  transfer  processes  can 
be  treated  separately  for  the  two 
molecular  motions. 


Assumptions  regarding  the  momentum  and 
the  energy  transport  mechanisms . 


The  determination  of  the  momentum 
and  the  energy  transfer  in  the  free 
molecule  flow  of  rarefied  gases  requires 
a  specification  of  the  interaction 
mechanism  between  the  impinging  particles 
and  the  body  surface,  i.e.,  a  specifi¬ 
cation  of  the  type  or  the  degree  of 
diffusive  re-emittance  of  the  temporarily 
trapped  molecules  at  the  body  surface. 
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This  thermal  interaction  phenomena  can 
be  suitably  defined  by  the  following 
two  average  parameters,  introduced 
by  Smolucnowski(3) ,  Knudsen(2), 
Maxwell(13),  and  further  experimentally 
elaborated  by  Herzf ield( 14) f 
Wiedemann( 13)  and  others: 


(1)  The  thermal  accommodation  coeffi¬ 
cient,  a. 


_/  _/ 

dEi  -  dE, 

dEf-  di: 


(2.4-5) 


characterizing  the  thermal  interaction 
mechanism  for  the  energy  transfer 
investigations,  i.e.,  the  degree  in 
which  the  internal  molecular  energy 
of  the  re-emitted  molecules  (subscript 
r  )  is  "accommodated"  to  what  it  could 
be  if  the  reflected  molecules  would 
possess  the  energy  amountdE^( total 
diffusion),  where: 

— /  —/ 

dEi  and  dEr  -  are  the  mean  average 
internal  energy  fluxes  of  the  incident 
(  i  )  and  the  re-emitted  (r)  molecules 
from  a  differential  surface  element, dA, 
per  unit  time. 

dE«  -  is  the  mean  internal  energy  flux 
that  would  be  possessed  by  the  re- 
emitted  molecules  if  all  the  impinging 
molecules  were  re-emitted  (no  absorp¬ 
tion  case)  with  a  modified  Maxwellian 
velocity  distribution  function,  (see 
Ref.  2.4-12),  corresponding  to  the 
surface  temperature  Tw  , 

a  =  l  means  a  perfect  accommodation 
(dEr  =  dEi),  or  a  complete  diffusive 
re-emittance  of  molecules. 

o=0  represents  a  completely  isentropic 
(specular)  reflection  (dE(  =  dE()  , 
see  Section  1.7. 

For  polyatomic  and  diatomic  molecu¬ 
lar  models, the  average  molecular  energy 
comprises  contributions  of  all  active 
degrees  of  freedom  (translational  and 
rotational,  see  Section  1.7),  and  it 
is  assumed  that  all  the  energetic  de¬ 
grees  of  the  random  molecular  motion 
are  accommodating  in  the  same  degree 
of  thermal  intensity.  This  is 
approximately  correct  for  translational 
and  rotational  degrees,  while  the 
vibrational  energetic  modes  participate 
but  little  in  the  energy  exchange 
during  the  molecule-surface  collisions. 
Some  experimental  values  of  the  thermal 
accommodation  coefficient  are  pre¬ 
sented  in  Table  2.4-1.  Other  data 


FREE  MOLECULE  FLOW 

(RAREFIED  GASES) 
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i 
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FIG.  (2.4-2)  FLOW  RELATIVE  TO  A  FLAT  SURFACE  (REF  2.4-12) 
(INCIDENT  STREAM) 
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Table  (2 . 4-1)  Thermal  accommodation  coefficient  a  for  air  (Ref.  2.4-15) 


Surface 

0 

P.at  lacquer  on  bronze 

0.88-0.89 

Polished  bronze 

0.91-0.94 

Machined  bronze 

0.89-0.93 

Etched  bronze 

0.93-0.95 

Polished  cast  iron 

0.87-0.93 

Machined  cast  iron 

0.87-0.88 

Etched  cast  iron 

0.89-0.96 

Polished  aluminum 

0.87-0.95 

Machined  aluminum 

0.95-0.97 

Etched  aluminum 

0.89-0.97 

Table  (2.4-2)  Values  of  reflection  coefficient  cr  (Ref.  2.4-16) 


Gas  and  surface  combination 

a  j 

Air  cr  CO2  on 

machined  brass  or  old  shellac 

1.00 

Air  on  oil 

0.895 

CO2  on  oil 

0.92 

H2  on  oil 

0.93 

Air  on  glass 

0.89 

He  on  oil 

0.87 

Air  on  fresh  shellac 

0.79 

flection  pattern  of  air  molecules 
from  engineering  surfaces  is  more  com¬ 
plex  and  cannot  be  adequately  repre¬ 
sented  in  the  above  idealized  ways. 
Instead,  to  discriminate  the  normal 
and  the  tangential  momentum  transfer 
effects,  it  seems  necessary  to  assume 
a  mathematical  reflection  model  in 
which  two  fractional  coefficients,^ 
and  <r  ,  should  be  introduced,  analogous 
to  the  above  definition: 

a  =  JL-Tr  ,  ( t„  =  0 )  »  (2.4-6) 

Tl 


A  pure  diffuse  reflection  means  that 
the  impinging  molecules  are  first  tem¬ 
porarily  trapped  at  the  surface,  losing 
their  total  incident  momentum,  and  then 
re-emitted  with  a  modified  Maxwellian 
velocity  distribution  at  a  temperature 
Tr  different  from  both  Ti  and  Tw  in 
general,  see  Figs  (2.4-1)  and  (2.4-3). 

According  to  Hurlbert^2 1) f  the  re- 
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can  be  found  in  Ref.  (2.4-17)  to  (2.4- 

20) . 

(2)  The  parameter  of  a  partially 
diffuse  re-emittance ;  a. 

For  the  momentum  transfer  analysis 
of  the  re-emitted  molecules^ it  is 
assumed  that  only  a  fraction, <r,  of  the 
incident  molecules  is  reflected  dif¬ 
fusely,  (i.e.,  after  being  trapped 
temporarily  at  the  surface),  while 
the  rest  0 -cr)  of  the  incident  molecules 
are  reflected  specularly  (see  Section 
1.7  and  Fig  (2.4-4). 


jtiSMes 


v> 

T 

I 


A  specular  reflection  means  that  the 
tangential  velocity  component  remains 
unchanged,  while  the  normal  velocity 


component  is  reversed,  effecting  a 
normal  momentum  transfer,  see  Fig. 
(2.4-4). 


i 

I 


Fig  (2.4-4)  see  Fig.  (2  2-7  )  (Ref.  2 4-12) 
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-  the  subscripts  (i)  and  (f)  refer 
to  the  iiicident  and  the  reflected 
molecular  fluxes, 

-  the  subscript  („)  refers  to  the 
molecules  re -emitted  from  the  surface 
with  a  Maxwellian  velocity  distribu¬ 
tion,  corresponding  to  the  surface 
temperature  T*  . 

On  the  besis  of  the  a  ,  a  ,  and 
cr'  definitions,  the  following  limiting 
cases  are  theoretically  possible: 

o  =  l  -  results  in  T, » T„  indicating  a 
perfect  thermal  accommodation  of  those 
re-emitted  molecules,  which  have  been 
necessarily  trapped  at  the  surface 
crevices  for  a  sufficiently  long  time 
interval.  Such  molecules  are  then 
re-emitted  diffusely ,  having  a  *  I  and 
cr  =  I  .  Nevertheless,  notice  that 
Ti  *  Tr  =  Tw  in  general . 

a  =  o-  results  in  T|  =  Tf  ,  indicating  no 
thermal  accommodation,  i.e.,  such 
molecules  are  re-emitted  specularly, 
having  <r=Oand  a'=  0  ,  i.e.,  the  surface 
is  considered  perfectly  smooth  and 
insulated.  The  special  case  of  a 
generally  noninsulated  perfectly  smooth 
surface  can  be  conceived  under  the 
circumstances  also,  provided  the 
collision  time  interval  is  taken  (in 
a  limes)  to  approach  zero.  The  specular 
reflection  results  in  a  reversal  of 
the  normal  momentum  component  and  a 
preservation  of  the  tangential  momen¬ 
tum  component  of  the  impinging  molecu¬ 
lar  stream.  No  skin-friction  is  pos¬ 
sibly  present. 


<r=  I  -represents  a  completely  diffuse 
reflection  of  the  reemitted  molecular 
stream,  with  a  temperature  TV  in 

general  (0  <o  < l ) .  If  q  =  I  ,  indicating  a 
perfect  thermal  accommodation, T,  =T„*T|  . 
If  q  =0 ,  indicating  no  thermal  accomoda¬ 
tion,  Tr  =  Ti  ,  which  would  represent 
an  insulated  rough  surface,  reemitting 
the  trapped  molecules  completely 
diffusely  without  a  thermal  accommoda¬ 
tion  whatsoever.  By  the  definition 
(2.4-6),  the  v=l  condition  implies 
rr  =  0  ,  i.e.,  no  resultant  frictional 
force  of  the  reemitted  molecular  stream, 
which,  emerging  completely  diffusely, 
has  no  resultant  velocity  of  ordered 
motion. 

cr- 1  -  denotes  similarly  a  completely 
diffuse  reemittance  of  the  trapped 
molecules,  having  p,  =pw*pi,  see 
Eq  (2.4-7).  The  additional  thermal 
conditions  of  a  =  l  and  a=0  indicate 
Tf  =T«  *T|  for  a  non-insulated  surface, 


and  T,  =T„  =  Ti  for  an  insulated  surface 
respectively. 

9S0-  represents  a  completely  specular 
reflection,  indicating  *>  •  ti  ,  i.e.,  the 
preservation  of  the  tangential  momentum 
components  of  the  ordered  motion  of  the 
impinging  and  the  reflected  molecular 
streams.  The  thermal  accommodation 
coefficient  is  a>0  necessarily,  specify¬ 
ing  Tf  *  T(  for  r  smooth,  insulated  sur¬ 
face,  and  T|«Yr*Twfor  a  smooth,  non¬ 
insulated  surface. 

</*0  -  denotes  a  completely  specular 
reflection  with  a  completely  elastic  re¬ 
versal  of  the  normal  momentum  compo¬ 
nent  of  the  impinging  molecular 
stream,  pi  =  p,  .  The  accommodation 
coefficient  is  a  =  0  necessarily,  indi¬ 
cating  T|=T,  for  an  insulated,  smooth 
surface,  and  T|  *T,  for  a  non-insulated 
smooth  surface. 

Obviously,  a  number  of  intermediate 
combinations  of  (0<o<l),  (0<o-<  l)  and 
(0<<r'<l)can  appear,  denoting  partially 
specular,  partially  diffuse  reflections 
with  Ti  *TW*T,  in  general.  In  the  pro¬ 
ceeding  analytical  expressions  for  the 
drag  force  coefficient  values,  only 
four  distinct  cases  are  considered: 

(a)  A  completely  specular  reflection 
from  a  smooth,  insulated  surface: 


a  =  <r  =  cr'  -  0  ,  T|  =  Tr  , 


(2.4-8) 


(b)  A  completely  diffuse  reflection 
from  a  microscopically  rough  insulated 
surface: 


<r=<r'  =  I,  a  =  0  ,  Tj  *  Tr  ,  (2.4-9) 


(c)  A  completely  diffuse  reflection 
from  a  microscopically  rough,  non- 
insulated  surface: 

<r  -  <r' - 1 ,  o  =  l,  Tr  =T»  #Tj  ?(2.4-8a) 

(d)  A  partially  diffuse,  partially 
specular  reflection  from  a  real  non- 
insulated  surface  with  a  complete 
thermal  accommodation: 


0  <  cr  <  I  . ,  0  <  </<  I  , 

Tr  —  T„  it  T|  . 


a  =  I 

(2.4-9a) 


(3)  Expressions  for  the  number  of 
impinging  and  the  number  of  re-emitted 
mo  leculesUaj -  - 
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as  specified  for  the  impinging 
molecules . 


Fixing  the  reference  coordinate  sys¬ 
tem  to  the  body  surface,  the  total  num¬ 
ber  of  impinging  molecules  per  unit 
volume  is  (see  Fig  2.4-2): 

s,yr . v]  . 


(4)  The  conservation  of  mass 


principle  requires  that1. 


n|  =  nf  ,  per  unit  area  per  unit  time, 
i.e., 


(2.4-10) 

where: 

n'  -  is  the  total  number  of  impinging 
molecules  per  unit  area  per  unit  time, 

m -  is  the  number  of  impinging  mole¬ 
cules  per  unit  volume  per  unit  time, 

Ssin0sS»=vVSis  'Gni  -  is  the  ratio  of 
the  component  of 'mass  velocity  normal 
to  the  surface  to  the  most  probable 
speed  of  the  incident  molecules, 

s=£mi='\/?  Mi  -  is  the  speed  ratio 
in  free  molecule  flow, 

v  -  is  the  mean  average  normal  velocity 
component  of  the  ordered  motion,  or  the 
normal  (to  the  surface)  velocity  compo¬ 
nent  of  the  surface  moving  relatively 
with  respect  to  a  gas  at  rest, 

q  -  is  the  mean  average  speed  of  the 
ordered  mass  motion,  or  the  speed  of 
the  surface  moving  relatively  with  re¬ 
spect  to  a  gas  at  rest ,  q  =  (uz+ vz+ v*2 ) ^  , 

Cm;-  is  the  most  probable  speed  of  the 
random  motion  of  the  impinging  molecules, 
see  Section  1.7, 

-  is  the  random  motion  type  of  Mach 
Number, 


nrs  Sv  +  (  I  +  ®rf  Sv)]  . 

(2.4-12) 

per  unit  volume  per  unit  time. 

( i i )  The  Momentum  Transfer 

(a)  The  local  (superscript  '  )  normal 
pressure  coefficient,  Cp' ,  on  the  sur¬ 
face  is  found  as  the  sum  of  the  momenta 
of  the  impinging  molecules  just  prior 
to  their  impact,  and  the  sum  of  normal 
momenta  of  the  diffusely  escaping 
molecules,  supposedly  emerging  from  the 
reverse  side  of  the  surface: 

’  (2.4-13) 

v  VV  s,nM-sv(;7?  +  2v/£)  *"s*  + 


+  (l+  2l§*+  2^  ("?■)(  l+,rfSv)]  sf(lf,d) 

(2.4-14) 

Specifically,  for  bodies  at  rest,'q=0) 
and  (Tr  =  Ti  ) , 


8  -  see  Fig  (2.4-2)  . 

The  total  number  of  diffusely  re¬ 
flected  molecules  per  unit  area  per 
unit  time  is  found  independently  on 
the  basis  of  the  introduced  assumptions, 
i.e.,  as  if  the  "apparent  gas"  at  the 
reverse  side  of  the  surface  were  at 
rest  with  a  different  temperature,  Tr  , 
and  as  if  it  were  escaping  through  an 
equivalent  aperture  freely,  (see  Fig 
2.4-3): 


where  the  subscript  (  r  )  stands  for  the 
"reflected",  and  the  (  n;  )  and  (  nr  )  sym¬ 
bols  have  the  same  respective  meanings 


p  M  +  Pr  c  T.  ,  If  T,*  Tf  . 

(2.4-15) 

In  general,  the  local  normal  pres¬ 
sure  coefficient  depends  on  the  temper¬ 
ature  ratio,  Tr/Ti,  and  the  inclination, 
8  ,  of  the  surface  relative  to  the 

velocity  vector  of  the  ordered  motion, 
q  ,  and  is  independent  of  the  Knudsen 
Number,  provided  Kn>3. 

(b)  The  local  shearing  stress,  rw  , 
and  the  local  coefficient  of  skin 
friction,  C'f  ,  in  free  molecule  flows 
are  found  on  the  supposition  that  the 
impinging  molecules  are  temporarily 
trapped  by  the  surface  (a  supposition 
permitting  for  a  successive  diffusive 
reflection  concept),  which  means  that 
the  impinging  molecules  lose  all  their 
tangential  momentum  on  contact  with  the 
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surface,  yielding: 


be  broken  into  two  components: 


=  C<  ”  (2.4-16) 

=  ilnS  co td  f  —/L  -  e^y  +  I  +  trl  Sy 

L  ,ASy 


For  8  =  0  ,  Cf  — 


(2.4-17) 


-due  to  the  transla¬ 
tional  degrees  of 
molecular  motion, 


dE|'l  or  IdEjl  -due  to  the  internal 
jint  L  jint  (rotation  and  vibra¬ 
tion)  degrees  of 
molecular  motion. 


The  diffusely  reflected  molecules 
do  not  contribute  anything  to  the  skin 
friction,  since  they  have  no  preference 
regarding  individual  direction  of 
emergence  (complete  diffusion). 

(iii)  The  Internal  Energy  Transfer 

The  presumed  monoatomic  molecules 
convey  the  total  internal  energy  per 
unit  time  per  unit  area  to  and  from 
the  surface,  the  total  energy  content 
corresponding  to  their  translational 
degrees  of  freedom  only(12): 

E  =  Ej  - Er  ,  (2.4-18) 

Ej  *  Jfemnj  [  q*  +  RT|  (4  +  J  ((2.4-19) 


Then,  according  to  Stalder  and 
Jukoffw),  the  convective  heat,  do  , re¬ 
moved  from  the  surface  element, dA  , 
per  unit  time  is: 


where 


dQ  *<t(dE|-  dE*)  , 


(2.4-24) 

dE,'  -  dEr' 

a  =  — =7 - =r  ~  1.0  , 

dE;  -dE„ 

(2.4-25) 

til  •  [di|l+  [drn  . 

L  JTA  L  JINT 

etc. 

(2.4-26) 

Then,  on  the  basis  of  previous 
results,  the  Eq  (2.4-19)  can  be  alter¬ 
natively  expressed  as(22): 


where 

e-Sv2 

*(S,*)=  -Jtt  Sv(l  +  erf  Sy)  ’  (2.4-20) 

and 

/»r(RTr)^=  2mnj’RTr  ,(2.4-21) 
or,  with  n|'=nr'  , 


+  (S*+ ^)Sv(l+*rfSvjdA  . 

(2.4-27) 


Er'  RTr(RTi  )Vfe  [e‘Sv  +  v£"  Sv  (1  +  er  1  Sv>]  . 

(2.4-22) 

For  a  completely  diffuse  reflection 
(  Tr  =  Tw  ) : 

Ef  —  Em  —  2mnj  RT*  = 


taE,']i»T=  "‘"t-®!1--,"  , 

(2.4-28) 

where : 

NjNT»  -  is  the  approximate  number 
~  of  internal  degrees  of 
freedom, 


=  p\  R  Tw  ( R T i)V*  [  e~Sv*  +  V*  Sv  ( !  +  er  f  Sy)] 

(2.4-23) 

In  general(22)  for  polyatomic  molecu¬ 
lar  structures,  the  energy  flux.dEf.of 
the  impinging_molecules  and  the  energy 
flux,  dEj,  or  dE'r  of  the  re-emitted  mole¬ 
cules  (both  fluxes  referred  to  a  surface 
element,  dA  ,  inclined  at  an  angla,fl,with 
respect  to  the  oncoming  stream,^  ,  can 


n"  -  is  the  number  of  molecules  im¬ 
pinging  on  the  surface  element, 
dA  ,  per  unit  time, 

ni"  =  [•" 8w  +-A  Sv(l  +  trfSv)]dA  . 

m  -  is  the  molecular  mass ,  ^  .4-29) 

R -  is  the  individual  gas  constant. 

Similarly,  assuming  that  the 
trapped  molecules  are  reemitted  from 
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*»*  *  ««**** 


] 


then^f?c<  element,  dA(  in  a  Maxwellian 
equilibrium,  corresponding  to  the  wall 
temperature,  T„  ,  with  no  macroscopic 
(ordered)  velopity: 


With  the  Eqs.  (2.4-27) , 
(2.4-30),  the  expression 
becomes: 


i 


dEMlA  +  NiNTiapn^^mRV;  ,  d0  =  {  (S*+ X^T  “ 

^•-8vVt  Sv(l+*rfSv)j 


(2.4-30) 


wherefn^  *  nf)  for  steady  states. 
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1.2.4- 28)  and 

2.4- 24) 


i±l 

2  (r-i)  T J 

-  T  4‘ 

(2.4-31) 


wt'wm  w 


2.4.2  CONVECTIVE  HEAT  TRANSFER  ESTIMATES  FOR  FLAT  PLATES, 
CYLINDERS,  AND  SPHERES  IN  FREE  MOLECULAR  FLOWS 


Oppenheim, 

Stalder  and  others 
Sauer, 


Basic  References: 

Ref.  (2.4-23) 


Ref.  (2.4-7),  (2.4-8),  (2.4-19) 
Ref.  (2.4-24) 


(i)  Fundamental  assumption: 

A  monoatomic  molecular  model  is 
assumed,  possessing  the  translational 
degrees  of  freedom  only.  Consequently, 
the  heat  transfer  is  accomplished  by 
convection  exclusively  (i.e.,  no  radia¬ 
tion,  conduction  or  internal  vibra¬ 
tional  and  rotational  modes  are  present) , 

Steady  state  equilibrium  Q=0,  and 
the  convective  heat  transfer  characteris¬ 
tics  Q  *0  to  and  from  the  body,  are  in¬ 
vestigated,  assuming  constant  tempera¬ 
ture  surface  conditions.  Surfaces  are 
everywhere  convex  to  gas  stream,  i.e., 
the  possibility  of  molecular  interaction 
is  excluded. 

Approximate  constancy  of  the  surface 
temperature  can  be  realized  only  if  the 
thermal  conductivity  of  body  materials 
is  sufficiently  large,  and  the  heat 
flux  to  and  from  the  body  surface  small 
enough. 

(ii)  Modified  recovery  factor  and 
modified  Stanton  Number: 


r'=  JkllL.  Jill  , 
T.-T|  r 


(2.4-32) 


A  -  is  the  total  wetted  surface  area, 

qj  -  Vh  -  is  the  macroscopic  (ordered 
motion)  relative  speed, 

Tw  -  is  the  temperature  of  the  solid 
surface , 

«  -  is  the  thermal  accommodation 

coefficient. 

(1)  A  flat  plate,  at  an  angle  of 
incidence,  6  ,  both  surfaces  exposed 
to  the  gas  flow  and  both  surfaces  in  a 
perfect  ^hermal  contact  with  each 


r*=  -4  [2  S2  +1  - 
s 


'  4/Fs 

Sv  *  S  *in  0  , 


S“  +  | - ! - yl 

I  +i/w  Sy  •  rf  Sy  •  ®V  J 

[.-•wjs,  „,s<]  ,{22-X: 


4-35) 

4-36) 


(2.4-37) 


A  -  is  the  total  area  of  both  sides. 

(2)  A  flat  plate  at  an  angle  of 
incidence,  8  ,  the  upper  and  the  lower 
surfaces  completely  insulated  from 
each  other,  while  both  surfaces  are 
exposed  to  the  gas  flow: 

(a)  For  the  surface  directly  exposed 
to  the  stream: 


A^q,cp(x-Tw)  a(r+i)  (2.4.33) 


where.* 


Tr  -  is  the  temperature  of  the  re¬ 
emitted  molecular  stream, 

Tj  -  is  the  temperature  of  the  incident 
stream, 

T$  -  is  the  stagnation  temperature  of 
the  flow,  rs  =T|(,+  ^L  S2)  ,  (2.4-34) 

S  -  Jyiz  Mj  -  is  the  speed  ratio  in 
free  molecule  flow, 


r'  =il[2s'  +  |-  ’ 

(2.4-38) 

S»  =  *7F3[#_8V  +>/Vsv<l  +  #rfSv)],(2.4-39) 

A  -  is  the  area  of  one  side  of  plate. 

(b)  For  the  "shaded"  surface  of  the 
flat  plate:  substitute,  8  ,  by  (-8)  in 
the  Eqs.  (2.4-38)  and  (2.4-39): 

x'  =  r  2  s* + 1  —  fi — ■ —  ■  1 .1 

S*  1  I  —  fir  Svd-  •  j 


-•rfSv)e’w*] 

(2.4-40) 
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ivr  f*r»iN 
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St“  ^-j^[#‘#y-v^Sv(l-«ffSv)]  • 

(2.4-41) 

(3)  A  right  circular  cylinder .  with 
its  axis  normal  to  the  flow  (5;): 

r,  _  (25*4-3)  la  (St/2)-M2St-H)  I,  <  S*/2) 
(S2+l)(I0HS2/2)  +  (S2I,)(S2/2) 

,  r  (2.4-42) 

st  ■  Srr  [^-g-  >0  7  +  SII  2  J  1  (2.4-43) 
where, 


the  heat  transfer  mechanism  is  accom¬ 
plished  by  convection  only.  In  the 
presence  of  convective,  radiative  and 
internal  (rotational  and  vibrational) 
conductive  heat  transfer  modes,  the 
equilibrium  temperature,  Tr  ,  and  the 
modified  recovery  factor,  r' ,  become 
functions  of  the  thermal  accommodation 
coefficient,  a  ,  since  in  this  case 
there  is  an  inter-balance  involved 
between  the  various  modes  of  energy 
transfer  in  general. 

For  asirsff'sO  (specular  reflection), 
the  energy  exchange  by  convection  is 
non  existent. 

(iii)  An  approximate  evaluation  of 
the  temperature  ratio  (T,  /T, ). 


A  -  is  the  area  of  the  cylinder  side 
surface,  the  base  areas  not  included, 


I0  ond  I,  -  are  the  modified  Bessel  func¬ 
tions  of  the  order  (0)  and  (1)  respec¬ 
tively: 

-2* 


(2.4-44) 


Assuming  a  constant  surface  tempera¬ 
ture,  Tw  ,  and  no  radiation  or  internal 
conduction,  the  drag  force  coefficient 
in  a  free  molecule  flow  depends  upon 
the  molecular  speed  ratio. 


(2.4-48) 


(2.4-45) 


and  the  temperature  ratio. 


(2.4-49) 


(4)  A  sphere: 


(2S*+  1) 

1+  -A-  larfc(S) 

S* 

1+  ltrfc(S) 

+  eist,r,<s> 

(2.4-46) 

|~f[sE  +  Sierfc(S)+  \ 

,rf  S]  *  (2.4-47) 

where , 

ierfc(S)  -  is  the  integrated  com¬ 
plementary  error  function  (see  Ref. 
2.4-25). 

(iv)  A  graphical  presentation  of  the 
results  is  given  in  Figs  (2.4-5)  and 
(2.4-6).  For  the  free  molecule  flow 
conditions  the  recovery  factor,  r'  , 
is  always  greater  than  unity,  which 
means  that,  contrary  to  the  continuum 
flow  concept  (  r  <  I  ) ,  the  equilibrium 
temperature,  Tr  ,  in  the  free  molecule 
flow  is  greater  than  the  stagnation 
temperature,  T,  ,  of  the  incident  molecu¬ 
lar  stream.  Further,  the  modified 
recovery  factor,  ,  and  the  equilibrium 
temperature,  Tr  ,  are  independent  of 
the  thermal  accommodation  coefficient, 
a  ,  see  Eq  (2.4-32),  which  is  true  if 


provided  the  re-emittance  of  molecules 
is  interpreted  as  completely  diffuse 
(no  average  speed  of  ordered  motion) 
and  the  molecular  model  is  treated 
as  monoatomic.  These  assumptions  can 
serve  as  an  acceptable  engineering 
approach,  since  in  most  practical 
cases  the  thermal  accommodation  coeffi¬ 
cient  i6  near  unity  (see  Table  2.4-1), 

.9  <  o  <  1.0  j  (2.4-50) 

allowing  for  the  supposition  of  a 
completely  diffuse  v-a”- 1,  t>-0  molecular 
reflection.  Neglecting  radiation, 
the  vibrational,  dissociative  and 
ionizing  degrees  of  freedom  for  not- 
too-excessive  temperatures  are  insigni¬ 
ficant,  and  the  contribution  of  inter¬ 
nal  rotational  modes  for  polyatomic 
molecular  structures  can  be  evenually 
introduced  into  the  picture  through  a 
corresponding  choice  of  the (y) value 
in  the  equations  (2.4-32)  and  (2.4-33). 
Then,  using  the  graphical  data  for 
r'  ,  from  Fig  (2.4-5),  the  important 
temperature  ratio  (T,/Tj )  can  be  approxi¬ 
mately  acquired  from  the  equations 
(2.4-32)  and  (2.4-34)  as  a  function  of 
the  molecular  speed  ratio  (S): 


2.4-14 


(2.4-33) 


A  more  general  method  of  evaluating 
the  (Tr  /Tj  )  temperature  ratio  shall  re¬ 
quire  use  of  the  Eq  (2.4-31). 
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2.4.3  DRAG  FORCE  IN  FREE  MOLECULE  FLOW -DEFINITIONS 


( i)  General  aerodynamic  force  expres¬ 
sions  . 

The  local  aerodynamic  force,  dF,  act¬ 
ing  on  a  surface  element,  dA,  in  a  free 
molecule  flow,  is 


dF*dF|+dFf,  (2.4-51) 

where , 


T,  =  (l-o-)T,  , 

(2.4-56) 

i.e.,  the  total  local  pressure,  p  ,  and 
the  total  local  shearing  stress,  r  , 
are: 

P  =  Pi  +Pr  =  (2-ff')p(  +o-‘pw  * 

(2.4-57) 


dF i  -  is  the  force  component  due  to  in¬ 
cident  molecules, 

dFj.  -  is  the  force  component  due  to  re- 
emitted  molecules. 


In  terms  of  stresses: 


dF 

dA 


r 


P,  +  T|  +  P,  +  Tr 


(2.4-52) 


where, 


Pj  -  is  the  normal  stress  (pressure) 
due  to  impinging  molecules, 

pr  -  is  the  normal  stress  (pressure) 
due  to  re-emitted  molecules, 


r,  and  r,  -  are  the  tangential  stresses 
(shears)  due  to  impinging  and  re-emitted 
molecules  respectively. 

Explicitlyd^)  f  for  the  case  of 
(0  <  <r  <  I  ,  0<a'<l,  a  -  I  )  ! 

P,=  f/rs*  [S**"Sv  +VF(i+Sv2)(l  +  .rf  sv)]  , 
2  (2.4-53) 

T|  ■- 

.  .  (2.4-54) 

9,  =  (l-»')p(  +<r'pw  ,  (2.4-55) 


r  =  ti  -  rr  =  a  T|  , 

where , 


(2.4-58) 


p  -  is  the  pressure  exerted  by  mole¬ 
cules  leaving  the  surface  with  no 
macroscopic  velocity  (fraction  a'  of 
molecules  completely  diffusely  re¬ 
emitted)  ,  i.e.,  in  a  Maxwellian  equilib¬ 
rium  (a=i)  at  a  temperature,  Tw  =  Tr  *  Tj  : 

P*5  £m,/2jrRTw  ni‘  t 

(2.4-59) 

n’i  ~  «ee  Eq.(A-5.4l)  . 

Thus,  the  general  forms  for  total 
local  pressure  and  local  shear  forces 
are: 

+  [(2-<r,)(s*  +  i)  +  )  sv](l  +  erf  s0}’ 

(2.4-60) 

S»(l  +  erf  Sv )]  . 
(2.4-61; 

The  total  aerodynamic  force  is  ob- 
tained  by  integrating  the  above 
expressions.  In  general, 


T  =  _^aLgaifi[  -$5+ 
2./F  l 


F=F(Tw,«r,<r  )  . 
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2.4.4  DRAG  FORCE  IN  FREE  MOLECULAR  FLOW  REGIME- -SIMPLE  BODY  GEOMETRIES 


i 


Simplifying  Assumptions 

(1)  A  uniform  surface  temperature , T„ , 
equal  to  the  free  stream  temperature, 

Ti  =  =  Tw ,  is  assumed. 

(2)  Molecular  reflections  are  treated 
either  as  completely  diffuse  ( <7  =  <r'=a=l), 
or  as  completely  specular(<r  =  <r'=  a  =  0)  . 

(3)  The  internal  heat  conduction  and 
the  external  skin-radiation  are  neg¬ 
lected. 

(4)  Instead  of  the  two  coefficients, 
cr  and  <r',  only  one  coefficient,  a  , 

is  assumed  as  a  governing  factor 
(Maxwell's  original  supposition),  i.e., 
the  fraction, <r,  of  the  incoming  molecules 
is  re-emitted  completely  diffusely,  and 
the  rest  of(i-<r)  molecules  are  reflected 


completely  specularly  in  treating 
both(p)and  (r) .  Then  Eqs  (2.4-57) 
and  (2.4-58)  take  forms: 


P  =  (2  —  <r)  p,  +  <r  pr 
r  •  <T  T|  ,  T,  =  o 


*  cr  =  or' s  I  * 


0  <  a  <  I 

cr  -  cr'  =  I 
0  <  a  <  | 


(2.4-63) 

(2.4-64) 


where  the  tempera ture,Tr  ,  at  which 
the  molecules  are  diffusely  leaving 
the  surface  is  not  equal  to  Tw  ,  and 
can  be  found  as  stated  in  Section 
2.4.2  in  terms  of  r'andT,  . 


References  for  the  Drag  Force  Estimate  for  Simple  Body  Geometries 


Flat  Plate: 
Cylinder: 
Sphere: 
Cone: 

Ogive: 

Ellipsoid: 


Ref.  (2.4-5)  (2.4-4)  (2.4-26)  (2.4-27)  (2.4-28)  (2.4-29) 
Ref.  (2.4-26)  (2.4-28)  (2.4-29)  (2.4-30) 

Ref.  (2.4-26)  (2.4-27)  (2.4-28)  (2.4-29)  (2.4-8)  (2.4-19) 
Ref.  (2.4-26)  (2.4-27)  (2.4-28)  (2.4-29)  (2.4-30) 

Ref.  (2.4-27)  (2.4-28)  (2.4-30) 

Ref.  (2.4-26)  (2.4-30) 


Composite  bodies:  Ref.  (2.4-27)  (2.4-28)  (2.4-30) 


The  general  drag  force  coefficient 
expression 

The  total  drag  force  coefficient 
is  defined-- 

Cn=  _ D  —  =  -JM)  A 

0  (l/2)p,^SREF  <1/2 )MF  sref°»  dp 

(2.4-65) 

comprising  the  pressure  force  compo¬ 
nent,  p  ,  and  the  tangential  force 
component  ,  r  ,  in  the  direction  of  the 
ordered  motion.  The  surface  reference 
area, A  ,  shall  be  explicitly  specified 
in  each  case.  The  general  expressions 
for  P  and  r  are  given  by  Eqs  (2.4-60) 
and  (2.4-61),  or  alternatively  by  Eqs 
(2.4-63)  and  (2.4-64). 


Alternatively,  in  terms  of  the 
adopted  total  drag  force  breakdown 
scheme  for  general  or  compound  shapes, 
see  Section  1.7.4: 

Co  5  lfvc0p  +  C0J  (2.4-66) 

or 

CD  5  I  [C0of+C0op  ♦  C0ob] 

+  l[cof  ♦  CDp  +C0b  ]fl  9 

(2.4-67) 

where  ( 9 )  is  the  angle  of  incidence, 
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correaponding  to  the  geometric  angle  of 
attack,  (i)  atanda  for  the  "i-th"  body 
part,  and  all  the  coefficients  are 
referred  to  the  aame  cotrmon  reference 
area.S^^A. 

Note  that  in  the  free  molecular  flow 
regime  there  are  no  viacoua  preaaure 
terma  (no  boundary  layera),  no  inter¬ 
ference  effect*  either  between  the 
varioua  body  geometriea  "in  aitu"  or 
due  to  boundary  layer-ahock  wave  inter¬ 
action  pattema  (no  ahock  waves)- 

In  the  following  explicit  expres- 
aiona  for  varioua  body  geometries,  the 
following  main  aaaumptiona  are  intro¬ 
duced: 

-  Steady  flow  states,^  =  VH  =  const, 

-  Constant,  uniform  surface  tempera¬ 
tures  ,  T„  *  const, 

-  Monoatomic  molecular  model  (only 
translational  degrees  of  freedom) , 

-  Molecular  reflection  is  treated 
as  completely  diffuse  (c-'«  <r  «  n,  with  no 
ordered  motion  velocity  of  the  re¬ 
emitted  molecular  stream  and  with  the 
random  molecular  motion  velocity  dis¬ 
tribution  function  being  of  the  modified 
Maxwellian  form,  corresponding  to  a 
temperature ,(Tr),  different  from  both 

(T,)snd(Tw)^  i.e.,o«J<i, 

-  No  akin  radiation  or  internal  heat 
conduction  effects  through  the  body 
skin  are  considered. 

(i)  Geometric  Shapes  Composed  of 
Plane  Surfaces 

The  momentum  transfer  analysis  for 
an  inclined  flat  surface  (with  one 
face  exposed  to  free  stream  only) can 
serve  as  a  starting  basis  for  developing 
the  CD  expressions  for  other  geometries: 
the  assumed  wetted  surface  area,  A  ,  in 
Figs  (2.4-2)  and  (2.4-3)  is  replaced 
by  locally  tangential  infinitesimal  plane 
areas, dA,  and  the  analysis  of  the  im¬ 
pinging  and  the  reflected  molecules 
is  then  applied  along  the  lines  described 
in  the  previous  paragraph,  with  a  sub¬ 
sequent  integration  across  the  actual 
body  geometry  in  any  special  body  geome¬ 
try  case.  Obviously,  in  a  final  form, 
all  the  coefficients  are  reduced  to  a 
common  reference  area  Skf  A  .  The 
resulting  expressions  can  be  summarized 
for  a  few  simple  geometries  as  follows: 

(1)  Front  plane  surfaces  (0  <  v  £  ®  , 


T.  *  const.)  of  total  wetted  area,  A,  (one 
side),  inclined  by  with  respect  to  8 
the  resultant  vector, “qj  ,  of  the  ordered 
motion,  see  Fig  (2.4-7). 

The  time  rates  of  change  of  normal 
and  tangential  momentum  components  per 
unit  area  (superscript '  )  of  A, due 
to  the  impinging  molecular  stream  at 
any  local  pointT^  ,  which  is  character¬ 
ized  by  the  respective  infinitesimal 
area  dA  ,  is(22) 

°i  *  C‘0|  (1/2)  p,  U*  ■  p,  sinS  +  r,cos$  > 

(2.4-68) 


Co,*  Cp,  *in9  +  Cf,  cos®* 


(2.4-69) 


where 


Dj  -  is  the  resultant  local  drag  force 
per  unit  area  due  to  the  total  momen¬ 
tum  exchange  of  the  impinging  molecules 
at  any  point  M , 


C/MMl 


(VMM,1 


(2.4-70) 


(2.4-71) 


Pi  "  (|/2)p,jr,2[^s;ff"Sv  +  (2.4-72) 

+  (l+2w)(l  +  0r,Sv)]  * 

Tico,*s  (■+•*«*>]- 

-  ,ln8®[y?h*"Sv  +  (I  +  *rf  Sy)J  * 


i.e., 


(2.4-73) 


vivfi;  tsf  )('+«<  c 


(2.4-74) 


*1“  I  -2  "  I  —2.  '  I  -2 


jPili  2Pi  A  TPi  q'  A 


c  -  Dj 

'  I  -  u2 


(2.4-75) 

A  .  a 

T  =  C°iwPT  S  R 


T'hVhW  ±p,  Sref  w‘wet  S  ref  * 


(2.4-76) 
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where  the  drag  coefficient  ^0jWET  is  for 
the  whole  plane  surface  A  ,  due  to  all 
impinging  molecules,  since  (0  =  const.  ). 
Note  that  the  subscript  (i)  here  refers 
to  the  "impinging"  molecular  stream,  and 
not  to  the  "i-th"  configurational  part, 
while  the  subscript  (wet)  denotes  the 
wetted  area,A  . 

The  tangential  component  of  the  mo¬ 
mentum  transfer  for  the  completely 
diffusely  re-emitted  free  molecules 
(ir-a'-  1 ,0<o  <1 )  does  not  contribute  to 
the  shearing  stress(»>=  ojsince  (3r=  0). 

The  rate  of  change  of  the  normal  momen¬ 
tum  component  per  unit  area  due  to  a 
completely  diffuse  molecular  re-emittance 
yields  a  local  drag  force  per  unit  area 
Dr  at  any  point  M  (  Tj  *  Tr*=  T#) : 


Cp*  C0wET*  Cp  »in0+  Cf  cos  8  » 

(2. '*-84) 

^  _  <Pi  +  Pr)  -r  ir  r..  _  Tj 

Cp-  lUsF  p'  "■  c,~  i?J7^7=c'i  ' 

(2.4-85) 

+  [|+  li?  + 


Cf  =  sin0cos  0[ 


•Jr  Sy 


(2.4-86) 


«’"Sv  +  (I  +  erf  Sv) ]  , 


(2.4-87) 


°r  8  cor(£)^|e=  Pr*1"®  .  (2.4-77)  C0  =  {  (I  +  e  rf  Sv)  -A  Sv  [  x 


»*•  Cjj  8  Cpr  sin  8 


(2.4-78) 


CDr  1  r§f  ( T7)lyt<’' SV  S»< 1 4 erf S v > ]  8  C0r 


CDr 


8  CDr  -f- 

“'u/rr  Sac 


WET 

(2.4-79) 


rWET  Shef  (2.4-80) 

wherr  the  drag  coefficient  c°rWETis  for 
the  whole  wetted  surface  A  due  to  all 
diffusely  re-emitted  molecules,  since 
(  0  =  const  )  . 

Finally,  the  total  drag  force  coeffi¬ 
cient  of  the  wetted  area  A  and  the 
reference  dynamic  pres  sure  (-j-p,  =-£phVh) 
is: 


Cp 


P'A _ 0 _ A.  _ 


f^S»£=rf7??A  SRE;(CDiWETCOrWET)sREF’ 

(2.4-81) 

,  A  v  1 

*S^EF'  (2.4-82) 

Alternatively,  by  a  direct  grouping 
of  the  pressure  drag  components  of  the 
impinging  and  of  the  diffusely  re-emitted 
molecules  and  by  taking  the  skin-fric¬ 
tion  drag  component  separately,  the 
same  final  expression  (2.4-82)  can  be 
obtained: 


D=  Dp+  Df  =  D/A 


(2  4-83) 


><(-£■>*  ♦<■♦-40)]  + 

For  a  general  shape  double  wedge 
on  Fig.  (2.4-8),  the  expression 
(2.4-82)  is  valid  for  each  of  the 
directly  wetted  surfaces  (1),  (2)  and 
(4) ,  provided  the  specified  angular 
conditions  are  satisfied.  The  surface 
(3)  is  "shaded",  and  shall  require  a 
separate  analysis  to  determine  its 
CD  value.  For  the  whole  wedge  the 
total  drag  force  coefficient,  referred 
to  anv  reference  area  SREFis  then: 

CD=  CD|(A,/Sr)  +  CDz(A2/Sr)  +  C0#(A,/Sr)  +C0JA4/Sr) 

(2.4-88) 

(2)  Rear  plane  ("shaded")  surfaces 
(- CD<  v <  0,T„  =  const  )  of  a  shaded  area 
A  (one  side),  inclined  at  an  incidence 
angle  0  with  respect  to  the  free 
stream,  see  Fig  (2.4-9): 

At  any  point  M  ,  characterized  by  an 
infinitesimal  area  dA,  the  local  drag 
force  coefficient  (per  unit  area)  is: 

(a)  Due  to  impinging  molecules: 

Di  =  Tcd,  *  P;S'nfl)+(  t/cosfi), 

(2.4-89) 

c0j  8  (  Cp,  sin6)  +  (  Cf(  co*0  ),(2.4-90) 

where(Cpj)  and(Cf  j  )are  given  by  Eqs 
(2.4-72)  and  (2.4-73)  respectively, 
with  (-0)  substituted  for  0  : 
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NOTE  =  u  =  u  -t-  H,/(2/9()l/2  'J 

v=  v+  H2/(20i)l/z  f  F0R  EACH  CLASS  OF  MOLECULES 

w=v»+  H3/(20l),/z  ' 

SURFACES  A,  ,A2,A4:  0  <  v  <  CO 

SURFACE  Aj  :  -CO  <  v  <  0 


SURFACE  A(  : 
a  <  0,  <  (17/2  +  a) 
o  <  9  ■-  ( 0|  -  a  )  <  w/2 


SURFACE  A3  : 

0  <  03<  (»/2  +  o  ) 

0  <  0  =  (  fl3  +  a )  <  tt/2 


SURFACE  Az  : 

0  <  02  <  (7T/2-  a) 

0  <  0  =  ( 9Z+  a  )  <  7r/2 


SURFACE  A4  : 

0<  04  <  a 
0  <  0  »  a  -  04  <  ir/2 


q.=  u,+ Vj+ w,  ,  VELOCITY  VECTORS  OF  THE  RELATIVE  ORDERED 
MOTION  OF  GAS  WITH  RESPECT  TO  THE  WEDGE 
AT  REST.  (  q,=  V,  w,=  0  FOR  THE 
TWO  DIMENSIONAL  FLOW  CASE.) 


FIG  {  2.4-  8  )  GENERAL  DOUBLE-WEDGE  PROFILE 
(FREE  MOLECULE  FLOW) 
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(2.4-91) 


or  directly,  by  writing  the  Eq  (2.4-74) 
in  the  alternate  form  (with  Sv  =  S  sin  9  ) 
and  (9  *  conn  ) : 

Co'wet  *  C'°'  B 


■  [  '**  +  ( 1  +  "2s1  +  ,r,8»)  "n  ®]  * 

(2.4-92) 

and  by  substituting  (-9)  for  (9),  the 
drag  coefficient  component  for  a 
"shaded"  surface  A  due  to  all  impinging 
molecules  is  obtained  as: 

-.2 


[ip  l'* 

f  (2.4-93) 

-  c»:(  <f,+  ( ' +  *££){" ,rfS,)] 

'K]>  • 


(2.4-91) 


(b)  Due  to  diffusely  reflected  mole- 
cules: 


°fS*i"C0r^i2s  P, *in ®  =  -jr  CPr^q,2,in®  . 

(2.4-92) 

or,  by  substituting  into  the  expression 
(2.4-79)  (-9  )  for  (9): 

(2.4-93) 

CM*,=  -^(^)4'  [•'*-•'/'  S-  S.)]fOr],. 

(c)  Finally,  the  total  drag  coeffi¬ 
cient  of  the  shaded  reference  area  A  is: 

r  .  TOWL  OSAO  _  Cr  1  1 

S-  PSE  '  LCo.J3+  lCOrJ3  *(2.4-94) 

Co*  ~*r'  s*  [  ^Ts T* 

(2.4-95) 

For  the  general  double  wedge  on 
Fig  (2.4-8)  the  termCojCan  be  now  in¬ 
cluded  in  the  Eq  (2.4-88).  It  is  numeri¬ 
cally  negative,  i.e.,  a  push  force  coeffi¬ 
cient. 


(ii)  Flat  Plates 


Using  the  general  expressions  (2.4- 
60)  and  (2.4-61)  the  drag  coefficient 
of  a  flat  plate,  referred  to  the  refer¬ 
ence  area  of  one  side  A  ,  is (22): 

(1)  Assuming  completely  diffuse  re- 
emittance  of  molecules ( o- =  <r'=  |  X  and  a 
uniform  surface  tempera ture (T*  =*= Ti  )and 
(T„  *  T, ,  o  =  I  ) : 


(2.4-96) 

[CddiffJwV£?7"3  [ 6  8y  +>Ar  sv (•  +  ■gs’z)  •rf  Sv+ 


(2.4-97) 


for  one  side  of  the  non-insulated  flat 
plate,  where: 


S»  =  S  iin0  * Mi  »'n0  *  (2.4- 


98) 


T«  *  T|  *(2.4-99) 


i.e.,  a  knowledge  of  the  actual  surface 
temperature,T„  ,  is  required  in  general. 

If  it  is  assumed  thatffj  =  TW1  i.e.,  an 
insulated  plate  with(a  =  0),  th<-  above 
expression  (2.4-97)  is  simplified, 
since  then(S=S„).  In  Fig  (2.4-10),  the 
relationship  cDDtFF  5  f ( S,  9  )  is  presented 
graphically  for  the  case. 

In  the  absence  of  radiation  and  in¬ 
ternal  heat  conduction  effects,  a  more 
realistic  approach  would  be  to  equate 
the  uniform  surface  temperature,  Tw  , 
with  the  equilibrium  temperature ,  Tr  , 
instead  of(Tw=  Tj),  where  the  ratioffy  / Tj ) 
can  be  found  through  the  corresponding 
recovery  factor  ( r' ) ,  see  Eq  (2.4-33). 
Since  the  recovery  factor  is  larger 
than  unity,  the  drag  coefficient  value 
shall  be  somewhat  greater  than  in  Fig 
(2.4-10)  which  represents  the  case  of 
( T*»  s  Tj  )  • 

(2)  Assuming  completely  specular 
reflection  of  molecules  ( <r  =  o'- 0  ,  a  -  0  ) 
from  one  side  of  an  insulated  flat  plate: 


[  C°SPEC  ]  WET 


(2.4-100) 

=  [sy  +V$r(-J-  +s5  )srf  SY] 

The  ^dspec=  s>®  ^  relationship  is  pre- 
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LOCAL  DRAG  FORCE  PER  UNIT  AREA 

O' s  Oj  +  0r' s  (-Pj  sin0)  +  (-rjCO»ff)-(pr*in0) 

note;  sign  of  p  and  r  related  to  x  and  y 

WHILE  DRAG  IS  POSITIVE  AS  INDICATED. 

FIG  (2.4-9  )  REAR  SURFACE  ,  -®  <  v  <  0  ,  T„  *  CONST. 
(FREE  MOLECULE  FLOW) 
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Fig  (2.4-10)  Drag  coefficient  in  free  molecule  flow,  diffuse  reflection 
on  an  insulated  flat  plate.  (Ref  22) 
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seated  graphically  in  Fig.  (2.4-12) 

(3)  The  Knudsen  Number  Effect  on  heat 
transfer  on  a  flat  plate 

The  influence  of  Knudsen  Number  (i.eM 
of  the  flow  type)  on  the  surface-to-f ree 
stream  temperature  ratio  (Tw7 Tj ) can  be 
investigated  in  its  simplest  form  in 
the  case  of  a  flat  plate  by  assuming 
adiabatic  conditions  in  a  monoatomic  gas 
(12): 

(a)  Free  molecule  flow.Kn  >  3 

For  the  front  surface  of  a  flat 
plate  exposed  to  the  free  stream  at 
an  arbitrary  angle  9  ,  the  energy 
balance  for  the  adiabatic  conditions 
takes  form(22): 

W+  Tiyrrr]  -  2RT«  - 


where  (Tw*  Taw),  i.e. 


(2.4-101) 


l+  w~nr  +  V2S*  ’ 


.  Ml-'p  ,  r  -  5/j  (2.4-102) 


7  ■  (monoatomic  gas), 

and  at  the  stagnation  point,  with 
r  (  0  )  and  (T#=TS  ): 

Jk  m  |  +  2. 

T|  1  *  '8s  *  (2.4-108) 


The  above  comparative  expressions  are 
represented  graphically  in  Fig  (2.4-13), 
showing  that  a  higher  adiabatic  equilib¬ 
rium  wall  temperature  exists  in  a  free 
molecule  flow  (Kn>3)  than  in  a  continuum 
(laminar)  flow(Kn«l)(  and  that  the 
free  molecule  flow  equilibrium  tempera¬ 
ture  is  even  greater  than  the  stagnation 
temperature  in  laminar  boundary  layers 
of  continuum  flow  concept. 

(iii)  Cylinders  (with  longitudinal 
axis  perpendicular  to  the  free  stream) 

For  cylindrical  bodies  of  circular 
cross-section  with  their  axis  perpen¬ 
dicular  to  the  velocity  vector  of  the 
ordered  motion,  75)  ,  the  drag  force 

coefficient  is  obtainable  by  applying 
the  plane  surface  analysis  from  pre- 
cedi^  paragraphs  to  an  infinitesimal 


(monoatomic  go*)  , 


dA  *  r ld0  , 


(2.4-109) 


*(S,0)  =  -= - — -  *  (2.4-103) 

•Jw  Sv(l  +  srf  Sv) 

For(0=O),  the  Eq  (2.4-103)  takes 
the  simplest  form: 


-  i  ♦  *«*  . 


(2.4-104) 


since  then, 


v*Sv<i  +  i7TO  -  00  ’ 


(2.4-105) 


Sy  «  S  9  In  0  *s  0  . 


(2.4-106) 


(b)  Continuum  flow,  Kn  «  I  ,  laminar 
boundary  layer,  (  Q  =  o): 


jj-  ■  •  ♦  — jp-  r(0)M|*  =  I  +.326  S*  . 

(2.4-107) 

r  (O)  =  .815  (recovery  factor,  monoatomic 
gases) , 


inclined  at  a  local  angle,  0  ,  with 
respect  to ^  and  by  a  subsequent  inte¬ 
gration  from  0  t07r/2for  the  front 
(washed)  and  the  rear  (shaded)  cylin¬ 
drical  halves  respectively,  see  Figs 
(2.4-14)  and  (2.4-15). 

(1)  Front  face  (  0  <  v  <  00, T*  =  const. ), 
see  Fig  (2.4-14). 

(a)  Molecules  impinging  on  an  area- 
element,  d  A,  yield  a  local  drag  force 
coefficient  per  unit  area, 

,  (  pj*in0  +  r(  cos0) 


k  Pi  4j2 


(2.4-110) 


ci'=,i"9[-s77T'"!’'  +  ('+  -TS?)* 

x(l  +  erfSv)]  ,  (2.4-111) 

or  the  respective  total  drag  force 
coefficient  for  the  whole  front  face, 

W.-rt  ♦<.♦*#)* 

*  (l  +  erf  Sy)J$in0  d 9  , 

with  the  reference  cross-section  area 
of(2rlr  )  . 
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aw m  <*  - 


(b)  Molecules  emerging  diffusely 
from  an  area  element,  dA,  yield  a  local 
drag  coefficient  per  unit  area, 


-  /  (Pr  sin9) 

Co'  fe* 


(2.4-112) 


or  the  respective  total  drag  force 
coefficient  for  the  whole  front  face, 

lCo'lf  =  Ts^('T)/2[*’8’'2+  (2-4-113) 

+  V*  Sv(l  +  #r  f  Sy)  j  J  /2»in3fid  6  , 


with  the  reference  cross-section  area  of 
(2rl  -A  ). 

(c)  The  total  drag  force  coefficient 
for  the  front  face  is  then: 


Nt  ■  [c°‘]f+  [c°-]f  *  [c°»  ] 


CROSS-SECTION- 


(2.4-114) 

(2)  Rear  Face  ( -  oo  <  *  <  0,T*  =  const), 
see  Fig  (2.4-15) 

(a)  Molecules  impinging  on  an  ele¬ 
ment,  dA,  yield  a  local  drag  force  coef¬ 
ficient  per  unit  area,  with  (-9)  in¬ 
stead  of  9  : 

[C°'<]b  =  -  Tlc°«®]/'*/>,q,2  = 

=  (“cPi>b  +  ( ” Cf‘j)b  , 

•  ■  [<*],- [wW 

x  (l  -  erfSv)]  sln9  ,  (2.4-116) 

or  the  respective  average  drag  force 
coefficient  for  the  whole  rear  face, 
with  (A=  2r  1.  ) : 

K -/o'^WsT 

,  (l-.rlS,)].l,«d«  .  (2  4.U7) 

(b)  Molecules  reflected  diffusely 
from  an  area  element,  dA  ,  yield  a 
local  drag  coefficient  per  unit  area, 

lco'.|b- 

-  -ASyd- erfSv)]  ,  (2.4-118) 

or  the  respective  average  drag  force 
coefficient  for  the  whole  rear  face  with 


reference  area(A  =  2rl): 

M*-  - 

w  (2.4-119) 

-  V*  Sy(  I  —  «rf  Sy)]  J  /2  tins9d9  . 

(c)  The  total  drag  force  coefficient 
for  the  rear  face  is: 


Mb  "  Mb*  [C°r]b  “  tC°b] 


CROSS-SECTION’ 


(2.4-120) 

(3)  Total  cylinder,  assuming  the 
reference  area  (A  =  2rl,): 


C°=[Co](+  [C°]b“  [CdCYl] CROSS- 


SECTION  , 


(2.4-121) 


or,  after  regrouping(i2) ; 

Cd=  [  lc0j|f  +  I  cDj lb ]  +  [|c0t|f+  |c0riL]  , 


(2.4-122) 


C0=  {^-| - —  [l0+  (S*+  ’/.HIo+l,)]}  ♦ 

♦{-&(*)*}•  <24l23> 

£°CYl]  CROSS-SECTION®  Co  = 


x[lo  +  (St+'/f)(lo+I|)]  +  ■y’('r’)  }  * 

where:  (2.4-124) 

S  =  =\£%-  Mi  is  the  molecular  speed 

^  ratio, 

Cj  -  is  the  most  probable  incident 
speed  of  molecules, Ci  ■  (2RTjr2  *  Cm|  * 

T  -  the  velocity  of  the  ordered  mo- 

tton,  |5||  _  |vj  , 

Tf  -  is  the  temperature  of  diffusely 
reflected  molecules, 

Tj  -  is  the  temperature  of  incident 
molecules , 

I  .  . 

Io*  ~  J  /,  f  a  modified  Bessel 

*'  d-K  )  function  of  the 

order  of  0, 


I|«  £  /Vis\i-ifJ?«,  *  a  modified 

w  *4  Bessel  function  of 

the  order  of  1, 

■■-3-  ■ 
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mn.  ^ 


H2-  Boltzmann's  function. 

Note  that  in  case  of  any  other 
(common)  reference  area,  Sr  ,  for  a 
given  missile  configuration,  the  expres¬ 
sion  (2.4-124)  for  the  drag  coefficient 
shall  read: 


s  T.  [C<>cyl]i 


Sr  1-  DCYlJ  CROSS-SECTION  > 

(2.4-125) 


where 


dcyl  -  is  referred  to  the  common 
reference  area,  Sr  ,  for  the  whole  mis¬ 
sile, 

[  C  dcyl]  cross  section-  is  referred  by  deri¬ 
vation  to  the  area  (A  =  2rl  ), 

2 

Sr  -  -*t-  (usually) • 

Alternatively,  from  Ref.  22,  for  a 
right  circular  cylinder  with  its  axis 
normal  to  the  flow  and  (A  =  2r\  ),  for  a 
completely  diffuse  ref  lection  (o- =  tr’ -  |), 
the  average  drag  coefficient  expression 
can  be  written  in  the  form: 


[CDdiff]cyl[cd]d|FF  “  {[(s*  +  3/fe)  10* 

(2.4-126) 

x(S4)  +  (sl+'/2)l,(4)]  ♦  * 


and  for  purely  specular  reflection, 

(a  =  <r  '  =  0)  = 

LC°spec]cyl“|CdI8PEC  *  *0c°lOirr“  4SW]’ 


(2.4-127) 


where 


0. 

?2RTW 


*(Tw) 


(2.4-128) 


Using  the  expression  (2.4-126)  and 
(2.4-127)  and  assuming(Syy=  S  ) ,  i.e., 

(Tj  =  Tw),  the  influence  of  (  y  )  is 
eliminated,  and  the  results  are  appli¬ 
cable  both  to  monoatomic  and  diatomic 
gases.  Graphical  presentations  of 
Co  =f(S)for  the  case  are  given  in 
Fig  (2.4-16). 

Eq  (2.4-124)  indicates  that  the 
drag  force  coefficient  of  a  cylinder 


in  a  free  molecule  flow  depends  upon 
the  molecular  speed  ratio,  S  ,  and  the 
temperature  ratio  Tr  /  T:  .  The 
effective  temperature,  Tr  ,  of  emergent 
molecules  can  be  found  from  the  energy 
balance  between  the  body  and  the  gaseous 
medium  by  defining  first  the  wall 
temperature ,  Tw  .  Assuming  a  constant 
surface  temperature  T*  of  a  "gray"  body, 
the  energy  balance  for  any  infinitesimal 
body  area,dA,  shall  consist  of  (for 
monoatomic  gases,  no  dissociation  or 
ionization,  Ref.  12): 

(a)  The  translational  energy  per 
unit  area  per  unit  time  conveyed  by 
the  incident  molecules: 

On  the  Front  Surfaces  (p  <  ^  m  )  : 

n-  "iHt  5^-)]  • 

(2.4-129) 

-Sy 

where  <Ms,0)  =  *,  , - ——<(2.4-1.30) 

-A  Sy (  I  +  erf Sy) 

fn'l  =  total  number  of  impinging 
'  molecules  per  unit  time  per 
unit  area, 

Mf  ■  h]f  Vr|-[ff”SvZ  +  Sv-A(l  +erfSv)]  , 

(2.4-131) 

|n'|f-  total  .number  of  impinging  mole¬ 
cules  per  unit  volume  per  unit  time. 

On  the  Rear  Surfaces  (-®  <  v  <  0  ): 


N  -  T"’KU^tRTi|4--?r 


where 


4>bis,e)  - 


(2.4-132) 


S y  ( I  —  erf  Sy) 


(2.4-133) 


M  „  “  Mb  [  •'* -  *.  S’  I '  -  •  - '  S  ,  )]• 

(2.4-134) 

(b)  The  translational  energy  per 
unit  area  per  unit  time,  possessed  by 
the  emerging  molecules.  It  can  be 
determined  through  a  choice  of  the 
accommodation  coefficient,  a  . 
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Fig  (2.4-16)  Drog  coefficient  for  sphere  and  cylinder  in  free  molecule  flow. 
(Ref  22) 

T„  *  T,  ,i*.  S  =  S 
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On  Front  Surfaces  (  0  6  w  5  oo  )  : 

[Fr']f  -  (l-«)[F,']f  +  ZamRfni^T*  . 

(2.4-135) 

On  Rear  Surfaces  (-00  S  kSO  ) : 

(2.4-136) 

(c)  The  radiation  energy,  evaluated 
for  a  supposedly  "gray"  body,  i.e., 
a  body  emitting  and  receiving  radiant 
energy  with  the  emissivity,  «  ,  inde¬ 
pendent  of  both  wave  length  and  gas 
density: 

Radiant  Input  From  the  Ambient  Gas 
to  Unit  Area  of  the  Body  Surface: 

[fin]  «  €BTC4  ,  (2.4-137) 


In  case  of  the  cylinder! dA srl d  0 )  with 
its  axis  perpendicular  to  the  free 
stream,  the  Eq  (2 .4-139)_takes  form 
(after  substitution  for  Ej-  ): 


+  2ir[«0(Te4-T<!>-j']  =  0  • 

(2.4-140) 

or  after  substitution  for  l^ilf  ,|E|'lb, 

I  n,- |f  and  |n i'|b  and  after  reduction  of 
tne  integrals,  the  temperature,  T*  , 
can  be  obtained  in  terms  of  molecular 
speed  ratio,  S  ,  gas  temperature ,Tj  , 
gas  density,  pt  ,  and  temperature  Tc  *. 

2  ij«-  (2,  +Zrf-  [  (S*  +  2)  Z,  +  (S2^  -|-  )  + 


where 

«  -  is  the  emissivity  for  "gray"  bodies, 
dimensionless , 


(2.4-141) 


B  -  is  the  Stefan  -  Boltzmann's  constant, 
B  =  3.74*ldvf oot-pound  per  square  foot, 
[•F4], 

Tc  -  is  the  temperature  of  the  outer 
boundary,  containing  both  the  gas  and 
the  body;  [*f]  ,  assumed  constant. 


Wherfi  Z|Sv^Io(is‘), 


(2.4-142) 


Zz*nfb~*S*  [lo  (-t*  S*>  +  l,  <±S®)]. 

(2.4-143) 

I0  and  I ,  are  modified  Bessel  functions. 


Radiant  Emission  From  Body  Surface: 

[Em]  -  €BTw4  .  Tw*  const. 

(2.4-138) 

(d)  The  internal  energy  output  (  j') 
from  unit  area  of  the  body  surface  per 
unit  time  due  to  coolants  (or  any  other 
concepts) . 

Then,  the  conservation  of  energy 
principle,  expressed  through  the  energy 
balance,  yields  that  for  the  total  body 
surface: 

/[Ei'JfdA  +  /[Ei]bdA  +  €BTC4A  = 

=  /Mf**  +  /[^r1bdA  +  A€0T" +  J'A  • 

(2.4-139) 


From  the  expression  (2.4-141)  for  Tw 
the  effective  temperature  Tr  of  the 
emergent  molecules  can  be  determined 
by  specifying  the  proper  value  of  the 
factor,  «r  ,  which  determines  the  degree 
in  which  Tr  approaches  Tw  .  For  adiaba¬ 
tic  flow  conditions  (insulated  cylin¬ 
der)  with(<r  =  <r'=  I)  and  no  exchange  of 
either  radiant  or  internal  (coolant) 
energy,  the  reflected  molecules  shall 
emerge  with  a  temperature  equal  to 
the  surface  tempera ture,(Tr  =  Tw).  Then, 
the  expression  (2.4-142)  reduces  to 


(2.4-144) 

and  the  drag  force  coefficient  (for 
insulated  cylinders  in  monoatomic 
gases),  becomes:  ^ 

°CYLWETm 

-C0=^{ff_l4st  [l0+(S2+-J-  )  (I0+I,)]  + 

(2.4-145) 
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"»  iwip  -IXBWW  < 


«  L 2<z,  ♦  zj)  J  J 

(2.4-145) 

Eqs  (2.4-144)  and  (2.4-145)  arc 
graphically  presented  in  Figs  (2.4-17) 
and  (2.4-18)  respectively.  Note  that 
the  drag  coefficient  and(Tw  /  Tj  )  are 
functions  only  of  the  molecular  speed 
ratio,  S  ,  and  that  the  drag  coefficient 
is  independent  of  the  Knudsen  Number, 

Kn  ,  provided  Kn>3  which  assures  the 
free  molecule  flow  conditions. 


(iv)  Spheres 


The  drag  coefficient  of  a  sphere 
in  a  free  molecule  flow  can  be  found 
along  the  same  lines  as  shown  for  flat 
plates  and  cylinders.  For  a  sphere 
with  a  reference  cross-section  area 
(A  =  r2*r),  where  r  is  the  sphere  raaius(22): 


c°0i»f S 


Jir  S8 


(I  ♦  2  S2)  ♦ 


4S4*  4S*-I 
2  S4 


X 


X 


Qf  f  (S)  + 


,2i&, 

3SW 


(2.4-146) 


and 


C°$pec  s  c°oim 


(2.4-147) 


where 


S  w  = 


TiTT 


(2.4-148) 


■/2  R  T, 


(2.4-149) 


Assuming(Tw=  Tj  ),  i.e.,(SW3>S  ),  the 
above  expressions  become  valid  for 
both  monoatomic  and  diatomic  gases 
(i.e.,  independent  of  y  )  .  A  graphical 
presentation  of  theCo-p^r  1  f(S) 
case  is  presented  in  Fig  (2.4-16). 
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2.4.5 


SLIP  FLOW 


(i)  GeneraL  characteristics 

In  the  slip  flow  regime  the  gas 
density  is  slightly  less  than  for  a 
continuum  flow  regime.  The  slip  flow 
domain  is  defined  by  the  Knudsen  Num¬ 
ber  values, 

•  01  <  ~  Kft|  <  .1  i  R#l>  I  . 


Actually,  in  the  slip  flow  regime 
the  three  governing  parameters  ,  Kn  ,  M  ,  Re, 
which  represent  the  rarefaction,  the 
compressibility  and  the  viscosity  ef¬ 
fects  respectively,  are  mutually  so 
interrelated  that  the'  Eq  (2.4-150)  is 
satisfied  either  for  large  values  of 
M  ,  for  small  values  of  Re  ,  or  both. 

In  the  equilibrium  kinetic  theory 
of  gases,  the  slip  flow  is  characterized 
by  a  non-Maxwellian  velocity  distribu¬ 
tion  law,  the  decree  of  rarefaction 
being  less  than  in  the  free  molecule 
flow  case.  The  relatively  simple 
theoretical  approach,  which  has  been 
adopted  in  the  free  molecule  flow 
analysis,  is  not  applicable  to  the  slip 
flow  regime:  the  motion  is  nonisentro- 
pic,  requiring  a  more  general  velocity 
distribution  function  and  more  general¬ 
ized  boundary  conditions.  A  modified 
boundary  layer  concept  is  introduced: 
it  is  expected  that  the  boundary  layer 
will  be  laminar  and  of  an  appreciable 
thickness.  The  interaction  between 
such  thick  boundary  layers  and  the  in- 
viscid  outer  flow  becomes  signif icant^31, 
32,33).  Due  t0  this  pronounced  and  com¬ 
plex  interrelationship  between  the  vis¬ 
cous,  the  compressible  and  the  rarefied 
gas  effects,  there  are  no  generalized 
theoretical  approaches  handling  all 
the  factors  simultaneously.  It  can  be 
only  anticipated  that,  other  factors 
being  similar,  the  over-all  effect  of 
the  rarefied  slip  flow  and  the  associated 
velocity  and  temperature  jumps  at  the 
inner  boundary  will  result  in  a  re¬ 
duction  of  the  skin  friction  coefficient 
value . 

The  formulation  of  the  slip  flow 
problem  in  form  of  differential  equa¬ 
tions  can  be  done  along  several  approxi¬ 
mate  theoretical  or  semi-empirical 
lines.  Two  basic  well-known  approaches 
are : 

-  A  modification  of  the  classical 
Navier-Stokes  equations,  resulting  in 
the  Burnett  equations  for  the  slip-flow 


changed  boundary  conditions,  including 
the  associated  temperature  jump(5) . 

-  The  use  of  the  Thirteen  Moment 
principle^34) <  Neither  the  Burnett 
nor  the  Thirteen  Moment  equations 
have  chown  any  real  advantages  in 
handling  the  problem(22).  Instead, 
some  recent  experimental  evidence 
indicates  that  a  more  straightforward 
handling  of  the  Navier-Stokes  equations 
with  the  changed  slip-velocity  and 
temperature- jump  boundary  conditions 
may  yield  better  results  than  the 
two  mentioned  theoretical  approaches. 

A  br;ef  outline  of  the  main  features 
of  the  slip  flow  regime  can  be 
illustrated  by  investigating  it  on  the 
basis  of  the  classical  kinetic  theory 
of  gases.  The  slip-flow  regime  is 
treated  as  a  non-Mazwellian  motion  of 
a  rarefied  gas  with  the  specified 
boundary  conditions  different  from 
those  in  the  continuum  flow  case. 

(1)  Two-dimensional  laminar  boundary 
layers~of  the  continuum  flow  regime  - 
kinetic  theory  approach. 

The  non  -Maxwellian  molecular 
velocity  distribution  function(12) 
for  slightly  non-isentropic  conditions 
is  confined  to  a  thin  layer  adjacent 
to  the  flat  plate  surface,  the  gas 
flow  within  the  laminar  layer  being 
regarded  as  steady,  laminar,  and  com¬ 
pressible.  Everywhere  outside  the 
thin  boundary  layer,  i.  e.t  beyond  the 
predominant  influence  of  the  solid 
surfaces,  the  gas  flow  is  considered 
completely  isentropic  with  the  mole¬ 
cular  velocity  distribution  function 
conforming  to  the  isentropic  form  of 
the  Maxwell's  law.  The  concept  is 
compatible  to  the  Prandtl's  postulate 
from  the  continuum  flow  theory. 

The  boundary  layer  thickness  can  be 
defined  in  terms  of  either  the  ordered 
mass  velocity,  8u(x),  or  temperature, 
8tU),  see  Fig  (2.4-19),  reflecting 
the  twofold  nature  of  a  nonisentropic 
flow  random  molecular  transport  mecha¬ 
nism,  the  momentum  and  the  heat  trans¬ 
fer  effects  respectively.  The  two 
boundary  layer  thicknesses  are  dif¬ 
ferent  in  general,  but  it  is  assumed 
that  they  are  of  the  same  order  of 
magnitude,  expressed  through  some 
modified  form  of  the  Reynolds  Analogy 
Concept. 
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uoo-  8too  of  the  some  order  of  magnitude 
T.  =  Maximum  temperature  in  boundary  layer 


The  general  equations  of  motion  for 
steady,  two-dimensional,  non-isentropic , 
compressible  flows  can  be  written  in 
the  form(12); 


4-M  +  (pv)=  o  , 

**  '  1  dy  v  '  (2.4-151) 

+  ^  >]  ’ 

*n-)]  - 


(2,4-152) 


This  general  form  of  the  two-dimen¬ 
sional,  slightly  nonisentropic  flow 
equations  shall  be  applied  to  laminar 
viscous  flows  across  a  flat  noninsu- 
lated  plate  at  a  zero  angle  of  attack. 

The  molecular  motion  in  the  layer 
directly  adjacent  to  the  surface  needs 
to  be  first  defined,  i.e.,  the  boundary 
conditions  at  the  surface  specified.  The 
actual  mechanism  of  interaction  between 
the  real  gas  molecules  and  a  real  sur¬ 
face  is  as  yet  not  completely  under¬ 
stood.  The  related  experimental  obser¬ 
vations  depend  upon  the  method  and  the 
apparatus  used,  surface  material,  sur¬ 
face  absorption  rates  of  the  molecules, 
condensation  effects,  etc.  Most 
theories  distinguish  between  the  follow¬ 
ing  two  basic  premises: 

(a)  A  specular  (isentropic)  reflec- 
tion  of  molecules 


Only  if  a  surface  is  insulated  and 
assumed  ideally  smooth,  and  a  monoatomic 
gas  flow  considered  as  ideally  isen¬ 
tropic,  can  a  specular  molecular  re¬ 
flection  occur;  the  tangential  velocity 
component  remains  unchanged,  while  the 
normal  velocity  component  reverses  its 
sign.  The  boundary  conditions  are  then 
specified  as  being  for  a  "perfect  slip 


flow",  and  the  simplest  isentropic  form 
of  the  Maxwell's  velocity  distribution 
function(12)  holds  both  for  the  im¬ 
pinging  and  the  perfectly  elastically 
rebound  molecules  on  the  surface.  The 
molecular  motion  in  the  l.’.yer  adjacent 
to  the  surface  is  purely  Maxwellian, 
i.e.  ,  isentropic. 

Obviously,  under  these  premises,  the 
viscous  effects  in  a  laminar  boundary 
layer  cannot  be  investigated. 

(b)  A  diffuse  (nonisentropic)  mole- 
cular  reflection 


Real  solid  surfaces  are  microscopi¬ 
cally  of  an  irregular  grain  pattern, 
promoting  a  diffuse  reflection  of 
molecules  to  a  greater  or  lesser  ex¬ 
tent,  see  Section  2.4.1. 

A  diffuse  molecular  reflection  is 
characterized  by  a  complete  loss  of  the 
tangential  ordered  velocity  component 
of  the_impinging  molecules  at  the  sur¬ 
face  ( v,  =  0).  The  molecules  are  tem¬ 
porarily  trapped  at  the  surface  and  re¬ 
ejected  with  random  molecular  speeds 
(o',  v')  after  attaining  either  partially 
or  completely  the  thermal  equilibrium 
with  the  surface.  The  re-emitted  mole¬ 
cules  have  no  velocity  of  ordered 
motion  (u  =  v=0).  The  random  molecular 
speed  distribution  function  of  the 
diffusely  reflected  molecules  is  sup¬ 
posed  to  follow  the  Maxwell's  law, 
but  modified  to  correspond  to  a  tem¬ 
perature  which  is  different  both  from 
the  temperature  of  the  impinging  stream 
and  the  temperature  of  the  surface. 

Due  to  the  discontinuity  of  molecular 
motion  during  the  transient  period 
of  time  in  which  the  molecules  are 
trapped  at  the  surface  irregularities , 
there  is  no  directional  preference 
for  the  reflected  molecules:  all 
directions  of  random  molecular  motion 
away  from  the  surface  are  equally  prob¬ 
able. 

The  mathematical  model  for  the 
diffuse  reflection  (three-dimensional) 
is  illustrated  in  Fig  (2.4-1  ),  with 
the  reference  axes  fixed  to  the  wall 
at  rest.  The  molecules  in  the 
element  of  volume  (S)  of  the  oncoming 
stream,  adjacent  to  the  solid  wall 
(?*=  0),  have  a  relative  ordered  velocity 
components  (ut,vt;0,wt)  with  respect  to 
the  wall  at  rest  and  the  random  motion 
velocity  components  (  u',  v',w'  ),which  are 
governed  by  the  Maxwellian  velocity 
distribution  function (f)  of  slightly 
nonisentropic  flows.  The  diffusely 
reflected  molecules  are  treated  as  if 


they  were  re-emitted  from  an  element  of 
the  wall  volume,  IW),  on  the  other  side 
of  the  interface,  where  the  molecules 
are  supposedly  trapped  (u,.?,.®,).  Con¬ 
sequently,  the  rejected  molecules  have 
no  velocity  components  of  the  ordered 
motion,  and  their  random  molecular- 
velocity  components  (u'.v'.vn')  distribution 
law(fo)is  assumed  to  follow  the  free- 
molecule  Maxwell's  velocity  distribu¬ 
tion  function  of  isentropic  gases,  where 
the  (fo)  function  is  evaluated  for  a  tem¬ 
perature  (  Tr  *  T„  ,Tr  *T,  ),  in  general. 

The  boundary  conditions  for  the 
diffuse  molecular  reflection  pattern 
are  characterized  by  small  disconti¬ 
nuities  of  normal  prersure  (p),  tangen¬ 
tial  mass  velocity  of  ordered  motion  (u  , 
v)  and  temperature (T)  at  the  interface 
between  the  gas  layer  adjacent  to  the 
wall  and  the  wall  proper.  These  dis¬ 
continuities  arise  from  the  fact  that 
(1)  the  molecular  random  motion  of  the 
impinging  molecules  of  the  oncoming 
stream  is  non-Maxwellian  (nonisentropic) 
near  the  wall,  and  (2)  the  molecular 
random  motion  of  the  diffusely  reflected 
molecules  is  Maxwellian  but  evaluated 
for  a  temperature  (TJ  different  from 
{  T,  )  .  Using  the  subscript  (*)  to  denote 
conditions  in  the  stream  layer  adjacent 
to  the.  wall,  and  the  subscript  <„)  to  de¬ 
note  conditions  of  the  solid  surface, 
the  stated  small  discontinuities  in 
pressures,  temperatures  and  ordered 
motion  velocities  are  analytically 
given  for  the  assumed  slightly  nonisen¬ 
tropic  conditions  by(12): 


to  assume  in  the  boundary  layer  theory 
that  the  viscous  and  the  slightly  non¬ 
isentropic  effects  are  well  represented 
if  both  the  diffusely  re-emitted  mole¬ 
cules  and  the  impinging  molecules  of 
the  stream  next  to  a  smooth  wall  have 
a  Maxwellian  random  motion.  Then  the 
discontinuities  can  be  regarded  as 
negligibly  small,  and 

P,  =  P„  ,  u,  =  w,=  0  ,  T»  =  T„  • 

(2.4-158) 

For  rarefied  gases  under  "slip  flow" 
boundary  conditions  and  with  accom¬ 
panying  "temperature  jumps"  between 
the.  wall  and  the  gas,  the  disconti¬ 
nuities  represented  by  Eqs  (2.4-154)  to 
(2.4-157)  cannot  be  treated  as  negli¬ 
gible  . 

Within  the  continuum  flow  concepts, 
the  boundary  conditions  (2.4-158) 
are  taken  as  valid.  They  shall  be 
applied  to  the  general  form  of  the  two- 
dimensional  equations  (2.4-151)  (2.4- 
152)  and  (2,4-153),  after  they  have 
been  reduced  to  a  simpler  first-order 
laminar  boundary  layer  form  by  a 
proper  nondimensionalization  and  an 
order-of -magnitude  analysis,  as 
follows: 

Assuming  relatively  thin  boundary 
layers,  see  Fig  (2.4-19),  it  follows 
that: 

0  <  *  <  l  , 


i(|H+£ 

niiriiii  , 

0  <  y 

<  8W  ( l)  ,  or  8t  (l)  , 

p«  6  L< 

:  'dx  di 

dy  1 

J,  '6  Lt  dyj, 

(2.4-154) 

8U  U)  ~ 

8t  (l)  <  <  l  , 

(2.4-159) 

These  discontinuities  can  be  treated 
either  as  negligibly  small  or  signifi¬ 
cant,  depending  upon  the  state  of  gas 
and  the  conditions  of  the  real  surface. 
For  gases  at  ordinary  temperatures  and 
only  slightly  rarefied,  i.e.,  for  con¬ 
tinuum  flow  conditions,  it  is  customary 


i.e.,  (x)  and  (y)  coordinates  are  of 
different  orders  of  magnitude.  This 
assumption  permits  introduction  of  the 
respective  nondimens ional  quantities 
(primed)  of  length: 


~  _J _ 

8TU) 


*  8  - 


which  are  all  of  the  order  one 


-  MLL, 

(2.4-161) 


Assuming  further  that  the  free 
stream  temperature (t,)  the  maximum  tem¬ 
perature  in  the  boundary  layer  (Tj) 
and  the  temperature  of  the  gas  layer 
adjacent  to  the  wall  (Tt),  are  of  the  same 
order  of  magnitude,  i.e.,  that  for  any 
point  in  the  boundary  layer. 


T,  <  T  S  Tj 


(2.4-162) 
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it  follows  that: 


T'  ■  - OROER  OF  ONE 


(2.4-163) 


By  similar  considerations,  the  in¬ 
equality 


TT,  jj  u  S  T, 


(2.4-164) 


leads  to 


and  also 


/  ■  -$r  ~  ORDER  OF  QN£  , 

(2.4-165) 


p'  =  -J-  ~  ORDER  OF  QN£_  , 

'I 


(2.4-166) 

P  =  —  ~  OROER  OF  QN£  . 

P|  (2.4-167) 

The  assumption  of  a  relatively  thin 
boundary  layer  can  be  expressed  also  as 


8w  ( 1)  <  <  | 


»  (2.4-168) 


i . e . ,  by  a  nondimensional  length  (D) 
which  is  a  small  number  of  a  lesser 
order  of  magnitude  than  one. 

Introducing  further  the  assumption 
that  for  laminar  boundary  layers  formed 
by  not-too-raref ied  gases  (near  standard 
gas  conditions),  another  nondimensional 
length. 


<  <  I 


(2.4-169) 


is  also  a  small  number  of  about  the 
same  order  of  magnitude  (less  than  one) 
as  (D),  it  follows  that  the  velocity 
component  perpendicular  to  the  wall  , 


V  <  <  IT 

s’ nee  both 


(2.4-170) 


<  <  * 


8,  ID  <  <  l  , 
and  X  ,  <  <  8„  U)  . 


Under  the  premises,  in  order  to 
define  a  nondimensional  velocity  com¬ 


ponent  normal  to  the  wall  (v')of  the  order 
of  one  (i.e.,  of  the  same  order  as  u' ) , 
the  following  line  of  argumentation  may 
be  used: 

Mass  flux  across  an  element  of  any 
line  within  the  boundary  layer  is 


p  nr  dy  -  Vdx) 


(2.4-171) 


and  if  the  line  is  a  streamline, 


Ddy  =  Vdx, 


•  _L  =  -4JL  =  -5- 

*  *  V  dx 


(2.4-172) 


(2.4-173) 


Eq  (2.4-173)  together  with  Eqs 
(2.4-168)  and  (2.4-161)  yields: 

<t  y  *  dy'  8u  (l ), 


d  x  ®  d  x'  l  , 


d  y'~  d  x'  (AS  INDEPENDENT  VARIABLES) , 


v' s  *?T+’  ’ 


(2.4-174) 


The  corresponding  nondimensional 
forms  of  the  boundary  conditions , 

Eqs  (2.4-154)  to  (2 .4-157),  are  then: 

_  «t  »'  _£L1 

T  dy/  s  (2.4-175) 

(2.  :  -176) 

-V#‘]  • 

o  y  c  m  ii  i77i 


where 


(2.4-177) 


M|S  -JjL  BORDER  , 


®l  »  °2  *  ®3  *  a4  »°5*  on<*  <*6  ore  conetants 
All  primed  quantities  are  of  the 
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where 


*W. 

*  , 


I 


? 


jjj 


I 


H. 

F 

I 


order  of  one.  Since  A  is  negligibly 
small,  the  bracketed  terms  in  the  Eqs 
(2.4-175)  to  (2.4-177)  become  negli¬ 
gibly  small  also,  and  the  boundary 
conditions  are  as  stated  earlier: 


u,  =  0 ,  P,  =  p*  ,  \  =  . 

(2.4-178) 

Finally,  for  two-dimensional  com¬ 
pressible,  steady  laminar  boundary 
layers  along  smooth,  flat  plates  at 
a  zero-angle-of -attack ,  it  can  be  as¬ 
sumed  that  there  is  no  pressure  gradient 
in  the  x-direction, 


(2.4-179) 


d  D  =  0  , 

d  x 

leading  to  only  a  negligible  pressure 
gradient  in  the  y-direction  also: 


a 


=  0 


(2.4-180) 


The  general  forms  of  the  governing 
Eqs  (2.4-151)  to  (2.4-153)  are  then 
reduced  to: 


JL  (4-gJL 

d  y  '  0  y 


(2.4-181) 

(2.4-182) 

c  +"wil 


p  C  V 


)■ 


+  a7  (ka7 ) 


P  =  P  R  T  > 


JL.  = 
AS 


(2.4-183) 

(2.4-184) 

(2.4-185) 


where  the  second  of  the  momentum  equa¬ 
tions  (2.4-152)  becomes  of  a  negligible 
order  of  magnitude  in  all  terms. 

The  momentum  transfer  equation, 
assuming  a  constant  temperature  of  the 
flat  plate  surface,  yields  for  the 
local  skin  friction  coefficient  (Cf) 
the  following  expression  in  terms  of 
the  is_entropic  mean  free  molecular 
path  (  X  )  taken  as  a  reference  length  (42); 


Cf  .  -664 


(nfcr) 


,1/2 


>  (2.4-186) 


X  =  (—  )  -  is  the  dimensionless  position 
X|  coordinate, 

Xi  -  is  the  mean  free  molecular  path 
outside  the  boundary  layer  (isen- 
tropic  flow) , 

Re,  -  is  the  Reynolds  Number  at  the 

station  (  X  =x /X, )  ,  referred  to  the 
molecular  path(^i)  , 

„  _  P|*|U| 

Re,  - 


O’  * 


Ml 

■fc  *  <«■> 


1/2  /  l+a/T,  "  is  the  best 


(w 


w+a/T, 


suitable 
constant  for 
the  estimates,  over  the  relevant 
temperature-viscosity  ratio 
(assuming  the  constant  surface 
dimensionless  temperature,  (0«)  , 
obtained  by  matching  expressions. 


JL 


ft)' 


,V2f  T|  +  « 

V  T  ■¥  k 


and 


*■'(+) 


according  to  Chapman  and  Rubesin 
(42), 

0  »  y  -  is  the  dimensionless  tempera- 
1  ture  ratio  at  any  point  within 
the  boundary  layer, 


0 


_  -  is  the  dimensionless  tempera- 

1  ture  ratio  at  the  surface, 
assumed  constant. 


a  =  1.09924  . 

The  average  skin-friction  coefficient 
per  unit  width  on  one  side  of  the  plate 
of  length  1,  based  on  the  free  stream 
dynamic  pressure  0/2/>,  uf  ),  with  the 
mean  free  molecular  path  ( X( )  as  the 
basic  reference  length  is  then: 


c<  “  ¥  L  ’• a*  •  '-“oHm) 


1/2 


(2.4-187) 

where  K„  =  \\/i  -  DA  is  the  Knudsen  Num¬ 
ber. 

The  Knudsen  Number  must  be  very 
small , 

K„  «  I  , 

if  the  continuum  flow  boundary  layer 
equations  (2.4-181)  to  (2.4-185)  and 
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the  assumed  boundary  conditions  (2.4- 
158)  are  to  be  valid,  i.e.,  the  continuum 
flow  conditions  of  not-too-rarefied 
gaseous  states  must  be  satisfied.  For 
higher  rarefactions,  violating  the  con¬ 
dition  (2.4-188)  the  above  analysis  and 
solutions  are  invalidated,  since  the 
momentum  and  the  heat  transport  mecha¬ 
nisms  are  radically  different:  colli¬ 
sions  between  gas  molecules  become  then 
increasingly  less  significant  regarding 
the  molecular  transport  processes,  which 
are  instead  accomplished  more  through  a 
direct  exchange  mechanism  between  the 
freely  moving  molecules  and  the  solid 
surface. 

Similarly,  from  the  energy  transfer 
equation  analysis,  a  particular  solution 
assuming  constant  surface  temperature 
conditions  for  steady,  continuum  flow 
laminar  boundary  layers  is  obtained (42 ); 


Number  and  17  ,  see  Fig  (2.4-20) 

Mi Cp  4  r 

Pr- -  s - is  the  Prandtl  Number, 

fly  “3  free  stream  reference 
value, 

0  =  (T / T(  )  is  the  dimensionless  tempera¬ 
ture  at  any  point  in  the  boundary  layer. 

Analogous  to  (C<),  the  local  dimension¬ 
less  heat  transfer  coefficient  through 
unit  area  in  unit  time  at  the  surface  is 

s;  .  =  , 

(2.4-193) 

and  the  ratio  of  the  local  coefficients 
of  heat  transfer  and  friction  on  the 
surface  is 


•  =  [i+r(,)  ^M,‘+<0w-e,.)  1^,]  * 

where:  (2.4-189) 

7)  -  is  a  nondimensional  parameter  of 
transformation  used  in  solution  of  the 
laminar  boundary  layer  equations,  re¬ 
lated  to  the  perpendicular (y)  distance 
from  the  flat  plate  at  a  given  position 
(*)  by  the  expression, 


f(?>  = 


(RS  ,/q)l/8* 


(2.4-190) 


¥-  is  the  dimensionless  stream  function, 

[(W,)(P/P,)]«- >  (2.4-191) 

r (0)  -  is  the  recovery  factor,  obtainable 
from 


6aw  s  1  +  **f  » 

r (0)  =  1  for  Pr  =  1  , 

r (0)  =  .85  for  Pr  =  .74  (air)  , 

M|  -  4/®i  -  is  the  free  stream  Mach 

Number, 


y  -  Cp/Cv  -  is  the  specific  heat  ratio, 

0ow=(Taw/T|)-dimen8ionless  equilibrium  tem¬ 
perature,  corresponding  to  no  heat  trans¬ 
fer  condition  at  the  surface,  i.e.,  the 
adiabatic  wall  temperature, 


(S*/Cf')=  (.4  45/pr)(0w-0,^). 


(2.4-194) 


The  average  heat  transfer  coeffi¬ 
cient  on  one  side  of  a  flat  plate  of 
length  (l),  called  the  average  Stanton 
Number,  is:  (2.4-195) 


S, 


h 

k 


.  5  915  ( 


Pr  A  R..  ' 


(2)  Momentum  transfer  in  the  slip 
flow  regime 


The  basic  expressions  for  the  local 
and  the  average  skin-friction  coeffi¬ 
cients  under  the  slip  flow  conditions 
are  obtained  by  modifying  the  flat 
plate  laminar  boundary  layer  equations 
and  the  associated  continuum  flow 
boundary  conditions  accordingly. 

A  treatment  of  the  problem  is  pre¬ 
sented  by  Nonweiler(35) ,  Shaafll0>3°, 
38)  MirelsCS?)^  Lin  and  Shaaf (39)  , 
representing  approximate  solutions 
based  on  a  suitable  extension  and  modi¬ 
fication  of  the  Rayleigh ’s^O)  analysis 
of  nonstationary  flows  which  are  cre¬ 
ated  by  an  instantaneous  (impulsive) 
acceleration  of  an  infinite  flat 
plate  from  a  rest  state  to  a  constant 
speed  regime.  The  main  fundamentals 
that  lead  to  the  extension  and  modifi¬ 
cation  of  the  continuum  flow  (laminar) 
boundary  layer  theory  to  the  concepts 
of  the  laminar  boundary  layers  in  the 
slip  flow  regime  is  the  following: 


®w 1  ( T*  /T|) -  is  the  actual  wall  tempera¬ 
ture  (  Sw  <  @ow  ) , 

r  (17)  and  sir/)  are  functions  of  the  Prandtl 


In  treating  the  classical  continuum 
laminar  boundary  layers  equations 
(2.4-151)  to  (2.4-153)  for  steady 
gas  flows  at  ordinary  densities,  it 
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(2.4-201) 


has  been  ■•turned  that  due  to  (Kn«i)  , 
both  the  ratio  (01  of  the  thickness  of 
the  velocity  layer  (8«)  at  a  station 
to  the  total  length  of  a  flat  plate 
(l)  ,  and  the  ratio (A) of  the  reference 
mean  free  molecular  path  (1)  to  the 
thickneaa  of  the  boundary  layer  at 
(x*i),  are  quantities  of  the  same  negli¬ 
gibly  small  order  of  magnitude: 


■OT  “(-tSt)***  1  '(2*4‘l96) 


*  (tt 


l  . 

(2.4-197) 


The  negligible  smallness  of  the 
above  dimensionless  parameters, (A)  and 
(0),  allows  for  a  reduction  of  the 
boundary  conditions  in  the  continuum 
flow  domain  to  the  well-known  "no-slip” 
velocity  condition  at  the  surface  and 
to  the  equality  of  pressures  and  tem¬ 
peratures  of  the  gas  layer  next  to  the 
surface  (subscript «  )  and  the  body  sur¬ 
face  itself  (subscript  „  ),  provided  the 
surface  is  insulated,  i.e.: 


U(  ■  0 

0 


Pi  •  P* 

4*.  o 


T,  »  T*  , 

(2.4-198) 

■ft*  0  • 

(2.4-199) 


Obviously,  the  classical  laminar 
boundary  layer  equations  do  not  hold 
in  the  region  near  the  leading  edge 
of  the  flat  plate:  there, the  local 
coordinate (x)  can  be  of  the  same  order 
of  magnitude  as  the  mean  free  molecular 
path (A()  violating  the  basic  assumption 
that 


x't 


(2.4-200) 


i.e.,  both  (A)  and  (0)  become  significant 
quantities  (of  the  order  of <  I  ) ,  with 
(A)  being  more  prominent  in  importance, 
at  supersonic  Mach  Numbers. 

This  leading  edge  "anomaly"  of  the 
classical  continuum  flow  boundary  layer 
theory  spreads  more  and  more  along  the 
flat  plate  as  the  rarefaction  of  the 
undisturbed  (ambient)  free  stream  is 
increased.  When  the  ambient  gas  density 
is  decreased  to  such  a  level  that  the 
mean  free  path  becomes  comparable  to 
the  total  plate  length, 


I,»  t  * 

both(A)and  (0)  must  be  taken  into  account 
for  the  whole  laminar  boundary  layer, 
changing  the  boundary  conditions  from 
the  classical  "no-slip"  to  a  new 
"slip-flow"  form  (subscripts  ), 


(2.4-202) 


i.e.,  the  velocity  of  the  gas  layer 
next  to  the  surface,  1*  ,  is  small  but 
finite,  where 


"■t- 

Hr- 

P; 


is  the  dimensionless  velocity 
at  any  point  (y) in  the  boundary 
layer, 

is  the  dimensionless  vertical 
position  coordinate, 

is  evaluated  at  the  wall, 

„  -  is  the  free  stream  velocity 

1  (  il|  *  Vu  ) »  for  a  two-dimensional 

flat  plate  at  a  zero  angle-of- 
attack, 

t  =  -=-  -  is  the  dimensionless  ratio  of 
*i  the  mean  free  molecular  paths 
at  any  point  (y)  within  the 
boundary  layer, 

A,  -  is  the  mean  free  molecular  path 
at  free  stream  (undisturbed) 
conditions . 

The  change  in  the  order- of -magnitude 
of  the  characteristic  flow  parameters 
and  the  changed  boundary  conditions 
shall  subsequently  alter  the  form  of 
the  classical  boundary  layer  equa¬ 
tions,  which  have  been  obtained  from 
the  general  slightly  nonisentropic 
flow  expressions  for  mass ,  momentum 
and  energy  conservation  by  an  appli¬ 
cation  of  the  order  of  magnitude 
analysis, i.e.,  by  retaining  only  the 
terms  that  proved  to  be  of  the  order 
of  1  (see  Sections  2.2  and  2.3),  and 
by  neglecting  all  the  terms  of  the 
negligibly  small  orders  of  mangitude 
(A)  ,  (D) ,  (AD) ,  and(D2A).  Under  the 
changed  slip  flow  conditions,  the 
terms  of  the  order  (A)  and  (0)  shall  be 
retained  in  addition  to  the  terms  of 
the  order  1,  and  only  the  quantities 
of  the  order (DA) and (D2A)  neglected. 

(Note  that  the  important  "orders" 
now  are  1  andA«D<l).  As  a  consequence, 
the  momentum  equation  in  the  y-direc- 
tion  for  two-dimensional  boundary 
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layers  cannot  be  neglected,  and  all 
the  terms  of  the  order  of  (A) and  (D) 
should  be  retained. 

Instead  of  handling  directly  the 
very  complex  system  of  the  modified 
differential  equations  for  the  slip- 
flow  conditions,  an  alternative 
approach  of  extending  the  Rayleigh's 
problem^O)  ,^an  be  used,  leading  to 
an  approximate  oolutionCl2)  for  the 
slip  flow  conditions. 

The  Rayleigh's  equations(10,4C) , 
which  express  the  stationary  conditions 
achieved  after  an  infinite  flat  plate 
has  been  instantaneously  accelerated 
from  rest  to  a  constant  speed,  can  be 
reversed  to  the  equivalent  conditions 
occurring  when  a  viscous  compressible 
gas  is  impulsively  accelerated  to  a 
constant  free  stream  mass  velocity 
(17,  =  5,  =  VH)  along  a  fixed  flat  plate, 
yielding  the  following  equations  of 
mass,  momentum  and  energy  conservation 
(two-dimensionally) : 

#  =  °  '  (2.4-203) 

(2.4-204) 

=  -pfy-  +  + 

V'fr  * 

(2.4-205) 

with  p-  con*t  throughout  the  fluid 
field. 

Properly  nondimensionalized  for  the 
changed  slip-flow  conditions,  the  sys¬ 
tem  of  equations  (2.4-203),  (2,4-204) 
and  (2.4-205)  yields  to  the  following 
method  of  solution(12) : 

The  conservation  of  mass  equation 
(2.4-203),  is  identically  satisfied  in 
steady  two-dimensional  flows  by  intro¬ 
duction  of  the  stream-function  con¬ 
cept.  Then,  applying  the  von  Mises 
transformational)  to  the  nondimensional 
form  of  the  momentum  equation  (2.4-204), 
solutions  for  the  shearing  stress  and 
the  skin-friction  coefficients  are  ob¬ 
tained  independently  of  the  energy 
transfer  equation  (2.4-205)  for  the 
following  specific  cases: 

(a)  For  a  "no  slip"  boundary  condi- 
tion(0,=  O),  corresponding  to  a  time 


interval  in  which  a  build-up  of  the 
classical  continuum  theory  compres¬ 
sible  laminar  boundary  layer  on  a  flat, 
insulated  plate  under  nonstationary 
flow  conditions  occurs,  (i.e.,  prior 
to  achieving  a  steady  flow  state) ,  the 
local  skin-friction  coefficient  is(12): 


Cf/“  2  ond 


where  (2.4-206) 

8u(x)-  is  the  boundary  layer  thickness, 

cr  -  is  the  best  suitable  constant 
for  the  (ji)  estimates ,  see  Eq 
(2.4-186) , 

iii  t| 

X  s  — y  -  is  the  dimensionless  time 

A|  ratio, 

Cf  r  is  the  local  skin-friction  coef¬ 

ficient, 

r4|  z  _  is  the  Reynolds  Number  at 

^  a  free  stream  reference 

point  (1)  ,  related  to  the 
free  stream  mean  free 
molecular  pathft|),  see  Fig 
(2.4-19). 

This  nonsteady  solution  for  (Cf)  and 
(8u),  compared  to  the  respective  clas¬ 
sical  steady  continuum  flow  expres¬ 
sions,  see  Eq  (2.4-186): 


(2. *.-186) 

shows  that  the  transitional  skin- 
friction  coefficient  and  the  boundary 
layer  thickness  build-up  in  time, 
on  a  flat  plate (from  a  rarefied  flow 
impulsive  onset  until  a  steady  state 
is  achieved)  is  similar  in  form  with 
local  skin  friction  and  boundary  layer 
thickness  variations  along  a  flat 
plate  in  a  steady  continuum  flow 
(Eq  2.4-186).  Then,  by  matching  the 
expressions  (2.4-206)  and  (2.4-186) 
it  follows  that  formally 


where 


2.888 


(2.4-207) 


(2.4-208) 


(b)  For  relatively  mild  "slip  flow' 
conditions  (i.e.,  for  large  values  of 
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7*mrs  *T  -IF,  -v  *, 

. 

p  M  4 


X) ,  with 


Solution  of  the  momentum  equation 
(2.4-204)  results  in  the  following 
expression  for  the  skin  friction 
coefficient  build-up  in  time  from  the 
accelerated  flow  onset  until  the 
steady  flow  state  is  achieved(12) : 


where 


(2.4-209)  Ko*  '  T1  '  “"-Ft 


(2.4-217) 


Notice  that  in  the  free  molecule 
flow  (II»=u  )  for  (0=0)  it  was  earlier 
found  that  (see  Section  2.4.2): 


If  •*p(-^;),r";(lf)^ 


MiCf  *  ("^-) 


(2.4-218) 


where 


(2.4-210) 


(2.4-211) 

is  the  complementary  error  function, 
i.e.,  in  general: 


z  jr  X" ■ 


With  the  assumed  large  values  of  (X) , 
corresponding  to  the  "small  slip" 
conditions,  the  complementary  error 
function  takes  an  asymptotic  formO?), 
and  the  expression  (2.4-216)  reduces 
to: 


C*  *  •  6  6  4  (  R^x)  2(  1  ”  2<rM  +  . ) 

(2.4-219) 

in  a  first  approximation,  i.e., 


(2.4-212) 


•  rfcx  =  I-  trf  x  =  . 


(2.4-213) 


Assuming  that  the  matching  relation¬ 
ship  (2.4-207)  for  the  continuum  flow 
"no  slip"  condition  can  be  also  ex¬ 
tended  to  the  "small  slip"  conditiohs, 
the  equation  (2.4-210)  can  be  used 
to  find  the  corresponding  expression 
for  the  local  laminar  skin-friction 
coefficient  in  steady  slip  flows  along 
insulated  flat  plates: 


c,,  =  If,  •,p(zR f )  •r,c(^rr)'/!  • 


For  monoatomic  gases: 


R*t  =  1.648  M,  , 


and  thus, 


(2.4-214) 


(2.4-215) 


M|  Cf  *  I.2U*  «P(-f  (  -2.  )  * 


(2.4-216) 


C/sMAlLSLIP  =  c/  mo  SLIp(l-  gyV.X  + .  ) 

(2.4-220) 

meaning  that  the  local  skin  friction 
coefficient  is  only  slightly  less  in 
slip  flow  compared  with  its  value  in 
the  classical  continuum  flow  regime. 

The  equations  (2.4-206)  and  (2.4-216) 
are  graphically  presented  in  Fig  (2.4- 
21)  in  terms  of  the  characteristic 
ratio  (X/M)  for  monoatomic  gases  assum¬ 
ing  (<r=  l  ).  The  greatest  effect  of  the 
"slip  flow"  on  the  boundary  layer 
thickness  and  the  local  skin  friction 
coefficient  reduction  are  encountered 
near  the  leading  edge,  where  the  local 
values  of  (X)  are  the  smallest. 

(3)  Energy  Transfer  in  Slip  Flows 

Slip  flows  are  characterized  by 
pressure  and  temperature  jumps.  Re¬ 
taining  all  the  terms  of  the  orders 
(1)  and  (D)  or  (A)  in  the  boundary 
conditions,  the  energy  equation  (2.4- 
205)  is  used  for  additional  investi¬ 
gation  of  the  temperature  jump  effects 
under  equilibrium  slip-flow  condi- 


tionsC12) . 


T»*].  •  .  jr  , 


(2.4-221)  . 

or  by  neglecting  terms  of  the  order 
(A)  and  (0)  one  gets  alternatively: 

T.'  .  /  2*A8\t->  /  dT'\ 

-£  ■  '*(— • 

(2.4-222) 


01  (2.4-223) 


where 


t  -  is  the  flat  plate  length , 

0  =  -X-  -  is  the  dimensionless  tempera- 
1  ture  ratio, 

X  =  -  is  the  dimensionless  ratio  of 

X|  mecn  free  molecular  paths , 

*  =  «*  =  -j||-  .  a  constant, 

Y  *  -J*-  -  is  the  dimensionless  position 
Xi  coordinate, 


X  =  JL-  .  .  jjL  W  , 

X,  8  8,  (U 


is  the  boundary  layer  velocity 
thickness  at  the  station  (i)  of 
the  flat  plate, 

is  the  boundary  layer  thermal 
thickness  at  the  station(ir)  of 
the  flat  plate , 


It  i  i  • 

T«  -  if  •  u  =  -J-  •  v  s 


=  f  •  »'*  wr 


S  -SU¬ 


IT,  0  ’ 


t;‘ ^  ffv1  4i-' 


a(  are  constants, 

A  *  .  D  -  ML 


Prime  (')  is  used  to  denote  a  non- 
dimensional  quantity, 

Subscript  (1)  denotes  conditions  "at 
infinity", 

Subscript  (s)  de  iotes  state  of  gas 
at  wall, 

Subscript  (w)  denotes  state  of  the 
wall. 

• 

The  problem  of  the  energy  transfer 
with  a  temperature  jump  cannot  be 
solved  independently  from  the  momentum 
transfer  equation  (2.4-204),  since 
the  momentum  transfer  processes  strong¬ 
ly  contribute  to  the  mechanism  of  the 
energy  exchange.  As  a  consequence, 
solution  of  the  energy  equation  is ,  in 
general,  a  more  complicated  task. 
Specifically,  for  small  values  of  (M, ) 
a  corresponding  simplification  of  the 
energy  equation  is  obtained  in  Ref .  12 , 
resulting  in  the  following  expressions 
for  the  nondimensional  temperature  at 
the  surface  of  a  flat  plate  ( Bt )  and 
the  coefficient  of  the  heat  transfer 
on  the  surface  of  a  flat  plate  (qw): 

0«  -0« -(•«-!)  » 

(2.4-224) 

■  • 

(2.4-225) 

where  most  of  the  symbols  are  as  al¬ 
ready  defined  in  this  section,  and 
additionally: 

r  ■  & 


is  the  Prandtl 
Number  at  a 
reference  free 
stream  point 

CD, 

,  a  constant. 


a,  -  -Ux. 
•  128 


Introducing  a  further  assumption  of 
small  temperature  discontinuities  at 
the  surface,  and  allowing  for  the 
asymptotic  form  cf  the  complementary 
error  function  for  large  values  of 


(X  )  the  expressions  (2.4-224)  and 
(2.4-225)  take  the  simpler  forms: 


0»  =  ®w*  K 


(  ®w  -  I  )  ( 


PfR»,  , 

w  ykjp  X  t 

r  (2.4-226) 


(  ®w  - 1 )  '  C r  \'/2  r  ,  ^2Pf 


Jf 


(7*+- •)] 


(2.4-227) 


For  a  monoatomic  gas  in  particular: 


f^"  •*»  U  i5;)*r,c  (c  "m",  )^2  ’ 


_  _ s 

iw-  I  '  1.648  x  P, 


(2.4-228) 

-..»(c  ■i) 


where 


1648  a*  Pr 


(2.4-229) 


(2.4-330) 


Re,  =  1.648  M  ,  0#«  I  (dimensionless 

equilibrium  tempera¬ 
ture,  insulated 

wall),  For  free  molecule  flow  (  0,  =  I  ) 

for  low  values  of(M, ): 


5 

~T 


(2.4-231) 


Relations  (2.4-228),  (2.4-229)  and 
(2.4-231)  are  plotted  in  Fig  (2.4-22). 


. e..  Conclusion:  for  low  values  of  (M,  ), 

the  effect  of  a  small  temperature  jump 
at  the  surface  (  8„-  0, ) ,  is  to  reduce 
the  rate  of  heat  transfer  in  both  free 
molecule  and  slip  flow  regimes  . 
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(Ref  12) ,  mono  atomic  gases. 


2.4.6  DRAG  COEFFICIENT  AND  HEAT  TRANSFER  IN  SLIP 
FLOW  FOR  SOME  SIMPLE  CONFIGURATIONS 


( i)  Flat  Plates,  Zero  Angle-of 
Attack.  Slip  Flow 

References : 

(2.4-12),  (2.4-22),  (2.4-36),  (2.4-37) 
(2.4-38),  (2.4-43),  (2.4-44),  (2.4-35) 
(2.4-31),  (2.4-32),  (2.4-33),  (2.4-2) 
(2.4-3),  (2.4-45),  (2.4-46),  (2.4-47) 

Based  upon  the  material  presented 
in  the  preceding  Section  2.4.3,  the 
average  skin-friction  drag  coefficient 
for  one  sie  of  an  insulated  flat  plate 
at  a  zero  angle  of  attack(qj  =  TT|,0=a  =  0) 
in  a  steady,  two-dimensional  slip  flow 
is : 


Ife  p.  v?  b  i 


A 

I  J o 


(2.4-232) 


By  substituting  the  respective  C<' 
value,  (see  Eq  (2.4-214)  ,  and  after  in¬ 
tegrating,  the  following  explicit  ex¬ 
pression  for  the  average  skin  friction 
coefficient  is  obtained(38) : 


e  erfc  Z  -  I  + 


where 


(2.4-233) 


rz=  <rH)  ,  IgryKiRgi ^  , 


Re,Kn  1287  M, 

2Z  = — Ba» — 2  for  air, 

2.2  5  M, 


Kn  =  AD  = 


X,  _  JRej. 
I  Ret 


t  L5 M.  for  diatomic  ga»e»,  or  air, 


A  B  J6 


-Ala. 

4, 


R9|3  15  for  diatomic  gates,  or  air, 


in  a  first  approximation  the  equation 
(2.4-233)  reduces  to: 

(a)  For  Slip  Flows  (  Z  large,  Kn 
small): 

C°  =  T  Z W  l2Z~^  zl 

(2.4-234) 

(b)  For  No-Slip  Flows  (  Z  very  large, 
Kn  very  small): 

c°  =  Art  -  ’•328 


(2.4-235) 

Equations  (2.4-234)  and  (2.4-235) 
are  represented  graphically  in  the 
Fig  (2.4-23)  for  two  alternative  values 
ot(Z2)as  indicated. 

In  Fig  (2,4-24)  the  experimental 
data  from  Ref  (2.4-38)  are  compared 
with  the  Blasius1  solution  of  the  con¬ 
tinuum  flow  for  incompressible  laminar 
boundary  layers  and  with  the  corres¬ 
ponding  theoretical  solution  for  rare¬ 
fied  gases!  M«0)  by  Janour,  Ref 
(2.4-46). 

( ii )  Spheres,  Slip  Flow 

References:  (2.4-48),  (2.4-49) 

(2.4-50),  (2.4-51) 

(1)  Low  Subsonic  Mach  Numbers 

(a)  For  ver~T  low  Reynolds  and  Mach 
Number  values",  the  total  (friction  + 
pressure)  drag  coefficient  value  is 
(48): 


2x2X7  M, 


A  «  267  for  air  , 


I  +  3  — — —  ^1 

3  *  D/2 


(2.4-236) 
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Fig  (2.4- 23)  Skin-friction  drog  of  flat  plotes  in  slip  flow  (Ref  2.4-12) 
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Fig (2. 4- 24 )  Skin  friction  in  slip  flow  for  o  flot  plote, 
zero  ongle-of-attock.  Ref (2.4 -12) 
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where : 


v  -  is  the  fraction  of  molecules  dif¬ 
fusely  reflected  from  the  surface, 


D  -  is  the  spheres  diameter, 


X,  -  is  the  mean  free  molecular  path, 
free  stream  conditions 


7,  P,  % 
4» 


vh  • 


(b)  When  the  effects  of  compressi¬ 
bility  for(M<l)and  of  heat  transfer  are 
taken  into  account ,  (*+9) : 


where 

a  -  is  the  accommodation  coefficient. 

(c)  An  approximation  to  the  Basset's 
(48)resuft  has  been  developed  by  Milli- 
kin(50)f  valid  for  small  values  of 
(  M/Re )ratio: 

c  -  12 _ I 

I  ♦  const  M 

«tB  (2.4-238) 

and  alternatively,  by  using  the  Epstein's 
(11)  results,  an  empirical  equation  for 
the  drag  coefficient  valid  over  the 
entire  range  of  the (M/Re)values  is  pro¬ 
posed  again  by  Millikan( 50) : 

_ 12 _ 

(2.4-239) 

provided  both(Re)and (M)  are  small,  and 
the  parameters  A,  B  and  C  are  to  be 
determined  empirically.  For  oil  drops 
in  air  Millikan  obtained: 

A  =  I  22  ,  B  =  0.41  ,  C  =  8.75  • 


The  Eq  (2.4-239)  is  graphically  pre¬ 
sented  in  Fig  (2.4-25). 

(2)  Higher  (Supersonic)  Mach  Num- 


bers  (M  <  5  ) 


The  pronounced  compressibility  ef¬ 
fects  and  the  bow  shock  wave  have  a 
strong  interfering  effect  on  the  total 
friction  and  pressure  drag  coefficient 
values  in  the  slip  flow  regime. 

Kane's(51)  empirical  formula  is: 


=  ( 0  97  +  132  )  [  l  +  J.-9  -.  1 

'  (R«o)  1  (ReJ'z-l 


whe  re 


(R«o),z 
(2.4-240) 


Re„  = 


4Z 


Pi*  V  42  -  evaluated  behind  the  nor¬ 

mal  shock.  Eq  (2.4-240}  is  graphically 
presented  in  Fig  (2.4-25). 

(3)  The  Heat  Transfer  to  Spheres 
in  Slip  Flow  Regime  (Temperature  Jump) 

References:  (2.4-52),  (2.4-53) 
(2.4-54) 


The  heat  transfer  with  a  tempera¬ 
ture  jump  for  a  sphere  is  expressed 
through  the  Nusselt  Number  concept  by 
Kavanau(54)  as: 


Nu 


Nu 


(0) 


To) 


1+3.42  Nu 


9 

(2.4-241) 


where : 

-  the  constant  (3.42)  is  empirical, 

Re0  =  -evaluated  behind  the  shock 
42  (subscript  2), 

Nu101  -the  value  of  Nusselt  Number 

assuming  no  temperature  jump, 
defined  by  Drake  and  Backer 
(52)  (solid  curve  in  Fig 
(2.4-26). 

The  Eq  (2.4-241)  and  some  supporting 
experimental  data  are  plotted  in  Fig 
(2.4-26). 

As  already  pointed  out  in  the  Sec¬ 
tion  on  heat  transfer  in  the  slip  flow 
region,  the  viscous  layer  on  convex 
bodies  is  so  thick  that  the  heat  genera¬ 
tion  by  dissipation  of  the  molecular 
momentum  is  done  at  a  greater  rate  than 
it  can  be  conducted  away.  The  direct 
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Fig  (2.4-25)  Sphere  drag  coefficient  (Ref  2.4-50), 
slip  flow  regime. 


2.4-60 


i 


tmmi 


consequence  is  that  the  recovery  factor 
has  a  value  greater  than  unity. 

In  Ref.  (2.4-55)  the  recovery  factor, 
f  ,  has  been  investigated  by  Mack  and 
Shaaf  and  specifically  for  the  stagna¬ 
tion  point  region  of  an  adiabatic  sphere 
it  has  been  found  that: 


f(Re0) 

-7-  »  (2.4-242) 


where 


Re 


=  Mli. 


D  Mi 

f(Re)-  is  a  slowly  varying  function, 

Tod  -  is  the  adiabatic  sphere  temperature, 


T,  -  is  the  local  free  stream  tempera¬ 
ture  , 


RV 


aV,D 

Mi 


(iv)  Cones  in  Slip  Flow  Regime.  Zero 
Angle  of  Attack 

The  relatively  thick  (laminar) 
boundary  layer  in  the  slip  (and  tran¬ 
sitional)  flow  regimes  displaces  the 
inviscid  free  stream  flow  outwards, 
creating  a  pressure  distribution 
which  rises  towards  the  cone  vertex, 
i.e.,  the  constant  pressure  distribu¬ 
tion  from  the  inviscid  perfect  fluid 
theory  (zero  angle-of-attack,  super¬ 
sonic  Mach  Numbers,  attached  oblique 
shock  waves)  is  appreciably  distorted. 
The  rising  pressure  gradient  inter¬ 
ference  with  the  relatively  thick 
laminar  boundary  layer  in  the  slip  flow 
regime  results  in  an  increase  of  the 
skin  friction  coefficient. 


Ts  -  is  the  local  stagnation  temperature, 

The  Eq  (2.4-242)  is  presented  graphi¬ 
cally  in  Fig  (2.4-27). 

(iii)  Cylinders  in  Slip  Flow  Regime 

(Right,  circular  cylinders  with 
their  axis  perpendicular  to  the  free 
stream  velocity) 

For  incompressible  flows  Tsien(S) 
gives : 

C°"  "■« j 

(2.4-243) 

where  subscript  (1)  refers  to  the  free 
stream  conditions  at  infinity,  and: 

o-  -is  the  fraction  of  molecules  re¬ 
flected  diffusely. 

£ 

Cn=  DRAG  PER  UNIT  LENGTH.  D_  -  P 1  v'  2 

- roTii^r -  " 

No  results  pertinent  to  the  cylinders 
in  compressible  slip  flow  regime  have 
been  found. 


The  related  partial  theoretical  and 
experimental  data  from  Talbot(58) 
Probstein  and  Elliott(59)  Ipsen(60)t 
Drake  and  Maslach(61)  are  presented 
in  Figs  (2.4-29)  and  (2.4-30),  with: 

R*t=  ^*y*S  the  Reynolds  Number,  based 
upon  the  free  stream  condi¬ 
tions  at  infinity  (1),  and 
the  slant  length  of  cone(S), 

Cp=  TQTfy-  -  is  the  total  drag  = 

MV 1  g  pressure  drag  +  vis¬ 

cous  drag 


cot  0 

l  -  cone  length 

8  -  semivertex  angle 

CD  -  is  the  corresponding  invis- 

lDEAL  cid  (pressure  only)  drag 

coefficient  at  the  same  Mach 
Number,  referred  to  the 
same  nondimens ionali zing 
reference  parameter  as  CQ  . 

M  =  -jjL.  -  is  the  inviscid  flow  refer- 
M|  ence  value  of  Mach  Number. 

(v)  Base  Pressure  on  Cone  +  Cylinder 


ft 


§ 
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The  heat  transfer  and  the  recovery 
factor  have  been  experimentally  inver  le¬ 
gated  by  Stalder,  Goodwin,  and  Creager 
(19),  Kovasznay  and  Tormarck( 56) , 

Laufer  and  McClennan(57) .  The  results 
are  presented  in  Fig  (2.4-28)  with: 


In  Fig  (2.4-31)  the  ratio  of  the 
free  stream  static  pressure  to  the  base 
pressure, (p/pb),  is  plotted  against  Rey¬ 
nolds  Number(Re.  )and  (2.1  <  M  <  4.0  ) 
from  Ref.  (2.4-62)  and  Ref  (2.4-63)  by 
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Fig  (2.4-30)  Thermal  recovery  factors  for  cones  in  supersonic 
flow  (Ref.  2.4-61). 
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Kavanau  for  the  slip  flow  regime  and 

from  Ref.  (2.4-64)  by  Bogdonoff  for  r^=  —  referred  to  the  free  stream 

the  continuum  flow  regime,  with  ^  conditions  (subscript  1)  • 
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2.4.7  HEAT  TRANSFER  AND  SKIN  FRICTION  RELATIONSHIPS  DURING 
ACTUAL  TRANSIENT  FLIGHT  CONDITIONS  (CONTINUUM,  SLIP, 
TRANSITIONAL  AND  FREE  MOLECULAR  FLOW  REGIMES) 


Note:  AIL  the  related  Figures  are 
given  at  the  end  of  this  Section ,  2 .4 . 7  . 

Basic  Assumptions 

-  A  Standard  Atmosphere  is  assumed, 

-  The  heat  transfer  effects  during 
steady  and  accelerated  (transient) 
flight  regimes  are  considered  only  in 
as  much  as  the  actual  skin-temperature 
affects  the  skin-friction  coefficient 
values.  The  additional  aerodynamic 
"apparent  mass"  effects  upon  the  aero¬ 
dynamic  coefficient  values  during  the 
pronouncedly  accelerated  or  unsteady 
flight  regimes  are  not  taken  into 
account.  These  effects  stem  from  the 
restricted  reciprocity  of  the  relatively 
accelerated  motions  for  the  solid  body- 
fluid  closed  systems,  see  Ref.  (2.4-66). 

-The  zero -lift  coefficient  evaluation 
procedures  are  based  on  very  simplified 
theoretical  assumptions  regarding 
the  real  gas  ef fects , i . e  only  slightly 
nonisentropic  steady  flow  conditions 
for  supposedly  monoatomic  or  diatomic 
mathematical  molecular  models  of  the 
kinetic  theory  of  gases  are  assumed. 
Effects  of  the  vibrational,  dissociative 
and  ionizing  molecular  degrees  of  free¬ 
dom  are  considered  only  partially  in  a 
few  simplified  cases. 

-No  mass-injection  or  ablative  pro¬ 
cesses  are  treated. 

(i)  Basic  Expressions  for  Heat 
Transfer  and  Skill  Friction  Coefficients 

The  skin  friction  -  heat  transfer 
functional  relationships  in  the  four 
characteristic  flow  regimes  (continuum, 
slip,  transitional  and  free  molecular) 
shall  differ  according  to  the  changing 
physical  aspects  of  the  fluid-body  in¬ 
teraction  patterns  in  a  generally  un¬ 
steady  relative  motion.  Neglecting 
the  apparent  mass  effects  and  the  actual 
aerodynamic  time-lag  phenomena  in  highly 
accelerated  flight  regimes,  the  instan¬ 
taneous  local  skin  friction  coefficient 
values  can  be  computed  from  the  follow¬ 
ing  simplified  aerothermodynamic  analy¬ 
sis,  using  the  engineering  lbf-ft-sec- 
°R  system  of  units: 

The  local  instantaneous  heat  transfer 
rate,(AQx),  into  (or  out  of)  a  surface 
element , (AS),  is  in  general  given  by, 


AQ,=  4S  A,.  =As{[Aq.]_-[Aqi]_± 

(2.4-244) 


r6  £*.i 

f  B,u  ,1 

LQ«  d)  J,  • 

L*ec  ft2J 

where 


heat  transfer  flux  into  (or  out  of)  the 
surface  element  dS , 

[Aq“],  =  h*  [t°"“t«L  •  [iSfV] 

-  is  the  local  aerodynamic  heat  flux, 

K],  ■  M.6  ■  [jSVL  is  the 

local  radiative  heat  flux  out  of  the 
su  rface  element  dS  , 

M,  '  [  ]  -  is  the 

local  heat  flux  to  (plus)  or  from 
(minus)  the.  skin  element  dS  due  to  any 
internally  conducted  (heating  or  cool¬ 
ing)  or  internally  radiated  heat  trans¬ 
fer  process, 

Aq,]  =  «|B  T»]  •  LecV*]  -  is  the 

'.ocal  heat  flux  into  the  surface  ele¬ 
ment  dS  due  to  solar  or  ambient  atmos¬ 
phere  radiation, 

[®w]t  =  »q]  -  is  the 

local  heat  absorption  capacity  of  the 
skin  element  dS  , 


A  S 

[ft2]  -  is 

the  area 

of  the  local 

skin 

element. 

r 

r  Btu  1 

[  Btu  1 

L  slug  OR  J 

l  Ibf  *R  J 

-  is  the 

local  conductive  specific  heat  coeffi¬ 
cient  of  the  skin  material, 


[ft]  -  is 

the  local 

r  slug  -| 

or  F  lbf  1 

1  ft*  J 

l  f)3  J 

""  L  fT5  J  °r  IHiTTj  -  is  the 
specific  mass  or  weight  of  the  skin 
material, 

T„  [-R]  -  is  the  local  wall  tempera¬ 

ture  at  the  exposed  face  of  the  skin, 

t  [sec]  -  is  the  time  , 

r  Btu  1 

h»  l  sec  ft2°R  J  “  i-s  the  dimensional  heat 
transfer  or  film  coefficient  of  the 
flowing  fluid  (air) , 

T0„  [°R]  -  is  the  local  adiabatic 
wall  temperature, 
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•»  [dlm*n*ionl**»]  -  :.s  the  emissivity 
of  the  skin  surface  material, 

*»  [dlm*n»lonl*»»]  -  is  the  solar  or  the 
ambient  atmospheric  gas  emissivity, 

T,  [*R]  -  is  the  ambient  (solar)  tempera¬ 
ture  of  the  radiating  medium, 

■■  >^^  =  *.<>*'0-'=  . 

-  is  the  Stephan-Boltzman 1 s  radiation 
constant . 

Neglecting  the  radiation  effects 
between  the  inner  surface  of  the  skin 
and  the  inner  wnMent  of  the  vehicle, 
as  well  as  the  heat  flux  between  the 
skin  and  the  structural  elements  inside 
the  vehicle,  [ddi]*=0the  instantaneous 
local  heat  flux  is: 


(2.4-245) 


Alternatively,  introducing  the  local 
Stanton  Number  and  the  local  Mach  Num¬ 
ber  definition, 


[*'-].  ■ 
M.  ■ 


Jhk 


[dir 


[Cp  p  m  V  J , 

[ »  [dimensionless  j 


dimensionlessj 

(2.4-246) 


_ 

[Cp  p  •  M  •»  0  m\  | 


(2.4-247) 

[dimensionless 

(2.4-248) 


the  Eq  (2.4-245)  takes  the  form: 


-  is  the  local  (x ) 
specific  heat  at 
constant  pressure  of  the  flowing  fluid 
(air) , 

fol  [2!**11 

l  Jx  l  ft 5  J-  is  the  air  density  out¬ 
side  the  boundary  layer  (■>),  at  a  local 
station  (x). 


[  V«1  f - 1-  is  the  inviscid 

l  Jx  L  sec  J  flow  speed 

cal  station  (x), 

[0.1  f 1  -  is  the  inviscid 
l  Jx  L  sec  J  (a* )  speed  cf  soi 


stream 
at  a  lo- 


stream 
sound  at  a 


local  station  (x), 


[M»j,  -  is  the  inviscid  stream  Mach 
Number  at  a  local  station  (x). 


[St*]*  -  is  the  local  (x)  Stanton  Num¬ 
ber,  referred  to  the  local  (x)  inviscid 
stream  conditions. 


Note  that  in  the  expressions  (2.4- 
246),  (2.4-248)  and  (2.4-249)  the  me¬ 
chanical  equivalent  of  heat  (J)  is 
introduced  because  of  the  specific 
heat  units  [(f  t-lbf  )/slug  °R]  .  If  the 
[Cp],  were  expressed  in  [BTU/slug  °R]  , 
there  would  be  no  need  for  (j).  Also 
notice  that  the  units  of (Cw)and(Ww)must 
be  matched  correspondingly. 

The  local  Stanton  Number,  [stj»  ,  can 
be  related  to  the  local  skin-friction 
coefficient,  [Cf  Jx,  through  some  kind  of 
a  modified  Reynolds  Analogy  concept, 
depending  upon  the  degree  of  approxima¬ 
tions  involved  and  the  type  of  boundary 
layer  flow. 

(1)  For  laminar  continuum  flow  condi¬ 
tions,  the  following  expressions  are 
assumed  valid: 

rs,j ,  [i!i>  rPfj- 

L  Jx  2  L  J*  -  is 

the  adopted  dimensionles  >  modified  Rey¬ 
nolds  Analogy,  Eq  (2.4-250), 


[  dt  L=  jTgx[SU]«[Cp-^M-°«]x  [Ta*"T»],“ 

(2.4-249) 


(2.4-251) 

-  is  the  dimensionless  laminar  boundary 
layer  recovery  factor,  Eq  (2.4-251), 


where : 

J  =  778  [  — 1  *** - ]  -  is  the  mechanical 
Bu  equivalent  of  heat, 


[T4'[T-].[|+,-r 


(2.4-252) 

is  the  local  (x)  adiabatic  wall  tern- 


pera^ure  ,[*R],  Eq  (2.4-252), 


+  Cp  T.1  =  Cp  T*„ 

L  -  is  the 

energy  equation  for  adiabatic  inviscid 
flow  conditions  (»),  taken  locally  (x), 
Eq  .(2.4-253), 


Ttoo  [*r]  -  is  the  local  (*)  inviscid 

stream  («)  stagnation  temperature, 


M. 


- - -  -  is  the  local  (x) 

[i/i  skin-friction  coef¬ 

ficient,  referred 


to  the  local  inviscid  fluid  conditions 
outside  the  boundary  layer,  Eq  (2.4-254) 


K* 

>'r[t-L= 

.  m»  J 

■[£] 

♦ 

r  2»i 

T.»  -  T. 

j. , 

(2.4 

• 

-255) 

l  2  v£ 

law  “  J  x 

-d* 

CM 

-256) 

~[«y 

-  is  the 

local 

shear  stress 

at  the  wall. 


Then,  after  multiplying  the  Eq 
(2.4-249)  with  the  unit  identity 
Eq  (2.4-256),  and  assuming  that  the 
simple  form  of  the  energy  equation  (2.4- 
253)  and  the  local  laminar  recovery 
factor, [rx],  expressions  (2.4-251)  and 
(2.4-252)  are  valid,  the  Eq  (2.4-249) 
takes  a  specific  governing  form  for  the 
laminar  continuum  flow  regime: 


[  dt  *]«  [cl®  pr®/3/0oo  (  Tioo-T^)]x 


I 

T5wi* 


‘•BT'4}[ifc]- 

(2.4-257) 


(2)  For  turbulent  continuum  flow 
conditions,  the  general  aerothermody- 
namic  Eq  (2.4-249),  can  be  likewise 
brought  to  the  corresponding  specific 
governing  form: 


(2.4-258) 

assuming  that  the  modified  Reynolds 
analogy  and  the  local  recovery  factor 


concepts  for  a  turbulent  boundary 
layer  are : 


[St.],  =  .6  [Cfooj,  •  [dimtnsionlew] 

(2.4-259) 

[  '.]  =  [O.  -  [T^ti  = 


=  Tow-  Tm 

L vj/zcpj* 


(2.4-260) 


and: 

[T..],  =  [T«]t  [  '  +  -T1  ml  ],  ,  W, 

[fi  ■ 


[Cp®  Too],  - 

[°“]x  =  yR[T“l  =  [^T-j 


[~  2Voe  Taw  -  To  1 

2 Vm  ^ow  ”  * 

(3)  For  slip  flow 


Cp®  T,0°( 2^4-262) 

•  [&] 

(2.4-263) 

(2.4-264) 

:s  a  con- 


s lip  t  low  regimes 

ceptually  modified  laminar  boundary 
layer  may  be  assumed  to  exist:  the 
boundary  surface  conditions  are  changed 
and  a  temperature  jump  at  the  body 
surface  exists,  see  Sections  2.4.5  and 
2.4.6.  Nevertheless,  for  practical 
engineering  purposes,  the  actually 
modified  recovery  factor, [r*],  due  to 
the  temperature  jump  may  be  neglected, 
since  both  the  theoretical  analysis 
and  the  empirical  evidence  regarding 
the  slip  flow  regime  are  rather  un¬ 
certain.  Therefore,  with  a  first 
approximation,  the  laminar  continuum 
flow  governing  aerothermal  Eq  (2.4- 
257)  is  assumed  to  be  valid  for  the 
slip  flow  regime  as  well. 


(4)  The  transitional  flow  remains 
until  present  times  analytically  al¬ 
most  completely  unwieldy  for  practical 
purposes.  It  can  be  treated  for 
engineering  purposes  conditionally 
either  by  extending  the  free  molecule 
regime  below  its  lower  boundary,  or 
by  extending  tentatively  the  slip  flow 
regime  analysis  beyond  its  upper  bound¬ 
ary.  In  the  latter  case  it  should 
be  born  in  mind  that  the  locui.  skin 
friction  coefficient  values  of  this 
arbitrarily  extended  slip  flow  regime 
shall  be  somewhat  exaggerated  (conser¬ 
vative)  . 


When  using  the  governing  Eqs  (2.4- 
257)  and  (2.4-258),  the  following 
should  be  realized: 

(a)  The  functional  relationships 
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represented  by  Eqs  (2.4-257)  and  (2.4- 
258)  form  ordinary  differential  equa¬ 
tions  of  the  first  degree  and  the  first 
order,  the  independent  variable  being 
time,  (t).  They  can  be  solved  by  suit¬ 
able  numerical  analysis  methods,  pro¬ 
vided  the  intrinsic  variations  of  the 
constituent  physical  parameters  (Oa,,M. , 
Tow, with  time  (t)  and  the 
wall  temperature  (T„)  are  explicitly 
known.  Then,  the  governing  Eqs- 
(2.4-257)  and  (2.4-258)  reduce  to  the 
form , 

JT  *  «T>."  • 

(2 . 4-2  58a) 

the  solution  of  which  is  later  tenta¬ 
tively  handled  by  the  Runge-Kutta 
step-by-step  numerical  integration 
procedure  for  a  chosen  time  interval, 
(At),  and  a  given  set  of  initial  (Tw) 
boundary  conditions  in  each  step. 

Thus  obtained  instantaneous  solu¬ 
tions  yield  the  local  instantaneous  , 
skin-temperature  conditions  [Tw]x  =  f(  t )  for 
a  given  body  configuration  and  a  known 
flight  trajectory,  represented  by  H  =  H{  t ) 
and  v  •  V(t)  variations. 


terms  of  (t)  and  [Tw]»  . 

(c)  once  the  local  values  of  the 
skin  friction  coefficient,  [CfJ*  ,  are 
thus  determined  along  a  given  body 
shape  and  a  given  transient  (accelera¬ 
ted)  flight  regime,  the  average  two- 
dimensional  skin  friction  coefficient 
[CfA]  is  then  obtained  by  integration, 

c.„,s„ET>  •  {+£  [<=.-].  , 


£ **  2  —  1*}(SWET  >  s<^(,)  ’ 

(2.4-260a) 

where  the  subscript  "A"  denotes  that 
the  particular  quantity  is  referred  to 
the  ambient  (flight)  conditions,  and 
the  subscript  (»)  refers  to  the  free 
stream  conditions  outside  the  boundary 
layer  locally  (x). 

The  local  dynamic  pressure  values, 


( b)  The  local  skin  friction  coeffi¬ 
cient,  [Cf*,]*  ,  is  in  general  a  function 
of  many  physical  conditions  existing 
within  the  body-fluid  system  in  a  rela¬ 
tive  motion,  such  as  body  geometry, 
boov  attitude,  type  of  flow  (continuum, 
slip,  transitional,  free  molecule), 
boundary  layer  structure  (laminar, 
turbulent)  and  the  associated  specific 
heat  and  momentum  transfer  mechanisms 
across  the  boundary  layers,  relative 
speed  of  motion,  type  of  motion  (steady, 
accelerated),  body  surface  conditions 
(roughness,  temperature),  etc.  The 
practical  estimates  of  the  local  skin 
friction  coefficient  values  under 
different  conditions  has  been  elaborated 
in  the  preceding  Section,  2.3.  Using 
the  respective  skin  friction  expres¬ 
sions  from  there,  the  corresponding  lo¬ 
cal  [Cf»lx  values  are  introduced  in  each 
step  (i.e.  time  interval)  when  iterative¬ 
ly  computing  the  Eq  (2.4-258),  the 
solution  of  which  then  gives. 


can  be  in  general  functionally  related 
to  the  ambient  dynamic  pressure  (which 
is  usually  taken  as  the  basic  refer¬ 
ence)  , 


by  using  the  corresponding  perfect 
fluid  potential  flow  theory  analysis. 
If  a  flat  plate  at  a  zero  angle-of- 
attack  is  used  as  the  basic  represents 
tive  body  geometry,  the  Eq  (2.4-260) 
takes  immediately  the  simple  form  , 

c'*  =  tC  [  c,-]i  "«  ■  +<"  • 

(2 . 4-261a) 

in  view  of 

dp 

<Tx  ’  (2.4-262a) 


*([VI.  •  0 


(2 . 4-259a) 


i.e.,  the  instantaneous  values  of  the 
local  skin  friction  coefficient  in 
terms  of  the  actual  instantaneous  local 
wall  temperature  conditions  for  general¬ 
ly  transient  flight  regimes,  all  other 
flow  and  body  surface  conditions  func¬ 
tionally  already  related  and  known  in 


Pa  ~  Poo 

'  Pm  Vi 

.  2  Jx 


^oo  Voo 
2 


Pa  V 
2 


2 

A 


(2.4-263a) 
(2 . 4-264a) 
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Conversion  of  the  flat  plate  results 
to  the  conical  body  shapes  is  performed 
directly  by  use  of  the  axisymmetric 
flow  rules  for  laminar  and  turbulent 
boundary  layers,  see  Section  2.3.  Also, 
in  case  of  laminar  boundary  layers  on 
flat  plates, 


CfA  =  2  [C,oo]xtc  (2.4-265) 

regardless  of  Mach  Number,  Reynolds 
Number  or  the  wsll-to-free  stream 
temperature  ratio. 

(d)  The  governing  Eqs  (2.4-257)  and 
(2.4-258)  necessarily  incorporate  many 
approximations,  that  may  be  traced  back 
through  the  supporting  theoretical  pre¬ 
sentations  in  the  previous  Sections. 

Thus,  for  instance,  these  equations 

do  not  account  for  mass  transfer  phe¬ 
nomena,  apparent  mass  effects,  aerody¬ 
namic  time-lag  phenomena,  and  thermal 
relaxation  times  necessary  for  realiza¬ 
tion  of  an  equilibrium  state  in  vibra¬ 
tional,  ionization  and  dissociation 
energetic  levels.  The  radiative  effects 
are  treated  also  approximately  only, 
and  the  inner  skin  surface  is  assumed 
insulated  from  the  interior  ambient  and 
structural  temperature  conditions.  The 
outer  skin  surface  is  assumed  completely 
smooth. 

(e)  In  view  of  the  relatively  lengthy 
iterative  computational  procedure, 
required  in  solving  the  governing  Eqs. 
(2.4-257)  and  (2.4-258),  in  practical 
applications  their  use  should  be  re¬ 
stricted  to  more  elaborate  investigations 
of  the  transient  flight  regimes  when  so 
ultimately  necessary.  For  a  preliminary 
design  order-of -magnitude  drag  force 
evaluation  needs,  simpler  and  relatively 
less  accurate  quasi-steady  predictions 
can  be  performed  by  approximate  treat¬ 
ments  as  described  in  Section  2.3,  even 
for  transient  flight  phases. 


depends  upon  the  assumptions  and 
approximations  involved  (pure  specular 
reflection,  pure  diffuse  reflection, 
actual  value  of  the  accommodation 
coefficient,  etc).  Such  explicitly 
elaborated  free  molecule  flow  skin 
friction  data  necessitate  a  separate 
determination  of  the  skin-temperature 
conditions.  Furthermore,  there  are 
some  flight  cases  when  a  preliminary 
knowledge  of  the  skin  temperature ,[TW],, 
from  the  free  molecule  flow  regime  is 
required  in  order  to  compute  subse¬ 
quently  the  skin  friction  data  in  the 
slip  flow  regime  under  the  general 
transient  flight  conditions.  Thus, 
for  instance,  for  a  re-entry  flight 
history,  when  using  the  Kutta-Runge 
numerical  integration  method  in  the 
slip  flow  domain,  the  initial  boundary 
conditions  in  the  first  step  of  the 
computations  are  the  final  free  mole¬ 
cule  flow  conditions,  since  then  the 
free  molecule  flow  regime  precedes 
historically  the  succeeding  slip  flow 
phase.  For  the  purpose,  the  instan¬ 
taneous  local  skin  temperature  from 
the  end  point  of  the  free  molecule  flow 
regime  ,[1*],,^.  ,in0|  becomes  the  initial 
instantaneous  local  skin  temperature  , 
(Tw]x  dip  mmol  »  in  the  first  iterative 
computational  step  of  the  slip  flow 
regime . 

Therefore,  a  relatively  computational 
method  of  predicting  the  free  molecule 
(and  es tended  tentatively  through 
transitional)  flow  instantaneous  skin 
temperature  conditions  is  presented, 
including  the  solar  radiation  effects. 
Thus,  for  a  representative  flat  plate 
at  an  angle  ( 9  )  with  respect  to  the 
oncoming  molecular  stream,  the  energy 
balance  for  the  exposed  front  surface 
is ( 67) : 


[ «i  +  e, ]  =  [er  +  ew  ±  A  q4  J 


1 

r  ibf  ft  i 

J, 

L  ftzsec  J 

9 

(5)  The  skin  friction  coefficient 
evaluation  in  the  free  molecular  flow 
regime  (transient  or  steady)  requires 
a  completely  separate  analytic  approach. 
Details  of  the  related  theoretical 
analysis  are  giv.n  in  Sections  2.4.2 
and  2.4.3.  Here  it  is  stressed  that 
the  momentum  and  the  energy  equations 
are  closely  interconnected  and  a  number 
of  explicit  analytic  or  graphical  ex¬ 
pressions  for  the  skin-friction  coeffi¬ 
cient  values  in  terms  of  the  thermal 
ambient  and  surface  conditions  can  be 
taken  from  the  Section  2.4.3  directly 
for  several  simple  body  shapes.  The 
degree  of  accuracy  of  the  expressions 


where ; 


(2.4-266) 


[ ei] x  [  ft2  sec  ]  -  is  the  local  energy 

flux  into  surface  due 
to  impinging  (incident)  molecules. 


Ibf  ft  1  .  . 

ft2  sec  J  -  is  the  local  energy 

flux  into  surface  due 
to  ambient  (Solar)  radiation. 


fe  ] 

r  ibf 

—  1 

LerJ* 

L  ftz 

sec  J 

is  the  local  energy 
flux  out  of  surface 
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due  to  re-emitted  molecular  stream, 


M.  1 


lhl  ft  1-  is  the  local  energy  flux 
MC  J  out  of  surface  due  to 


ft? 


re-emitted  radiation. 


Aq,]  f  lb.  —  1-  is  the  local  heat  flux 

J«l  ft*  *ec  J  removed  from  or  added 
to  skin  due  to  any  artificial  or 
structural  cooling  or  neating  effects. 

Using  the  common  kinetic  theory  of 
gases  monoetomic  molecular  model, 
corrected  for  diatomic  molecular  pro¬ 
perties  of  air,  but  neglecting  the 
vibrational  degrees  of  freedom,  the 
constituent  terms  in  the  governing  Eq 
(2.4-266)  become  for  a  non-dissociating, 
non-ionized  flow  at  a  local  point  (x) 
on  the  exposed  flat  plate  surface: 


*  -  f  ».%]},  +  W?  - 

• 0  •  EHHfc]  • 

(2.4-267) 

where: 
a  s  <1 

*1**"  -  is  the  thermal  accommoda¬ 

tion  coefficient,  see  Section  2.4.2  , 

«*  h 

v  -  is  the  flux  number  of 

molecules  impinging 
upon  the  flat  plate  exposed  surface, 

W-] 

-  is  the  number  of 
molecules  contained 
per  cubic  foot  of  the  ambient  atmos¬ 
pheric  gas  at  some  altitude  (A),  ex¬ 
pressed  in  terms  of  the  standard  at¬ 
mospheric  conditions  at  sea-level  (sub¬ 
script  o  )  , 

N0  =  7.63  X  to23  riDOl>cujMl  , 

L  ft3  J 

T0  =  492  *R  , 

*•  '2I'7  ■ 

V_s  -L  E  /2gRTi\*  2  f  ft  1  -  is  the  most  pro- 
0  '  W  /  l**cj  bable  molecular 

speed, 

g*  32.17  [^2J  .  is  the  gravitational 

constant, 

R=l544  [ib/moS  *r]  "  is  the  universal 

gas  constant  (air) 


r  |bf  1  -  is  the  molecular 
W  »  28.97  [15^  molej  weight  of  air  (stan¬ 
dard  composition). 


X  =  a  dimensionless  quantity,  func¬ 
tionally  presented  in  Fig  (2.4-53)  by 
the  straight  line  law  (for  air): 


X 


’  (2.4-268) 


r_5]ug»  I 

LmoiiculeJ 


is  the  mass  of  one 
molecule  of  air  in  a 
Standard  Atmosphere, 


^  =  a  dimensionless  quantity,  func¬ 
tionally  presented  in  Fig  (2.4-54)  in 
terms  of  (V* /Vm)  sin  Q  , 

B,=  5.66  XIO-24  ~  is  the 

L  R  molecule]  Stephan- 

Boltzmann's  constant, 

B-T4  *  93.4  is  the  mean  value 

"  "  L**c  J  of  solar  radiation 

at  the  edge  -of  atmosphere  impinging 
perpendicularly  to  a  flat  surface; 
radiation  from  the  ambient  gases  is 
neglected. 


«»  -  is  the  skin  emissivity,  assumed 
constant  and  equal  to  skin  absorptivity 
for  all  wave  lengths  and  temperatures 
(a  gray-body  absorption),  i.e.,  etw«„ 
[dimensionless],  see  Fig  (2.4-57), 


B2  =  3.74  XIO*10  [  2  ,4]~ 

z  Lftc  sue  *R’J 


Boltzmann's  constant. 


is  the 
Stephan- 


Notice  that  the  governing  Eq  (2.4- 
267),  although  derived  for  a  flat 
plate  exposed  surface,  can  be  readily 
applied  to  any  curved  surface  local¬ 
ly,  the  investigated  point  being 
treated  as  a  small  tangential  flat 
surface  inclined  at  a  local  angle  (0) 
with  respect  to  the  impinging  orderly 
molecular  stream  (VA).  Also,  in  the 
Eq  (2.4-267),  it  has  been  implicitly 
assumed  that  the  impinging  molecules 
temperature  (Ti  )  is  equal  to  the 
ambient  atmospheric  temperature  (Ta), 
and  that  the  re-emitted  molecules* 
temperature  (T,  )  is  equal  to  the  sur¬ 
face  temperature  (T„),  i.e., a  =  I  . 

In  case  of  a  "shaded"  surface  (i.e., 
not  directly  exposed  to  the  oncoming 
molecular  stream,(9O,<6<l0O°),  the  govern¬ 
ing  Eq  (2.4-267)  retains  the  same 
form,  but  IrtA) becomes  (nl),  (i|/)  becomes 
(^>')  ,  and(x ) becomes  (y'),  where,  according 
to  Ref  (2.4-67): 
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i*,. — y-,  -c  [.  ^ 


nA*s  [x’J  rmsiaculssl  , 

2 ,/r  l  It2  MC  J 

[x'j  -  see  Fig.  (2.4-55), 

[V]  -  see  Fig  (2.4-56). 

The  same  (nA,x',V'')  values  should  be 
used  for  (0  =  0). 

(ii)  Computations  of  Skin-Friction 
Coefficients  in  Continuum  Slip,  and 
Free  Molecule Flow  Regimes  Under  Accel¬ 
erated  Flight  Conditions. 

Within  the  assumptions  and  restric¬ 
tions  stated  in  the  preceding  para¬ 
graph  (i),  the  determination  of  the 
skin- friction  drag  coefficient  values 
for  a  given  body  geometry  and  the  body 
skin  structural  characteristics  under 
the  actual  transient  high  speed  -  vari¬ 
able  altitude  flight  conditions  involves 
a  rather  lengthy  step-by-step  compu¬ 
tational  procedure.  When  investigating 
the  interdependence  of  the  main  physi¬ 
cal  quantities  for  practical  engineering 
purposes,  the  attention  can  be  focused 
on  the  following  few  most  important 
preparatory  computational  aspects: 

(a)  In  accordance  with  the  accepted 
approximate  procedure  in  Section  2.3, 
the  skin  friction  coefficients  for  the 
simple  body  geometries  of  a  vehicle 
(nose  cones  or  ogives,  cylindrical 
afterbodies,  slender  bodies  of  revolu¬ 
tion,  wedges,  thin  airfoil  shapes)  can 
be  evaluated  either  (1)  by  treating 
their  'equivalent  flat  plate"  counter¬ 
parts,  and  then  correcting  the  flat 
plate  skin-friction  data  for  the  re¬ 
spective  actual  body  shape,  or  (2) 

by  directly  reading  their  skin-friction 
data  from  the  corresponding  graphs, 
when  available.  The  first  approach  is 
advantageous  in  view  of  the  fact  that 
the  flat  plate  skin-friction  results  are 
relatively  more  accurate  and  available 
for  wide  ranges  of  Mach  Number,  Rey¬ 
nolds  Number  and  Knudsen  Number  varia¬ 
tions.  The  accuracy  of  a  subsequent 
correction  of  the  equivalent  flat  plate 
results  is  quite  satisfactory.  The 
corrective  factors  are  given  in  Section 
2.3.  based  on  Mangier* s  transformation 
(683. 

(b)  The  skin-friction  results  on 
flat  plates  are  computed  for  the  zero- 
angle  of  attack  condition.  Nevertheless, 
in  accordance  with  the  basic  approxima¬ 
tions  for  the  skin  friction  drag  force 
definition  in  Section  1.7.4,  the  results 
are  applicable  to  small  angle-of-attack 


conditions  as  veil  as  for  practical  engi¬ 
neering  purposes. 

(c)  For  the  generally  transient 
accelerated  flight  conditions  on  a 
prescriued  trajectory,  any  instan¬ 
taneous  local  value  of  the  skin  fric¬ 
tion  estimate  is  made  by  accounting 
for : 

-  Dependence  of  the  local  skin- 
friction  coef  f  ic  ient  °r  [^fwj , 
upon  the  actual  transient  local  skin 
temperature ,  [t*]k«  f(t)  ,  and  vice 
versa, 

-  Dependence  of  the  local  Knudsen 

Number,  [R»»]  ,  or  [R«  *].,  ,upon  the 

actual  instantaneous  local  skin 
temperature  ,[T*]  ■  tit),  and  vice  versa, 

-  Dependence  of  the  local  Knudsen 

Number,  [KnJ^  or[KnJ.  ,  [Kn&,]», 

upon  the  actual  instantaneous  local 
skin  temperature,^*]  ■  f(t),  and  vice 
versa,  •“ 


-  Dependence  of  the  local  coeffi¬ 
cient  of  viscosity  ,[mwJ  Mor  [^"],  , 
upon  the  actual  instantaneous  local 
skin  temperature ,  [Tw]^  f(t)  , 

-  Dependence  of  the  gaseous  local 
specific  heat  coefficient,  [Cp]„  and  the 
body-skin  local  heat  conductivity  coef¬ 
ficient  ,  [C«*]M  upon  the  actual  instan¬ 
taneous  local  skin  temperature  ,  [Twj^fft) 
and  vice  versa, 

-  Dependence  of  the  local  speed  of 

sound,  [oj,  or[°»]*  ,  upon  the  actual 

instantaneous  local  skin  temperature, 

[Tw],  *  »(*),, 

-  Dependence  of  the  local  Mach  Num¬ 
ber,  CM-3.  or  M-  ,  upon  the  actual 
instantaneous  local  skin  temperature, 
[T»], «  f(t),  and  vice  versa, 

-  Dependence  of  the  local  Prandtl 
Number ,[PrJw,  upon  the  actual  instan¬ 
taneous  local  skin  temperature, C^»0  * 
=f(t):  or  the  local  recovery  factor,  [r*], 
the  local  adiabatic  wall  temperature, 
PoJ^nd  the  stagnation  temperature, [t,  J , 
respective  combinations. 

(d)  The  functional  analytical  rela¬ 
tionships  between  the  physical  param¬ 
eters  shall  take  different  forms  in 
the  continuum  slip  and  free  molecule 
characteristic  flow  regimes,  see  the 
respective  governing  equations  and 
auxiliary  relationships. 

(e)  As  a  consequence,  an  analytical 
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evaluation  of  the  local  skin  friction 
coefficient,  [Cf,]*  or  [Cf,-],,  and  a  subse¬ 
quent  determination  of  its  average  value 
for  a  given  body  geometry  by  an  appropri¬ 
ate  integration  procedure  at  any  given 
time  instant,  (  i  )  ,  during  a  generally 

transient  flight  history  ot  a  given  ve¬ 
hicle,  shall  inevitably  require: 

An  iterative  process  in  determining 
locally  the  existence  of  the  one  of  the 
four  possible  characteristic  flow  regimes: 
continuum,  slip,  transitional  and  free 
molecule,  as  affected  by  the  local  Knud- 
sen  Number,  [KnxJ„,  dependence  on  the 
actual  local  skin-temperature  conditions, 
[T„]„=  f(t)  , 

An  iterative  process  in  determining 
locally  the  boundary  layer  type  (laminar 
or  turbulent  within  the  continuum  flow 
concept,  and  laminar  for  the  slip  flow 
regime),  in  terms  of  the  local  Mach 
Number,  [Mj„  and  the  local  Reynolds 
Number  [ReJ^criteria ,  which  are  in  their 
turn,  functions  of  the  actual  local  non- 
equilibrium  skin-temperature  conditions, 
(.T-lx  1  fit)  . 

A  suitable  functional  representation 
of  all  other  local  physical  or  dimension¬ 
less  parameterslr  ,o  ,k  p  ,Pr ,  St  ,etc.)in 

terms  of  the  local  transient  skin  tempera¬ 
ture  value,  [T„]x  =  fit)  ,  in  as  much  as 
these  functional  relationships  appear  in 
the  final  analytical  expressions  for  both 
the  local  skin-friction  coefficient 
and  the  inevitably  associated  local  heat 
transfer  coefficient  [St,],  in  different 
flow  regimes. 

The  complexity  of  such  numerical  com¬ 
putations  and  the  associated  analytical 
investigations  for  a  compound  body  geome¬ 
try  of  any  given  vehicle  is  clearly 
evident  when  it  is  realized: 

-That  the  iterative  stepwise  computa¬ 
tional  process  has  to  be  repeated  for  a 
sufficient  number  of  local  points  in 
order  to  yield  a  mean  average  integrated 
skin  friction  coefficient  value,  [CfA]  , 
representative  instantaneously  for  the 
whole  vehicle  at  a  given  point  on  its 
trajectory , 

-That  such  a  trajectory-point  computa¬ 
tion  of  the  instantaneously  representative 
skin-friction  coefficients  has  to  be  in 
the  wholeness  repeated  for  enough  of  the 
points  on  a  vehicle  trajectory  in  order 
to  yield  the  required  average  values  of 
CfA  =  fit)  corresponding  to  the  respective 
time  intervals  (  At)  on  a  trajectory  V  =  V  (t) 
and 

-That  at  any  successive  time-instant 
both  the  average  skin  friction  [Cf]*  and 
the  heat  transfer ,  [St]*  ,  coefficient  values 


are  functions  of  all  the  previous  time- 
history  of  their  variations  (including 
the  initial  conditions)  up  to  the  inves¬ 
tigated  moment,  since  such  is  the  case 
with  the  actual  skin  temperature  [Tw]x 
time  history. 

In  view  of  the  facts,  it  is  therefore 
proposed  that  the  evaluation  of  the  aver¬ 
age  skin-friction  coefficient  values, 
[Cf]ft,be  conducted  by  somewhat  simplified 
engineering  methods,  as  outlined  next. 


(1)  Quasi-steady  analysis  on  an  as¬ 
cending  flight  trajectory  and  prepara¬ 
tion  of  the  computational  data. 

The  compound  vehicle  configuration  is 
broken  into  its  main  constituent  parts 
(nose  section,  body,  wings,  fins,  etc.), 
according  to  the  general  breakdown  scheie 
from  Section  1.7.4.  The  skin  friction 
drag  force  coefficient  for  each  of  the 
simple  body  geometries  is  to  be  evalu¬ 
ated  separately,  and  the  partial  skin- 
friction  drag  force  data  then  summed  up 
as  specified  in  Section  2.3.  The  indi¬ 
vidual  skin-friction  coefficients  are 
estimated  either  by  using  the  corres¬ 
ponding  data  for  the  specific  simple 
body  shape,  or  by  using  the  "equivalent 
flat  plate"  method.  For  reasons  dis¬ 
cussed  already'  the  latter  approach  is 
given  the  preference  here.  The  equiva¬ 
lent  flat  plate  is  at  a  zero  (or  near 
zero)  angle-of-attack. 


A  completely  insulated  (nonconduct¬ 
ing)  skin  and  a  quasi-steady  flow  con¬ 
ditions  ore  assumed  at  any  point  on  the 
flight  trajectory,  permitting  for  reali¬ 
zation  of  a  local  thermal  adiabatic 
equilibrium  at  the  plate  surface  and 
throughout  the  boundary  layer.  The  lo¬ 
cal  lengthwise  pressure  gradient,  (dp/d*) 
is  then  zero,  and  so  is  the  dimensional 
pressure  coefficient  value,  i.e.. 


'  (2.4-270) 

which  shall  prove  additionally  helpful 
in  shortening  the  ccmoutational  efforts 
involved . 


The  above  approximate  treatment 
amounts  to  an  implicit  assumption  that 
at  each  point  on  the  vehicle's  tra¬ 
jectory  the  flow  conditions  are 
"allowed"  to  become  fictitiously  quasi¬ 
steady,  and  that  the  thermal  adiabatic 
conditions  at  the  insulated  flat  plate 
and  in  the  boundary  layer  are  in  equi¬ 
librium,  [tw],  "*[tow]x,  so  that  actually 
at  each  point  on  the  vehicle  trajec¬ 
tory  the  skin  friction  coefficients 
(local  and  average)  can  be  evaluated 
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independently  of  the  preceding  flight  time 
history.  Evidently  such  an  approach 
may  prove  far  from  being  satisfactory 
or  acceptable  for  highly  accelerated 
flight  phases  and  shall  be  then  con¬ 
sequently  used  as  a  first,  rough  esti¬ 
mate  only.  The  method  is  more  appro¬ 
priate  for  prolonged  steady  flight 
conditions. 

The  computational  procedure  is  as 
follows : 

STEP  I 

For  a  given  vehicle,  the  basic  plots 
of  the  requested  flight  characteristics 
shall  be  graphically  plotted  or  analyti¬ 
cally  known  as  follows: 

-  The  flight  altitude  (H )  versus  time 
(t )  history,  see  the  illustrative  Fig 
(2.4-44)  for  a  hypothetical  case, 

-  The  flight  altitude  (H)  versus 
flight  speed  (V)  history,  see  the 
illustrative  Fig  (2.4-45)  fur  a  hypo¬ 
thetical  case,  or  the  illustrative 
Figs  (2.4-35),  (2.4-36),  (2.4-37), 
(2.4-38)  and  (2.4-39)  for  some 
characteristic  missile  categories  in 
general , 

-  The  flight  speed  (V)  versus  time 
(t)  history,  see  Fig  (2.4-46)  for  a 
hypothetical  case. 

Any  one  of  the  graphs,  for  instance 
H=f(t  ),  can  serve  as  a  conversion  aid  for 
the  remaining  two.  Then  the  second 
graph,  H  =  f(V),  can  be  subsequently  used 
for  determination  of  the  ambient  atmos¬ 
pheric  boundaries  between  the  four 
characteristic  fluid  flow  regimes,  see 
the  illustrative  Fig  (2.4-40),  while  the 
third  graph,  V=f(t) ,  shall  correspondingly 
serve  as  a  practically  very  convenient 
plot  for  later  heat  transfer-skin  fric¬ 
tion  dependence  estimates  (by  means  of 
respectively  simplified  analytic  ex¬ 
pressions)  as  pertinent  to  the  four 
characteristic  fluid  flow  regimes  and 
the  flight  dynamics  conditions  (steady 
or  quasi-steady  and  transient  or 
accelerated  flight  cases  respectively). 

It  should  be  noted  that  the  charac¬ 
teristic  flow  boundaries,  established 
by  taking  the  particular  characteristic 
length  of  the  equivalent  flat  plate  (or 
the  body  part  itself,  see  Fig  2.4-40), 
serve  as  a  first  approximation  only. 

In  a  more  accurate  analysis,  the  charac¬ 
teristic  flow  types  (continuum,  slip, 
transitional  and  free  molecule)  should 


be  determined  in  terms  of  the  local 
flow  conditions  at  the  body  surface , 
i.e.,  by  taking  the  distance  x  of  the 
investigated  local  point. 

A  general  note:  Within  the 
existing  theoretical  and  practical  limi¬ 
tations  of  handling  the  drag  force 
problem  in  general,  it  is  immediately 
evident  that  the  accuracy  of  the  drag 
coefficient  predictions  at  any  instant 
of  time  shall  be, in  accelerated  flight 
cases,  a  direct  function  of  the  accuracy 
with  which  the  corresponding  time  his¬ 
tories  of  the  trajectory  characteristics 
v= f|( t )  andH=f2(t)  are  known,  and  vice 
versa.  Since  the  flight  dynamics  tra¬ 
jectory  computations  presupposes  know¬ 
ledge  of  the  aerodynamic  drag  force 
data,  an  iterative  process  of  the  tra¬ 
jectory-drag  computations  suggests  it¬ 
self  in  a  lesser  or  greater  extent,  the 
degree  of  accuracy  depending  upon  the 
particular  importance  of  the  drag  force 
and  trajectory  predictions.  But  in  no 
case,  the  suggested  iterative  computa¬ 
tional  accuracy  should  exceed  the  limits 
of  the  drag-force  predictability  per 
se ,  which  even  for  idealized  steady 
flight  conditions  in  a  presumably  Stan¬ 
dard  Atmosphere  and  for  presumably 
perfect  engineering  hardware  realiza¬ 
tions,  may  be  assumed  to  be  of  the  order 
of  ± 10%  when  relatively  simple  body 
geometries  (flat  plate,  cone,  cylinder, 
hemisphere)  are  considered. 

Consequently,  depending  upon  the 
overall  level  of  accuracy  required, 
the  respective  margins  of  accuracy  with 
which  the  suggested  three  basic  data 
trajectory  graphs  (Figs  (2.4-44), 
(2.4-45),  (2.4-46)  should  be  plotted  or 
analytically  known  shall  vary  an 
accelerated  flight  phase,  and  the 
time  interval  choice  for  the  stepwise 
computations  of  the  skin  friction-tem¬ 
perature  dependence  shall  be  likewise 
accordingly  adjusted.  Due  to  a  wide 
range  of  possible  flight  conditions, 
missile  configurations  and  final  ob¬ 
jectives  that  may  be  considered,  no 
generalized  recommendation  regarding 
the  computational  accuracies  can  be 
suggested.  As  a  specific  illustration, 
in  Ref . (2 .4-70) it  is,  for  example,  sug¬ 
gested  that  for  engineeringly  acceptable  beat 

transfer  estimates  during  transient 
(accelerated)  missile  flight  phases, 
the  one-second  time  intervals  are 
required  in  which  the  local  skin  tem¬ 
peratures  and  the  related  local  skin- 
friction  coefficients  should  be  com¬ 
puted  and  known.  This  would  evidently 
impose  a  one- second  time  interval 
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accuracy  in  presantatior  the  basic 
graphs  in  Figs  (2.4-44)  and  (2.4-46)  or 
the  respective  tabular  plotting  (see 
Table  2.4-3)  of  the  corresponding  func¬ 
tional  re)  ationships  H  =  «|  ({)  and  v  =  f2(tJ 
with  the  one-second  interval  basis. 


STEP  2 


Using  a  Standard  Model  Atmosphere 
and  the  basic  trajectory  data  H=f,(t) 
and  V s  f2 M  from  Figs  (2.4-44)  and 
(2.4-46)  (or  the  respective  tabulated 
numerical  data  alternatively,  see 
Table  (2.4-3),  the  following  ambient 
atmospheric  flight  parameters  are  plotted 
(or  numerically  tubulated,  see  Table 
(2.4-4),  using  the  engineering  lbf-ft- 
sec-oR  system  of  units: 

(a)  The  ambient  static  temperature, 
(Ta),  versus  flight  time  involved  ,(♦) , 

i .e . : 

Ta  =  TA  (h)  =  ta  (»)  ,  [«r]  , 

(2.4-271) 

( b)  The  ambient  speed  of  sound,  Oa  , 
versus  flight  time  involved,  (oA)  ,  i.e.: 


acceleration,  assumed 
constant;  alternatively 
g  =  g(H)and  latitude, 


=  53.35 


-absolute  atmospheric 
rjbf_ftlgafi  constant  for  dry 
L  ibf °RJ  air ,  standard  composi¬ 
tion;  alternatively 
Ra=  RaIH)  and  humidity, 


(e)  The  ambient  atmospheric  pres¬ 
sure,  (pA),  variation  with  time,  (t): 


Pa  = 


Pa(H)  =  PA(t)  ,  [Ibf/ft2]  ♦ 

(2.4-277) 

gRAPATA  =  (32.I7H53.35)  ft  TA  , 


[lbf/f»2] 


(2.4-278) 


(f)  The  coefficient  of  ambient 
atmospheric  viscosity,!  ^*1,  as  a  func¬ 
tion  of  time ,  (t ) : 


Ma  =  ^a(Ta)  =  MA(H)  = 


®A  =  oa(Ta)  =  qa(H)  =  aA  (♦)  , 

(2.4-272) 

.-.  aA  =  49.02  (Ta)'/2  f  [f t/*ec]  , 

(2.4-273) 

(c)  Thi  flight  Mach  Number,  (MA),  re¬ 
ferred  to  the  ambient  Standard  Atmos¬ 
phere  value  of  the  speed  of  sound, <oA), 
versus  time,  (t),  i.e.: 


(2.4-274) 

=  MA(V,H)  =  Ma  (f )  , 


(d)  The  ambient  atmospheric  density 
variation,  (/>A),  with  flight  time  (t), 
i.e.: 


A>a(H)  =  P^l)  ,  [ibf 

Pa  =  Pa 

gRATA  (32.171(53.35) 

[ibf  sec2/f  f4]  j 


••c2/  f  t4]  , 

V  ’ 

(2.4-275) 

(2.4-276 


where : 

9  = 


“"fcflj  - 


average  gravitational 


=  H- A(t)  .  [ibf  *ec/ft2]  ,  ^  .4-279) 


(g)  The  ambient  coefficient  of  the 
kinematic  viscosity  ,  (vA  ),  versus  the 
flight  time,  (t): 

*A  =  *  ^Va)*  »-a(H)=«'a(»)  . 

[ft2/ sec]  ,  (2.4-280) 


The  ambient  atmospheric  flight 
parameters  ( o  to  g )  are  presented 
illustratively  in  Figs  (2.4-47)  and 
(2.4-48)  for  the  chosen  hypothetical 
missile.  In  each  particular  design 
case, the  time  scale  should  be  chosen 
to  correspond  to  the  desired  degree  of 
accuracy  of  the  drag  force  estimates, 
as  stated  earlier. 

STEP  3 


For  the  representative  flat  plate 
at  a  zero  angle-of-attack  and  for  the 
presumed  aerothermal  steady  equilibrium 
Elow  conditions,  the  main  characteris¬ 
tic  flow  regimes  (continuum,  slip, 
transitional,  free  molecule),  as  en¬ 
countered  at  various  points  on  a  given 
flight  trajectory,  can  be  discriminated 
on  the  premises  of  convertibility  of 
the  local  ambient  (subscript  A)  physi- 
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cal  parameters  to  their  corresponding 
local  free  stream  (subscript®)  values 
outside  the  boundary  layer:  at  any 
point  along  the  flat  plate  the  specific 
condition  of  no  pressure  gradient 
( dp/dx=  o) and  the  zero  value  of  the  lo¬ 
cal  pressure  coefficient  .[Cpx],,,,  or  [Cpx]A 
(see  Eq  (2.4-220)),  make  the  local  free 
stream  values  (subscript®  )  of  all  in¬ 
volved  physical  parameters  simply  equal 
to  their  instantaneous  steady  ambient 
(subscript  a  ) values .  This  feature  is 
invalidated  for  geometries  different 
from  a  flat  plate  and  angles  of  attack 
different  from  zero:  then  the  pressure 
coefficient  is  no  more  equal  to  zero, 
and  the  functional  relationships  be¬ 
tween  the  local  free -stream  (®  )  and  the 
instantaneous  ambient  (A)  values  of  the 
steady  flow  parameters  have  to  be  es¬ 
tablished  by  use  of  the  corresponding 
inviscid  flow  theories  and  across-the- 
shock  conditions,  as  appropriate  for  the 
particularly  investigated  body  geometry 
and  the  flow  regime.  As  an  illustra¬ 
tion,  for  a  conical  body  geometry  in 
the  continuum  flow  regime,  the  second- 
order  inviscid  perfect  fluid  theory  may 
be  used  for(MA<5)  and  the  conical  shock 
expansion  theory  for(MA>5),  yielding 
the  influential  parametric  ratios 
(Taj/T.  .Voo/Va  .Poo^a,  M®  /  M  A.Rea/Re  a  ,  etc .  ) 
locally.  The  fundamental  approximate 
premises  of  an  either  completely  non¬ 
conducting  (insulated)  body  skin,  or  of 
a  steady,  aerothermally  in  equilibrium 
flow,  remain  still  in  force. 

For  the  particular  flat  plate  case 
at  a  zero  angle-of-attack,  the  ambient 
Standard  Atmosphere  physical  parameters 
from  the  Step  2  (see  Figs  2.4-47  and 
2.4-48  and  Table  2.4-4)  are  at  the  same 
time  the  local  free-stream  (subscript 
<f>  )  values. 

STEP  4 

The  local  free  stream  (just  outside 
the  boundary  layer)  and  the  local  equi¬ 
librium  wall  temperature  ratios  can  be 
now  established  in  two  ways  for  the 
assumed  quasi-steady,  prolonged  duration 
flight  regimes: 

(a)  The  flat  plate  is  assumed  com¬ 
pletely  insulated,  i.e.,  the  idealized 
adiabatic  flow  conditions  are  supposed 
to  exist.  Then,  the  necessary  conver¬ 
sion  of  the  adiabatic  wall  (subscript 
aw)  values  of  the  involved  physical 
parameters  to  their  respective  Standard 
Atmosphere  ambient  values  (subscript  A) 
is  performed,  in  a  first  approximation, 
as  follows: 


For  the  representative 
flat  plate  at  a  zero  angl 
under  the  assumed  quasi-s 
thermal  flow  equilibrium 
radiation),  the  insulated 
ture  becomes  equal  to  the 
wall"  temperature  at  any 

Tw  —  To»  . 


insulated 
e-of-attack 
teady  aero- 
(neglecting 
skin  tempera- 
"adiabatic 
local  point, 

(2.4-281) 


The  local  temperature  ratio, 


EH.  - 


[low  TA  "I  _  [  fowl 

LTA  TooJx  LTa  Jx 


Tow  _ 
To 


Tw 

Ta 


(2.4-282) 


becomes  constant  along  the  flat  plate 
length,  since 


[Too],  —  TA 


(2.4-283) 


The  ratio, 


'(2.4-284) 


is  obtainable  for  continuum  flow 
laminar  and  turbulent  boundary  layers 
from  Figs  (2.4-49)  and  (2.4-50)  re¬ 
spectively.  The  stagnation  point  tem¬ 
perature  is  obtainable  from  Fig  (2.4- 
51)  in  particular,  if  required  for 
other  reasons.  Variation  of  the 
specific  heats  with  temperature  is 
accounted  for  in  these  figures(68). 

It  should  be  noted  that  for  the 
always  laminar  boundary  layer  in  the 
slip  flow  regime,  it  has  been  here 
assumed  that  the  values  of  (Tow)  from 
the  continuum  theory  are  applicable 
in  a  good  approximation,  especially  so 
when  investigating  the  lower  boundary 
(i.e.,  the  beginning)  of  the  slip  flow 
regime  (71),  This  means  that  the  "tem¬ 
perature  jump"  effect  at  wall  has  been 
neglected,  or  that  the  continuum 
laminar  flow  recovery  factor  is  retained 
unchanged . 

In  the  free  molecule  flow  regime 
there  is  no  equivalent  of  a  boundary 
layer  concept. 

Once  the  value  of 

Tw  =  Taw  =  f(MA,H)  =  <£(t) 

(2.4-285) 

is  determined  at  each  point  of  a  given 


•  mm 
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flight  trajectory,  i.e.,  suitably  tabu¬ 
lated  for  a  properly  chosen  time  sca3.e 
(see  Table  2.4-5),  the  Mach  Number,  the 
Reynolds  Number  and  the  Knudsen  Num¬ 
ber  values  referred  to  the  wall  condi¬ 
tions  can  be  computed  in  terms  of  the 
assumed  steady  adiabatic  isothermal  con¬ 
ditions  on  the  flat,  insulated  plate 
at  a  zero  angle-of -attack,  taking  into 
account  that  in  this  case: 


-ff-  —  o  ,  [Cp.].  *  CpA 

=  0  , 

Ta  ,  |  Pa  . 

[Tco]*  [Poo]x 

•  , 

P/k  _  .  M 

rSix  ’  ra* 

1  •  rtj,  *  1  ■ 

-  1 , 

[Ooo]x 

dp 

17  *  0  •  p-  '  1 

and 

a.  =  aAw  -  aA  ( 

Pax  = 

’  TAwV/2 

Ja  I 

[poo]»  ^a 

(2.4-286) 

1 

P*  = 

)■ 

H-*  *  Mow  =  /*A  ( 

'  Taw\w 
) 

•  <u  «  ,7  6  i 

=  "aw  =  •'A  (■ 

^f)(- 

Ik.) 

PoJ  ’ 

(2.4-287) 

both  locally  at  any  point  and  for  the 
flat  plate  as  a  whole. 

The  ambient  flight  parameters  (sub¬ 
script  A)  are  presented  in  Figs  (2.4- 
47)  and  (2.4-48)  for  a  hypothetical 
case,  and  should  be  determined  from 
Standard  Atmosphere  Data  in  general. 


Then,  the  local  (subscript  x  )  values 
of  the  dimensionless  characteristic 
flow  parameters,[M,]w,[Re,]w,  [Kn Jw,[Kn8jv», 
as  referred  to  the  local  physical  flow 
conditions  (aw)  at  the  flat,  insulated 
plate  surface  are: 

[«.].  =  «.  =  “»(-rt)l/!=  M»(t^  '  (2.4-288) 


(2.4-289) 


r..  i  Mj*_  r„  1  _ 

L  ""Jw  ~  N.  1 

L  n8«Jw  [Re,J|/z  ’(2.4-290) 

where: 

Mw  -  a.  . 

ma  =  Ua  i  va  =  v['sec']  i 

N.  ■  • 

N*  ■  • 

KJ. -l%  • 

(2.4-291) 

[^*]w  -  local 

mean  free  molecular  path, 

corresponding  to  jTyJ  , 

8*  -  local  boundary  layer  thickness, 

[ft]* 

The  following  isentropic  criteria 
in  determining  the  local  instantaneous 
characteristic  flow  regimes  can  be 
used,  see  Section  1,7.1. 


Instantaneous  local  continuum  flow 
regime  prevails  up  to 


r„  i  M«  .  ma 

L  n»»Jw  ~  [ReJ'/z  "  [ReJj/2 

[R#is  Ma(4;)7/4  >>!  • 


<  '°'2 

(2 .4-292) 


* 


Instantaneous  local  slip  flow  re¬ 
gime  boundaries  are 


-Z  r  1  M  w  Ma  /  Tow  \Ve 

10  <[S,L'-Rv5  =  ^];/2(ta)  <l0 

Nw=  HA(^r  ~  0  (l)  •  (2.4-293) 


Local  instantaneous  transitional 
flow  regime  boundaries  are 


,  lower, 

.4-294) 

,  upper. 


(2.4-295) 

Instantaneous  local  f ’ee  molecule 
flow  regime  starts  from 


LMW  ~ 


Mw 

[Re»]w 


M  A  /  Tw\574 

[Rex]*  \  TAj 


(2.4-296) 


[Rex]  a 


>  3  up  .  (2.4-296) 


It  should  be  noted  that  the  above 
boundaries  are  not  an  exceptionally 
strict  criteria,  and  that  other  numeri¬ 
cal  critical  values  are  used  in  some 
instances(  70). 

The  physical  and  the  respective 
dimensionless  quantities  from  the  STEPS 
3  and  4  are  computed  for  a  given  time 
instant  on  the  vehicle  trajectory,  see 
Table  (2.4-5). 

In  the  cortinuum  flow  regime,  discrim¬ 
ination  between  the  laminar  and  the 
burbulent  boundary  layers  is  established 
by  using  an  order  of  magnitude  criteria, 
for  instance, 


M.  - 


(2.4-297) 

dj  the  investigated  local  (x)  point 
along  the  surface. 

(b)  The  flat  plate  is  alternatively 
assumed  non-insulated ,  but  an  equilib¬ 
rium  temperature  Crwt)  during  pro¬ 
longed  steady  flight  regimes  is 
achieved,  assuming  that  the  convective 
heat  transfer  from  the  boundary  layer 
to  the  surface  is  equal  to  the  heat 
lost  by  the  surface  by  overall  (in¬ 
wardly  and  outwardly  directed)  radia¬ 
tion.  In  addition,  the  isothermal 
conditions  along  the  flat  surface  are 
presumed,  as  stated  earlier. 

The  procedure  of  determining  the 
equilibrium  temperature  (Tj  for  the 
laminar  and  the  turbulent  boundary 
layers  in  the  continuum  flow  regime, 
as  well  as  for  a  laminar  boundary  layer 
in  the  slip  flow  regime,  is  explicitly 
described  in  Section  2.3  and  the  re¬ 
sults  graphically  presented  in  the 
respective  figures  there.  Here,  under 
the  same  premises  as  in  case  of  an  in¬ 
sulated  flat  plate,  the  (T,*=  Tw  lvalues  are 
substituted  in  the  expressions  (2.4- 
285)  to  (2.4-296)  instead  of  the 
adiabatic  wall  temperature  (Tow) ,  and 
the  local  flow  type  criteria  similarly 
computed  for  the  non-insulated  flat 
plate  case,  see  Table  (2.4-5). 

STEP  5 

Once  the  characteristic  flow  regime 
at  a  local  point  is  known,  the  corres¬ 


ponding  local  and  average  skin-friction 
coefficient  value  [Ct,]Aand  [Cf^]  can  be 
computed  in  terms  of  the  skin  tempera- 
ture(T„=  T0<,)or(Tw  =  T#w) ,  the  flight 
Mach  Number, (Ma),  the  Reynolds  Number, 

ERe  ,]  A  or  [*Ja  and  the  Knud  sen  Number, 
’Kn,]Aor  [Kn]^,  at  any  time  instant.  The 
representative  flat  plate  data  can  be 
then  converted  directly  to  conical 
bodies,  the  cone-cylinder  body  configu¬ 
rations,  and  the  wedged  airfoil  sec¬ 
tions  as  described  at  a  length  in 
Section  2.3.  The  f 1  at  plate  explicit 
analytical  expressions  or  equivalent 
graphical  data  for  the  skin-friction 
coefficient  computations  in  the  four 
characteristic  flow  regimes  are  pre¬ 
sented  in  the  next  subparagraph  (2) 
of  this  Section. 

Since  under  the  presumed  steady, 
equilibrium  tlow  conditions,(  T„  =  Twf ), 
for  a  non-insulated  flat  place,  the 
local  heat  fluxes  in  and  out  of  the 
skin  are  equal  at  any  instant  of  time 
(or  at  any  point  on  a  given  trajectory): 


and  the  governing  equations  for  the 
local  skin-friction  computations 
reduce  to: 

Tor  continuum  turbulent  boundary 
layers: 


•  3  [  Cf  a,  M3w  a3a,  Pa,  ^  law  -  Till-  j  j 

(2.4-298) 

For  continuum  laminar  boundary 
layers : 

-25  ^Cfco  P  r  oo  Moo  0  oo  p  oo 
[Ibf  ft  1 

l  sec  ft2J  •  (2.4-299) 

For  slip  flow  (laminar)  regime  - 
governing  Eq  (2.4-299J 

Notice  that  here  the  heat  absorption 
capacity, [Gw]  „  ,  of  the  skin  does  not 
influence  the  equilibrium  wall  tempera- 
tui^[T  ]„  • 
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%  ; 


Jtt 


St*  ■- 


For  free  molecule  flow  regime, 
fl~  email) 

■  {*»  T»]}-  T  “  W,+ 


'r  » 


a  »  I  . 


Cf 


(2.4-300) 

see  Section  2.4.6. 


Note  that  for  laminar  boundary  layers 
on  flat  plates  the  average  skin  friction 
coefficient  is 


transient  (accelerated)  flow  regimes 
are  characterized  by  a  strong  depen¬ 
dence  of  the  actual  (non-pquilibrium) 
skin  temperature ,(T*),,  on  the  involved 
flight  time  interval , (At ),  the  given 
set  of  flight  parameters  (Mach  Number, 
altitude,  body  attitude)  and  the  re¬ 
lated  flow  variables  (pressure, 
density,  speed  of  sound,  coefficient 
of  viscosity,  etc.).  Such  an  infinite¬ 
simally  small  time-interval  analysis 
leads,  in  general,  to  a  first  order 
linear  ordinary  non-homogeneous 
differential  equation  of  the  type,  see 
subparagraph  (i)  of  this  section: 


2r]*f(body  geometry,  skin  surface 
*  conditions ,  G„  ,  Pr,  Tow ,  Tloo  ,Cf  w , 

Too ,  Cf  a, ,  Pm  ,  Poo  ,  oa ,  ,  <  ,  B  ,  AQ  ,  Tw  , 


(2.4-301) 


C<* 


S 


2 


regardless  of  Much  Number,  Reynolds  Num¬ 
ber  or  wall-to-free  stream  ratio,  pro¬ 
vided  isothermal  wall  conditions  are 
assumed. 

(2)  General  Procedure  of  Determining 
the  Local  and  the  Average  Skit:  Friction 
Coefficient  Values  for  Accelerated 
(Transient)  or  Quasi-steady  Flight 
Regimes 

Excluding  the  "apparent  mass"  ef¬ 
fects  and  the  time  lag  of  an  aero¬ 
dynamic  pressure  distribution  build-up, 
the  following  local  and  average  skin- 
friction  coefficient  computational  pro¬ 
cedure  is  proposed:  (a)  for  generally 
accelerated  flight  regimes  character¬ 
ized  by  a  time -dependent  wall  tempera¬ 
ture, 


“  Ul )  >  T»  <  T,w  <  To*  i 

(2.4-301) 

where  (Tw )*  is  the  actually  acquired 
transient  (nonequilibrium)  local  skin 
temperature  at  a  given  instant  of  time, 
and  (b)  for  quasi-steady,  equilibrium 
thermal  conditions, 


T,!  T**  ?2Tr-’30L) 


on  a  generally  non -insulated  flat  plate, 
see  data  preparation  in  the  preceding 
subparagraph  (1). 


The  general  types  of  the  local 


(2.4-302) 

for  a  given  set  of  initial  conditions 
and  for  a  known  auxiliary  functional 
law, 

(Cf  )„  =  f(T.  )*  . 

(2.4-303) 

The  solution  of  the  Eq  (2.3-302) 
within  a  specified  small  time  interval 
(At  *  *K-tK_|),  and  for  a  given  set  of  the 
initial  flight  dynamics  and  fluid  flow 
parameters  at  the  time  instant  (tK  , ), 
is  obtained  by  some  numerical  analysis 
iterative  process.  During  the  itera¬ 
tion,  the  auxiliary  functional  rela¬ 
tionship  (2.4-303),  is  used  at  first 
as  determined  for  the  initial  wall 
temperature  value  (TJk-i  at  the  initial 
time  instant  The  completed 

first  iteration  of  Eq  (2.4-302)  shall 
then  yield  the  wall  temperature  value 
(TW)  )k^(Tw)(^_(.  A  second  iteration  for 
the  same  time  interval^ At  =  ytK_(  ),is 
then  required,  this  time  using  the 
(Cf*)* value  from  the  auxiliary  relation¬ 
ship  (2.4-303)  corresponding  to  the 
computed  wall  temperature(TWi)k .  When 
the  second  iteration  is  done,  a  new 
value  of  (TW|)|,^(TW.) j,  is  obtained.  The 
successive  .iterative  process  for  the 
same  time  interval( At  = tK- t K_,  )  may 
be  thus  theoretically  continued 
until  a  satisfactory  set  of  values 
both  in  (  T  w  )  k  and(C»-,)*is  obtained. 
Instead,  for  practical  purposes  of  the 
aerodynamic  skin-friction  drag  force 
analysis,  it  is  considered  acceptable 
to  perform  just  one  iteration  for  a 
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given  time  interval  (4t  =  tk  -  t .  _ , )  ,  by 
using  the  Kutta-Runge  method.  The  Kutta- 
Runge  iterative  method  comprises  itself 
intermediate  corrective  steps  within  any 
given  time  interval  =  fk  — 
which  should  suffice  for  achieving  a 
practically  acceptable  order-of-accuracy 
of  the  (  Cfg.jx  predictions  in  one  full 
step  of  iteration  ,  provided  the  time 
interval  is  small  enough,  (  A t  ~  d t )  . 

Then  the  final  conditions  at  a  pre¬ 
ceding  time  instant  ( t  =  tK_,)are  taken  as 
initial  conditions  for  computation  of 
the  above  functional  relationship  at 
the  immediately  following  time  instant 
(Is  ♦  h*| ),  I  <K<n,etc .  The  computations  are 
illustrated  in  a  tabular  form  in  Table 
(2.4-12),  each  computational  step  being 
fully  elaborated  in  the  following  text. 
Once  the  transient  instantaneous  local 
skin  temperature  values ,( Tw ),  ,  are  thus 
computed,  the  corresponding  instantaneous 
local  skin  friction  eoefficient,(Cf,Jx,  is 
also  known  in  terms  of  the  skin  tempera¬ 
ture  (Tw),  as  already  stated. 

Application  of  the  method  is  re¬ 
stricted  to  the  laminar  continuum,  the 
turbulent  continuum  and  the  laminar  slip 
flow  regimes.  The  f ree-molecule  flow 
type  is  handled  separately. 

A  gravitational  (lbf-ft-sec-°R)  sys¬ 
tem  of  functional  physical  dimensions 
is  used, 

[F^  =  Force, 

[L] =  Length, 

[t]  =  Time , 

[T]  =  Absolute  Temperature, 

with  the  corresponding  American  gravi¬ 
tational  system  of  units 

[lbf] =  pound-force, 

[ft  1 =  foot , 

[secj =  ephemeris  second, 

[°R  ] =  degree  Rankine. 

CASE  I  -  TRANSIENT  FLIGHT  PHASE  (VARI¬ 
ABLE  ALTITUDE -CONSTANT  SPEED,  OR  CON¬ 
STANT  ALTITUDE -VARIABLE  SPEED,  OR 
VARIABLE  ALTITUDE -VARIABLE  SPEED): 

(a)  Continuum  Flow,  Turbulent  Bound¬ 
ary  Layer,  Governing  Equation: 
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(2.4-304) 

( b)  Continuum  Flow,  Laminar  Boundary- 
Layer  -  Governing  Equation: 
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*2.4-305) 

(c)  Slip  Flow.  Laminar  Boundary 
Layer-Governing  Equation  (2.4-305) 

(d)  Free  Molecule  Flow  (Including 
Transitional  Flow  Regime)  -  Governing 
Equation! 

a{nA[™^  +(f  +  l)B,TA]}4-  ^[t*],  + 

*  «.v."  -  1  M. 

(2.4-306) 

CASE  II  -  QUASI -STEADY  FLIGHT,  I.E., 

AN  EQUILIBRIUM  SKIN  TEMPERATURE  IS 
REACHED: 

Ik  z  Tew  £  Tow  » 
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(2.4-307) 


(a)  Continuum  Flow,  Turbulent 
Boundary  Layer,  Govern?.ng  Equation: 


BT»4  ± 


*  -  e, 

±  [Aq'],}  [twit]*  (2.4-308) 

(b)  Continuum  Flow,  Laminar  Bound¬ 
ary  Layer,  Governing  Equation: 

•25  pf  a,  Pr273  oL  ^.:Ttw  = 

=  J  B  -  BT,4  ± 

±[Aq']x}»[iwTr]  *  (2.4-309) 

(c)  Slip  Flow,  Laminar  Boundary 
Layer,  Governing  Equation  (2.4-309): 

(d)  Free  Molecule  Flow  (Including 
Transitional  Flow  Regime),  Governing 


2.4-81 


a » wunMiwt. 


Equation  (2.4-306) 

Interpretation  of  individual  terms 
in  the  above  governing  equations  is 
given  earlier. 

In  order  to  find  the  local  skin- 
friction  coefficient  value  dependence 
upon  the  local  equilibrium  wall  tem¬ 
perature, 


(2.4-310) 


for  a  steady,  constant  altitude,  flight 
condition  (CASE  II),  any  simple  trial 
and  error  iteration  process  can  be 
used . 

For  the  transient  flight  conditions 
(CASE  I),  the  Kutta-Runge  numerical 
method  is  suggested,  and  the  step-wise 
computations  are  described  below. 

In  both  cases,  the  loc-'l  skin-fric¬ 
tion  values  ,[CvJ«,  should  be  evaluated 
from  the  corresponding  graphs  in  Sec¬ 
tions  2.3  and  2.4. 

[C,.],  =  f  [M,  Re,  Kn,T„,  t  ],  •  . 

(2.4-311) 

COMPUTATIONAL  PROCEDURE: 

STEP  1 .  As  illustrated  in  subparagraph 


STEP  2.  As  illustrated  in  subparagraph 

TT5 - 

STEP  3 .  Using  the  basic  ambient  data, 
the  corresponding  local  free  stream 
(i.e.,  outside  the  boundary  layer),  values 
of  the  Mach  Number, [M.^  x,  the  static 
pres  sure  .[pj,,  the  density  .w,  ,  and  the 
temperature,^,.],,  should  be  determined 
from  the  perfect  fluid  theory  related 
to  the  body  geometry  in  question  and 
the  ambient  Mach  Number, (Ma),  flow 
type:  subsonic,  transonic,  supersonic, 

or  hypersonic.  There  is  an  abundance 
of  available  data  and  theories  of 
various  degrees  of  accuracy  and  refine¬ 
ment  for  most  of  the  simple  body  geome¬ 
tries  in  practical  use. 

The  required  number  of  the  local 
points  to  be  thus  investigated  is  dic¬ 
tated  by  the  level  of  accuracy  desired 
and  by  the  body  geometry  and  the  flow 
type  proper.  It  should  be  sufficient 
to  enable  a  definition  of  the  equiva¬ 
lent  flat  plate,  following  the  condi¬ 
tions  specified  by  Mangier’ s  transfor- 


mation^O)^  as  well  as  for  a  later 
integration  procedure  along  the  body  or 
the  equivalent  flat  plate  surface  for 
an  acceptable  determination  of  the  skin- 
friction  coefficient  mean  average 
values  at  each  instant  or  flight  time 
interval.  As  already  stated,  in  case 
of  laminar  boundary  layers  on  flat 
plates,  the  equivalence  of  conditions 
need  be  established  locally  at  the  end 
point  x  =  L  only,  see  STEP  5  of  the 
previous  paragraph  (1). 

Using  the  same  time  basis  as  for 
the  ambient  Standard  Atmosphere  flight 
data,  the  local  point  free  stream  flow 
data  are  then  either  tabulated  or 
plotted  in  a  manner  similar  to  the 
illustrated  in  Figs  (2.4-47)  and  (2.4- 
48)  and  in  Table  (2.4-6).  For  instance, 
when  the  local  free  stream  ambient 
standard  atmosphere  ratios  are  deter¬ 
mined  on  the  basis  of  the  corresponding 
potential  or  perfect  fluid  theory,  the 
following  plots  are  required: 
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where  x-  is  the  distance  of  the  inves¬ 
tigated  local  point  from  the  leading 
edge,  measured  along  the  surface. 

Note:  The  above  relationships  can  be 

used  for  continuum  and  slip  flow  re¬ 
gimes.  (The  transitional  flow  regime 
is  included  for  engineering  purposes 
under  the  heading  of  the  free  molecule 
flow.)  In  the  free-molecule  flow  do¬ 
main,  the  ambient  Standard  Atmosphere 
data  (A)  are  equated  with  the  physical 
properties  (i)  of  the  impinging  mole¬ 
cular  stream. 

STEP  4 

The  governing  analytic  expressions 
(2.4-304)  and  (2.4-305),  which  shall  be 
used  for  the  local  skin-friction  com¬ 
putational  purposes  in  the  continuum 
and  the  slip  flow  regimes,  require 
knowledge  of  the  stagnation  point-local 
free  stream  temperature  difference 
(Tjoj'T^  )xat  any  time  instant.  From  Ref. 

72,  it  has  been  found  that  a  graph  of 
(Tia>-T«)  versus  (V®)  with(T®)  as  a  parameter 
yields  a  family  of  curves  which  can  be 
acceptably  approximated  by  a  single 
curve  for  engineering  purposes  up  to 
370,000  ft.  of  altitude.  The  curve, 

(Tsoo  ”  T»)  =  f(V„),  (2.4-321) 

is  replotted  in  Fig  (2.4-52)  f  including 
the  temperature  variation  effects  on 
the  specific  heat  coefficient  at  con¬ 
stant  pressure,  (Cp)x. 

Alternatively,  the  stagnation  point 
absolute  temperature  can  be  taken  direct¬ 
ly  from  the  Fig  (2.4-51)  in  terms  of 
the  static  ambient  temperature  (TA  )  and 
the  ambient  Mach  Number  (MA) .  The  plots 
have  been  taken  from  Ref  (2.4-68), 
allowing  again  for  the  constant  pressure 
specific  heat(Cp)xvariations  in  a  non¬ 
dissociating  air. 

Using  the  trajectory  graph  V=  V(t  )  , 

or  Ta  =  TA(t)and  MA  =  MA(t)  respectively, 
the  time  history  of  the  temperature 
difference, 

(  Ts  oo  -  T®)  =  fit)  >  (2.4-322) 


can  be  tabulated  or  plotted  graphically 
within  the  accuracy  of  the  already 
chosen  time  basis,  see  Table  (2.4-6). 


viscous  flow  regime  (continuum,  slip, 
free  molecule)  existing  locally  (x)  at 
any  instant  of  time  (t),  the  local  value 
of  the  dimensionless  parameters  [Re„]„ 
and(Mw),  referred  to  the  conditions  at 
the  local  point  on  the  body  surface 
(subscript  v*  )  ,  should  be  known: 

M.  ■  •  M-  (ft  ft-).. 

M,  =  =  LM °°3 *  '(i;i-324) 


Then  the  local  characteristic  flew 
regime  at  any  point  (x)  (excluding  the 
immediate  neighborhood  of  the  leading 
edge)  at  the  body  surface  at  a  given 
time  instant  (t)  is  found  using  the 
Tsine’s  criteria: 

(1)  Continuum  flow  regime,  laminar 
boundary  layer: 

[ibW.  « l0"  1  « [R,J* £  lo6’ 

(2.4-325) 

(2)  Continuum  flow  regime,  turbu¬ 
lent  boundary  layer: 

[(r&L  <  io",z  -  '°6’ 

(2.4-326) 

where LR#XJW  ~106  represents  a  critical 
value  for  transition  from  laminar 
to  turbulent  boundary  layer  pattern, 

(3)  Slip  flow  regime,  the  boundary 
layer  laminar  always  , 
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(2.4-327) 

(4)  Transitional  flow  regime,  char¬ 
acterized  by  a  mixture  of  the  slip  and 
the  free  molecule  flow  patterns, 

Lower  Boundary: 

IsM.  »  ,0"'  M.  > 1  • 


(2.4-328) 


Upper  Boundary: 
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STEP  5 


(5)  Free  molecule  flow  regime 
starts  from: 


In  order  to  discriminate  the  type  of 
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(2.4-329) 

In  engineering  applications ,  the 
transitional  flow  regime  cannot  be 
treated  separately,  due  to  an  almost 
complete  lack  of  available  practical 
data.  Instead,  it  is  incorporated 
tentatively  either  in  the  slip  or  in 
the  free  molecule  flow  regimes. 

Computations  of  the  local  instan¬ 
taneous  values  of  the  Reynolds  and  the 
Mach  Numbers  in  terms  of  the  "wall" 
conditions  (Eqs  (2.4-323)  and  (2.4- 
324))  are  performed  by  assuming  the 
following  relationships: 


ps/>RT  (classical  form  of  the  equation 
of  state),  (2.4-330) 


j3P_^,0  (common  boundary  layer  theory 
oy  assumption,  Eq  (2.4-331), 


[R,l  =  [Poo]  (pw  computed  locally  from 
*  *  the  respective  perfect 

fluid  theory,  or  defined 
by  Eq  (2.4-316), 


(2.4-332) 


(2.4-333) 
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(2.4-334) 


H-M-KLUfr). 

Mw*  ’  (2.4-336) 


(2.4-337) 


(2.4-338) 

where  the  subscript  (•)  values  and  the 
subscript  (w)  values  should  be  substi¬ 
tuted  from  the  complete  computations 
already  carried  out  for  the  immediately 
preceding  time  instant  ('!  Vi)  (see 
Kutta-Runge  method) . 

The  computational  procedure  is  out¬ 
lined  in  the  Table  (2.4-7). 

STEP  6 


In  the  governing  Eq  (2.4-304)  and 
(2.4-305),  the  local  adiabatic  wall  tem¬ 
perature  ,(T0W),,  appears ,  and  it  has  to  be 
either  directly  determined  by  use  of 
Figs  (2.4-49)  and  (2.4-50)  for  continuum 
laminar  and  continuum  turbulent  bound¬ 
ary  layer  conditions ,  or  alternatively 
the  expression, 

(law  ~  1*  )x  * 

should  be  computed  from: 

(low-  T.)„  =  (Pr>l/3  (T.ocT  Too  ),  +  (Too),  -  (T*),  , 

(2.4-339) 

for  local  turbulent  boundary  layer  con¬ 
ditions  in  the  continuum  flow  domain, 
and  from 

(Tow-  Tw),  =  (PO?  (Ti00-  T„)x  +  (Too),-  (Tw), 

(2.4-340) 

for  local  laminar  boundary  layer  condi¬ 
tions  in  the  continuum  or  slip  flow 
regime,  the  slip  flow  treatment  involv¬ 
ing  the  approximation  of  no-temperature 
jump  assumption  (or  of  no  change  in 
the  recovery  factor  value) . 

In  the  above  expressions , the  Prandtl 
Number  values  can  be  taken  from  Table 
(2.4-8)b,  in  which  the  allowance  is 
made  for  variation  of  the  specific 
heat  of  air  at  constant  pressure  (Cp) 
with  the  wall  temperature  (T„),  as 
known  for  the  immediately  preceding 
time  interval  (t  =  »k_,  ).  Note  that 
the  Prandtl  Number  is  a  weak  function 
of  temperature,  i.e.,its  variations 
are  small  in  the  correspondingly  small 
time  intervals. 

The  directly  computed  values  of  (Tow), 
or  of  the  difference  (Tow-Tw),, should  be 
tabulated  for  the  chosen  time  scale  for 
each  local  point  (x)  as  illustrated  in 
Table  (2.4-7). 


i*  ym  ‘ 


STEP  7 

The  local  skin-material  physical 
and  structural  characteristics  are 
ascertained  as  characterized  by  the  so- 
called  skin  heat-absorption  capacity 
coefficient  (Gw  ),,  in  case  of  no  abla¬ 
tive  phenomena,  the  coefficient  (Gw), 
can  be  defined  as: 


H  =  jc„8wWw]  =*  f(Tw), ,  [*] 


(2.4-341) 


where: 


-  subscript  (W)  refers  to  the  skin, 
and  Cw=  C  W(T„)[8  tu/lbf°R]is  the  local 
specific:  heat  value  for  a  given  skin 
material.  It  should  be  chosen  from 
specially  prepared  tables  in  terms  of 
the  local  skin  temperature  (Tw  )^  and 
the  skin  material  in  use,  see  Figs 
(2.4-6l)a  to  (2.4-61)y.  The  local 
skin-temperature  condition  (T„)Kat 
any  initial  time  instant(t  =t„_,)is 
known  from  the  already  effected  over¬ 
all  (i.e. , including  all  the  STEPS) 
computations  up  to  the  immediately  pre¬ 
ceding  time  instant  (t  =  »„_,),  as 
obtained  from  the  Kutta-Runge  compu¬ 
tational  method, 

[M,  m  is  the  local  skin  thickness, 

Tw  1  Tim  /fi3l  is  the  specific  weight 

L  "Ji  L  0  T  J  of  the  skin  material, 

Ft  1  r°Rl  the  actual  local  tempera - 

L  »*J  L  J  ture  at  the  outer  face  of  skin 
at  the  initial  time  instant 
(  t  = 

In  order  to  obtain  the  heat-absorp¬ 
tion  capacity  in  the  engineering  system 
of  units  (lbf-f t-sec-0R), the  expression 
(2.4-341)  is  multiplied  by  the  mechan¬ 
ical  equivalent  of  heat. 


J  =  778 


[JM  ft  1 
L  Btu  J 


(2.4-342) 


J[G«],  =  J[C»8www]  • 

(2.4-343) 
(see  Table  2.4-9) 

STEP  8 

The  radiation  heat  term  in  the 
governing  expressions  (2.4-304),  (2.4- 
305)  and  (2.4-306)  is  evaluated  in  the 
first  approximation  in  terms  of  the 
following  premises: 


-The  surface  emissivity,  (<„), is  as¬ 
sumed  to  be  equal  to  the  surface  absorp¬ 
tivity  under  all  surface  conditions  and 
for  all  wave  lengths, 

-  An  allowance  is  made  for  the  sur¬ 
face  emissivity,  (« ^ ), variation  with 
temperature,  which  is  a  weak  functional 
dependence  for  most  materials, 

-  The  surface  emissivity,  («-)»  is  a 
strong  function  of  the  skin  surface  con¬ 
ditions.  Some  data  for  the  surface 
emissivity  functional  relationship  in 
terms  of  the  skin  material,  skin  sur¬ 
face  condition  und  the  skin  surface 
temperature  are  presented  in  Fig 
(2.4-57).  When  choosing  the  proper 
values  of  («„)  from  the  Fig  (2.4-57), 
the  initial  skin  temperature  values, 

(Tmht  corresponding  to  the  preceding 
time  interval  (t  =  » h _(  )  should  be 

used,  see  Kutta-Runge  numerical  method 
of  computation,  Step  9. 

The  Stephan-Boltzmann 1  s  constant  in 
the  expressions 


{ ®  » 


-13  f _ Blu 

'  [secfl5"^4] 


has  the  value  B  =  4.8  x  10 


(2.4-344) 

-  The  surface  heat  absorption  of  the 
radiation  from  the  ambient  Standard 
Atmosphere  gaseous  envelope  is  not 
taken  into  account,  since  the  radiation 
of  the  gaseous  medium  is  negligible  for 
engineering  purposes  of  the  drag  force 
analysis.  The  radiation  to  and  from 
the  vehicles  interior  is  neglected 
also, 

-  The  solar  radiation  is  taken  into 
account  approximately  by  assuming  that 
in  the  upper  atmosphere  the  mean  inten¬ 
sity  of  the  radiation  relative  to  a 
normally  orientated  surface  is  a  con¬ 
stant 

8  T«4  *  -12  [ffc]*2-3-345) 

where 


8  =  4.8x10-13  [—tUA—l  .  (2-3-346) 

I  ft2*ec  R4J  is  the 
Stephan-Boltzmann 1 s  constant, 

and  «»««*. 

Note:  Any  other  more  accurate  method 
should  be  used  instead,  if  required. 
Solar  radiation  effects  are  most 


2.4-85 


prominent  in  the  free  molecule  and  the 
transitional  flow  regimes,  which  normally 
occur  at  higher  altitudes. 

-  The  artificial  internal  cooling, 
or  heating  (if  any),  is  represented 
by  the  term , 

'  A  q‘  *  (2.4-347) 

where  (Aqj )  is  the  known  coolant  heat 
absorption  capacity  per  unit  time, 

f  Btu  1  • 

L* t2  tec  J 

The  computational  outline  for  the 
STEPS  7  and  8  is  given  in  the  Table 
(2.4-9). 

STEP  9 


With  all  the  necessary  data  pre¬ 
pared  in  STEPS  1  through  8,  the  govern¬ 
ing  equations  (2.4-304)  and  (2.4-305) 
take  form. 


(2 .4-348) 


where  the  time  (*k-i)  denotes  the  initial 
instant  of  the  time  interval, 

dt~At  =  ,  [««c]  , 

(2.4-349) 

for  which  the  Kutta-Runge  numerical 
method  will  be  applied.  This  means 
that  for  any  value  of  k  , 

|  <  k  <  n  , 


for  investigations  of  re-entry  cases, 
where[Tw]fREE  denotes  the  final  skin 
temperature  at  the  end  of  the  free 
molecule  flow  phase  (including  the  tran¬ 
sitional  flow  regime  tentatively,  as 
suggested  earlier)  . 

The  skin-friction  and  the  skin-tem¬ 
perature  computations  in  the  free 
molecule  flow  regime  do  not  require  the 
Kutta-Runge  numerical  method,  but 
rather  follow  the  computational  pro¬ 
cedure  as  defined  by  the  respective 
free  molecule  governing  Eq  (2.4-306). 
Therefore,  in  order  to  cover  such  re¬ 
entry  cases,  in  the  Table  (2.4-10)  a 
computational  outline  for  determination 
of  the  local  skin  temperatures ,  [Tw ],  , 

in  the  free  molecule  flow  regime  (in¬ 
cluding  optionally  the  transitional 
flow  regime  also)  is  presented. 

Note: 

The  governing  Eq  (2.4-306)  includes 
transitional  and  rotational  degrees  of 
molecular  freedom  for  diatomic  molecu¬ 
lar  models;  no  vibra'tional ,  dissocia¬ 
tion  or  ionization  effects  are  taken 
into  account.  It  is  valid  for  not-too- 
dense  gaseous  states  and  applicable  to 
flat  surfaces.  In  case  of  curved  ex¬ 
posed  surfaces  it  is  valid  locally. 

Other  important  limitations  and  assump¬ 
tions,  pertinent  to  the  approximation 
treatment  of  radiation  phenomena  and 
the  assumed  molecular  model  are  briefly 
stated  in  the  preceding  section,  and 
more  fully  elaborated  in  Refs.  (2.4-67) 
and  (2.4-12). 


the  whole  preceding  time  history  of 
the  skin  temperature  ,[t„]  , ,  must  be 
already  known.  The  computational  pro¬ 
cess  is  thus  necessarily  of  an  unbroken 
step-wise  nature.  The  very  initial 
value  of  the  skin-temperature  to  start 
with  is 


(2.4-350) 


and  depends  obviously  upon  the  history 
and  type  of  the  vehicles  motion.  Thus, 
for  example, 

[Tw]0  5  Ta’  [°R]  '  (2.4-351) 

for  investigations  of  skin  temperatures 
starting  from  launch,  and 

[T«L  =  NfREE,  O]  CZ-^-352) 


STEP  10 


A  computational  procedure  for  the 
governing  Eqs  (2.4-304)  and  (2.4-305) 
for  continuum  and  slip  flow  regimes  by 
the  Kutta-Runge  numerical  method  is 
illustrated  in  the  Table  (2.4-12).  Due 
to  the  iterative  nature  of  the  Kutta- 
Runge  numerical  method  within  each  time 
interval , 


At  = 


K  +  | 


I  <  K  <  n 


f  K. I  .  ( sec )  , 

(2.4-353) 


the  computations  of  the  "f"  function 
in  the  preceding  Table  (2.4-11)  should 
be  performed  in  dependence  of  the  neces¬ 
sary  data  in  the  Kutta-Runge  Table 
(2.4-12)  as  follows: 


(a)  The  initial  local  wall  tempera¬ 
ture  LTW],  at  the  time  instant  t=  t  k _  ( , 
l-K£n,  is  taken  as  the  reference  bound- 
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ary  condition,  and  all  the  physical 
quantities,  comprising  the  "f"  function, 

(“5?")*  =  f( 

(2.4-354) 

on  the  right  hand  sides  of  the 
governing  Eqs  (2.4-304)  or  (2.4-305) 
are  computed,  as  indicated  in  Tables 
(2.4-3)  to  (2.4-10). 

When  performing  the  computations 
of  the  "f"  function,  the  flow  type  at 
the  particular  initial  instant  (th_ ,) 
must  be  known  in  advance  from  the 
auxiliary  Table  (2.4-7).  Then  the 
"f"  function  in  the  first  row  of  the 
Table  (2.4-11)  is: 


where  the  laminar  continuum  flow  local 
skin-friction  coefficient  value, 

©  s  ’(2.4-360) 

is  obtained  from  the  corresponding 
graphs  or  equations,  as  indicated  in 
Section  2.3.  Note  that  the  above 
value  offCf,,,),  i^s  the  final  value  of  it 
at  the  initial  time  instant  (  t  K - 1  )  • 


If  the  local  flow  is  of  the  laminar 
slip  flow  type, 


If  the  local  flow  is  of  the  con¬ 
tinuum  turbulent  type. 


where-: 


(2.4-361) 

where  the  laminar  slip  flow  local  skin- 
friction  coefficient  value. 


f<T-l  K-. 


(2.4-362) 


4.8  «I0-13, 

©(ST  <2.4-356, 

=  X  .12  , 

X  ©  (2.4-357) 

and  the  turbulent  continuum  flow  local 
skin-friction  coefficient  value, 

©  1  LCfa°]«  =  f(Tw)K-i,(2.4-358) 

is  obtained  from  the  corresponding 
graphs  or  equations,  as  indicated  in 
Section  2.3.  Note  that  the  above 
value  of  (Cfoo  )*  is  the  f  inal  value 
of  it  at  the  initial  time  instant 
(tK.|  ),  as  already  discussed  at  the 
beginning  of  this  paragraph. 


If  the  local  flow  is  of  the  con¬ 
tinuum  laminar  type, 


(2.4-359) 


is  obtained  from  the  corresponding 
graphs  or  equations,,  as  indicated  in 
Section  2.4.4.  Note  that  the  above 
value  of[cf<p]»  is  the  final  value  of  it 
at  the  initial  time  instant  (  t  K_,); 


(b)  The  respectively  computed  value 
of  the  "f"(K—  i)  function  is  entered  in 
the  first  row,  fifth  column  of  the 
Kutta-Runge  Table  (2.4-12),  and  the 
sixth  column  value  computed: 


f  >  At  : 
(K-l) 


(OR)  , 

(2  4-363) 


I  n  •  (2.4-364) 

(c)  A  new  intermediate  reference 
temperature, 

(T")'(K)  =  +  2  L0R]  ’ 

(2.4-365) 

corresponding  to  a  half  time  interval, 

T1  =  fK  -  *  K  - 1  •  (s«c)  ,  (2.4-366) 

is  computed  and  entered  both  in  the 
fourth  column,  second  row  of  the  Kutta- 
Runge  Table  (2.4-12)  and  in  the  second 
row  of  the  Table  (2.4-11)  (time  in- 
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■  twmm 


r mf*f- 


instant  »h  ); 


(d)  The  corresponding  intermediate 
value  of  the  t'u)  function  is  then  com¬ 
puted  in  the  Table  (2.4-11),  following 
the  same  instructions  as  indicated  in 
the  paragraph  (a)j 

(e)  The  */«  value,  corresponding  to 
the  intermediate  time  instant, 

fK  1  fK-i  ♦  41-  .  <••«>  • 

2  (2.4-367) 

is  then  entered  in  the  second  row, 
fifth  column  of  the  Kutta-Runge  Table 
(2.4-12),  and  the  sixth  column  value 
computed: 

■  “Ik.  •  101,1  • 


4f  . 


K  ♦  I 


_  t 


K-l 


(»ec)  , 


I  <  K  <  n  t 


(2.4-368) 


(f)  Another  intermediate  reference 
temperature , 


(T«\k)  *  (T«,(k-l)  +  ^"q(k)  •  ’ 


(2.4-369) 

corresponding  again  to  the  half-time 
interval , 


At 

~r 


s  \  -  v. 


(sec)  , 

(2.4-370) 


is  computed  and  entered  both  in  the 
fourth  column,  third  row  of  the  Kutta- 
Runge  Table  (2.4-12),  and  in  the  third 
row  of  the  Table  (2.4-11)  (time  in¬ 
stant  th ) .  This  computation  is  similar 
to  the  one  performed  in  the  paragraph 
(c) ,  representing  a  second  intermed¬ 
iate  approximation; 


(g)  The  corresponding  second  inter¬ 
mediate  value  of  the  fgj  function  is  then 
computed  in  the  Table  (2.4-11)  follow¬ 
ing  the  same  instructions  as  indicated 
in  the  paragraph  (a); 

(h)  The  '(kjvalue,  corresponding  to 
the  intermediate  time  instant, 

* k  =  Vi  +  ^r-  .  (sec)  , 

(2.4-371) 

is  subsequently  entered  in  the  third 
row,  fifth  column  of  the  Kutta-Runge 
Table,  and  the  sixth  column  value 
computed : 

fU>  X  A  f  *  9(k)  ,  (°R)  , 


A*  =  Vi~Vi  I  (sec)  , 


t  <  It  <  n  ; 


(2.4-372) 


(i)  A  third  approximation  inter¬ 
mediate  temperature, 

(T«Co  -  +  <>  •  <°R>  • 

(2.4-373) 

corresponding  now  to  the  whole  time 
interval, 

At  =  Vi  “  Vi  ,  (sec)  , 

(2.4-374) 

is  computed  and  entered  in  both  the 
fourth  column,  fourth  row  of  the  Kutta- 
Runge  Table  (2.4-12)  and  in  the  fourth 
row  of  the  Table  (2.4-11)  (time  instant 
t  k+  i  ) » 

(j)  A  corresponding  third  approxima¬ 
tion  value  of  the  tft^pfunction  is  then 
computed  in  the  Table  (2.4-11),  follow¬ 
ing  the  same  instructions  as  indicated 
in  the  paragraph  (a); 

(k)  The  i'(V  i)  value,  corresponding 
to  the  time  instant, 

Vi  =  Vi  +  At  ,  (sec)  , 

(2.4-375) 

is  then  entered  in  the  fourth  row, 
fifth  column  of  the  Kutta-Runge  Table 
(2.4-12),  and  the  sixth  column  value 
computed: 

fU  +  „X  At  =  q'"+))  ,(•„), 

At  =  t|,  +  l  “  V|  ,  (2.4-376) 

l<  k  <  n  ; 


(1)  The  final  local  skin-temperature 
is  then  obtained  from 


(T")k  +  I  =  (T")«-|  +  -3-  [4-  ( q (K  —  I )  +  qtK  +  l))  + 

♦  q'(K)  ♦  q  "(K)  ]  •  (°R)  » 

(2.4-377) 

and  entered  in  both  the  fifth  row  of 
the  Kutta-Runge  Table  (2.4-12)  and  in 
the  fifth  row  of  the  Table  (2.4-11). 

This  final  local  value  , 


(°R) , 


(2.4-378) 
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58F8? 


is  now  used  to  find  the  corresponding 
final  local  skin-f rictio.i  coefficient, 

1  ool,  =  f  l^w)  k*i  , 

L  J*  ’  (2.4-379) 

directly,  at  the  time  instant, 

K+i  8  ’k-i  ♦  A,,("C)  ’  (2.4-380) 

(m)  At  the  same  time,  this  local 
value  of  the  skin  temperature, 

(Tw)k+|  •  (0R>.  (2.4-381) 


serves  as  the  initial  temperature  in  a 
repetition  of  the  computations  for  the 
next  time  instant, 

*K.S  =  V,  *  A’’  *  ZA’’  l“e’- 

(2.4-382) 

repeating  all  the  steps  from  (a)  to  (1); 

(n)  Once  the  local  skin-friction 
coefficient  values  are  thus  computed 
for  the  whole  trajectory,  the  results 
can  be  plotted  either  in  terms  of  the 
ambient  Mach  Number/ MA)t  or  in  terms 
of  the  time  (t): 


(cf.)x  *  *(*a)  =*<♦>; 


(2.4-383) 


(o)  To  find  the  corresponding 
average  value  of  the  skin-friction 
coefficient, 


c'.  ■  +jf  [*•-].  "* 


(2.4-384) 


the  total  computational  procedure,  as 
described  in  the  STEPS  1  to  10  (n) 
should  be  repeated  for  a  sufficient 
number  of  the  local  points, 

0  <  X  <  L 

(2.4-385) 

the  number  depending  upon  the  body 
geometry. 

For  a  flat  plate  at  a  zero  angle- 
of -attack,  regardless  of  the  Mach  Num¬ 
ber,  Reynolds  Number,  or  wall-to-free 


stream  temperature  ratio. 


fA  s 


(2.4-386) 


i.e.,  the  average  skin-friction  coeffi¬ 
cient  for  the  total  flat  plate  length 
can  be  found  by  finding  its  local 
value  at  the  Station  x  =  l  only,  provided 
the  boundary  layer  is  laminar  (con- 
tinuum  or  slip  flow); 

(p)  For  cones,  the  Manguler's^9) 
conversion  factors  for  the  computed 
average  skin-friction  coefficient  of 
an  equivalent  flat  plate  are  (see  Sec¬ 
tion  2.3): 


(c-») 


.  _2_ 
CONE-yj 


K) 


:|J5(C,,) 


V  -'A/ CONE  SJ  \  *  I  flat  PLATE  \  A/FLAT 

(2.4-387) 

for  laminar  boundary  layers,  and 


FLAT  PLATE 


(<=-.) 


1.022  (C,J 


FLAT  PLATE 


for  turbulent  boundary  layers. 


(2.4-388) 


Note:  In  Section  1.7.4, the  skin 
friction  drag  coefficient  break-down 
has  been  elaborated  in  detail.  The  ex¬ 
pressions  defined  there  remain  basically 
unchanged  in  the  extended  domain  of 
flight  Mach  Numbers  and  flight  alti¬ 
tudes,  covered  in  this  Section, 2. 4. 


There  is  no  need  in  repeating  here 
the  already  Effected  drag  force  coeffi¬ 
cient  breakdown  scheme.  The  changed 
numerical  values  of  the  skin-friction 
coefficients  in  the  free  molecule, 
transitional,  slip  and  continuum  flow 
regimes  in  terms  of  the  skin-tempera¬ 
ture,  body  shape  and  boundary  layer 
type,  which  are  needed  for  computations 
in  this  Section,  2 .4. 7 ,  should  be  taken 
from  the  respective  tables  and  graphs 
of  the  Section  2.3  for  laminar  and 
turbulent  boundary  layers  up  to  ^=20, 
from  the  Sections  2.4.4  and  2.4.6 
for  the  laminar  slip  flow  and  the  free 
molecule  flow  regimes  respectively. 

The  detailed  graphs  and  equations 
are  not  repeated  here.  Instead,  as  an 
illustration  only,  three  graphs  for  a 
flat,  non-insulated  plate  are  repro¬ 
duced  in  Figs  (2 .4-58),  (2.4-5SD, and 
(2.4-60)  for  the  sake  of  an  example. 
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LOCAL  FREE  STREAM  DATA  (  o©  )  . 
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TABLE  (2.4-8) 


LMk-I 

Pr 

1/2 

Pr 

1/3 

Pr 

Pr2/3 

400 

450 

500 

550 

600 

650 

700 

750 

800 

900 

1000 

1100 

1200 

1300 

1400 

1500 

1600 

1700 

1800 

1900 

2000 

2100 

2200 

2300 

2400 

0.73 

0.72 

0.71 

0.70 

0.70 

0.69 

0.68 

0.68 

0.68 

0.67 

0.66 

0.66 

0.66 

0.66 

0.65 

0.855 

0.849 

0.8425 

0.836 

0.836 

0.83 

C.825 

0.825 

0.825 

0.82 

0.813 

0.813 

0.813 

0.813 

0.806 

0.9005 

0.896 

0.8925 

0.888 

0.888 

0.885 

0.880 

0.880 

0.880 

0.875 

0.871 

0.871 

0.871 

0.871 

0.867 

0.809 

0.802 

0.795 

0.788 

0.788 

0.730 

0.771 

0.771 

0.771 

0.766 

0.757 

0.757 

0.757 

0.757 

0.750 

Prondtl  Number  dote  allowing  for  variation  of  Cp  with  temperature  ,  (  Ref  2.4-70) 

[TW]  (  in  degrees  Ronkine 
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The  following  Figures,  related  to  the  text  in  this 
Section  2.4.7,  are  not  reproduced  here,  since  they  al¬ 
ready  appeared  in  the  previous  Section  1.7. 


FIGURE  NO. 

SEE  FIGURE  NO. 

SECTION 
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1.7-15 

(2.4-40) 

1.19 

1.7.1 

1.7-7 

(2.4-41) 

1.26 

1.7.1 

1.7-16 

(2.4-42) 

1.27 

1.7.1 

1.7-17 

(2.4-43) 

1.28 

1.7.1 

1.7-18 
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Fig  (2  4-44)  Illustrative  example  of  flight  altitude  versus  time  for  a  hypothetical 
long  range  missile,  H  =  f {»).  (Recomputed  dato  from  Fig.  2.4-37) 
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Fig.  (2.4-47)  Illustrative  graph  of  the  free  stream  density  (fy),  spMd  of  sound  (a.) 

and  Moch  Number  (M^)  versus  time  (t)  for  o  hypothetical  missile  in  a 
standard  ARDC  model  atmosphere  (1956):®.*  f(t),  o  *  f(t),M.=  f(t) 
Data  related  to  Figs.(2.4-44  ),  (24-45),  (2.4-46).  A 


AilfeoasiA 


Ifl!  I'll |;!!i|  ;ti  llil  if !  In!  '• 


III  HUH 


Fig.  (2.4-48)  Illustrative  graph  of  the  fra*  stream  static  pressure  (pA),  absolute  temperature 
(Ta)  and  viscosities  (/*A  and  vA  )  for  a  hypothetical  missile  in  a  standard  ARDC 
atmosphere  (1956),  pA»f(t),  TA  =  UO.ma  *  f(t),vA  *  f(t).  Oota  reloted  to 
Figs.  (2  4-44),  (2.4-45),  (2.4-46). 
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Fig.  (2.4-50)  Turbulent  boundary  layers:  local  adiabatic  wall  temperatures,  T0*  ,  at  perfectly  insulated 

surfaces  neglecting  radiation  and  assuming  steady  aerothermal  equilibrium  flow  conditions- 
ollowance  for  variations  in  specific  heat  with  temperature  has  been  made.  (Ref.  2.4-68) 
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!  Fig.  (2.4- 51  )  Stagnation  conditions:  local  adiabatic  wall  temperatures,  Tow,  at  perfectly  insuloted 

surfaces  neglecting  radiatio  and  assuming  steady  aerothermal  equilibrium  flow  conditions- 
allowonce  for  variations  in  specific  heat  with  temperature  has  been  made.  (Ref.  2.4-68) 
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Fiq.  (2.4-53)  OimtnslonUss  quontity  X  •  (Aftw  Staldcr  and  JuKoff ,  R*f.  2.4-67) 


Fig.  (2.4-54)  Dimensionless  quantity  f  .  (After  Stalder  ond  Jukoff ,  Ref.  2.4-67) 
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EMISSIVI  TIES  « 


MATERIAL 

ALUMINIUM  — 
POLISHED 
OXIDISED 
CHROMIUM 
GLASS 
GRAPHITE 
IRON  — 

PURE,  POLISHED 
WROUGHT,  POLISHED 
SMOOTH 

CAST 

CAST,  OXIDISED 
NICKEL  — 

ELECTROLYTIC 
OXIDISED 
STEEL  — 

POLISHED 
CARBONISED 
OXIDISED 
ZINC  — 

PURE,  POLISHED 
ON  SHEET  IRON 


50*  C 

250*C 

550* 

0.04 

0.05 

0.08 

0.1 1 

0.12 

0.18 

0.08 

0.17 

0.26 

0.9 

— 

— 

0.41 

0.49 

0.54 

0.06 

0.08 

0.13 

0.28 

0.27 

— 

0.35 

— 

— 

0.21 

— 

— 

0.63 

0.6  6 

0.76 

0.04 

0.06 

0.10 

0.39 

0.49 

0.67 

0.07 

0.10 

0.14 

0.52 

0.53 

0.56 

0.79 

0.79 

0.79 

0.02 

0.03 

0.04 

0.23 

— 

— 

PIGMENTS 

50*  C 

400*  C 

LAMPBLACK  PAINT 

0.96 

0.97 

BLUE  (C0203) 

0.87 

0.86 

RED  (Fe203) 

0.96 

0.70 

GREEN  (Cu203) 

0.95 

0.67 

YELLOW (PbO) 

0.74 

0.49 

YELLOW  (PbCr04) 

0.95 

0.59 

WHITE  (ZnO) 

0.97 

0.91 

WHITE  (Th02) 

0.93 

0.53 

FIG.(2  4-57)  EMISSIVITIES,  «  ,(REF.  2.4-68) 
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VHSit 


Fig  (2.4-58)  Locol  skin- friction  coefficient  for  lominar  boundory  layer  of 
a  compressible  fluid  flowing  along  o  flot  plate.  Prondtl 
Number,  0.75;  6  =  0.505 .  (Ref  2.4-73) 


Fig ( 2 .4 -59) Nomograph  for  coefficients  of  friction  of  a  turbulent  boundary  layer  on  a  flot  plate  for  air.  (Ref.  2.4-73) 
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Fig  (2.4-60)  Variation  of  local  «Kin  friction  along  flot  plot*.  (After  Mirals  Ref  2.4-71) 
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LIST  OF  SYMBOLS 


I  .  GEOMETRY 


Section  2.5  Inviscid  and  Pressure  Drag. 

Exclusive  of  Base  Drag, 


AR  -  Aspect  ratio, 

b  -  Span,  ft. 
c  -  Local  chord,  ft. 

c  -  Mean  geometric  or  aerodynamic  chord,  ft. 

cr  -  "Root"  chord  of  the  exposed  wing  or  fin  (i.e.,  at  the  wing- 
body  juncture,  or  the  fin-body  juncture),  ft. 

cf  -  Tip  chord,  ft. 

D  -  Reference  body  diameter;  maximum  diameter  of  missile  body,  ft. 
d  -  Local  diameter,  ft. 

Lbt _  Length  of  the  boattail  body  section,  ft. 


I_CYL  -  Length  of  the  cylindrical  body  section,  ft. 


Ln  -  Nose  section  length,  ft. 
n_  JanAo  _  Factorj  delta  planform. 


0 

Rbl  -  Leading  edge  bluntness  radius,  ft. 
.  (X)  t/c 

mean  geometric  chord. 


r  =  -  Position  of  airfoil  maximum  thickness  in  fractions  of  its 


ton  A  i  _  Geometric  factor  of  delta  wings. 
tanAo  ® 

Svvet  “  Wetted  area  of  missile  part,  sq.  ft. 


Swexp  “  Total  exposed  wing  planform  area,  ft. 2 
swexp  =  bWEXP  cWEXP 
t  -  Airfoil  thickness,  ft. 

(t/c)  -  Airfoil  thickness  ratio,  nondimensional . 


x  -  Longitudinal  distance,  ft. 
a  -  Angle  of  attack,  degrees. 

6b  -  Boattail  angle,  degrees. 

6q  -  Conical  afterbody  semi-apex,  degrees.  For  parabolic  frus- 
trum  afterbodies,  semi-apex  angle  of  an  inscribed  cone. 

0N  -  Cone  vertex  angle;  inscribed  cone  vertex  angle  for  ogives; 
degrees . 

0p  -  Angle  between  the  tangent  and  the  center  line  at  the  base  of 
a  parabolic  afterbody  frustrum,  degrees.  0P=2®B 
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A  -  Angle  of  sweep-back,  degrees. 
X  -  Taper  ratio,  nondimensional. 


/x  -  Angle,  defined  by  ton^=co*m=/3  =(Mi-l)l/2  for  delta  planforms. 

II.  PHYSICAL 

Cp  -  Average  pressure  coefficient  due  to  normal  momentum  com¬ 
ponent  of  both  the  impinging  and  the  re-emitted  molecules, 
dimensionless.  Obtained  by  integration  of  (Cp)  on  the  sur¬ 
face  (A) . 


Cp  -  Specific  heat  coefficient  of  a  gas  at  a  constant  pressure, 
BTU  per  slug  op. 

k  -  Maximum  diameter  location  coefficient. 

M  -  Mach  Number,  nondimensional;  a  similarity  parameter, 


p  -  Static  pressure;  local  static  pressure,  lb. /sq.ft. 

PH  -  Static  pressure  "at  infinity"  at  a  given  altitude  H  ft., 

'  Standard  Atmosphere,  lb. /sq.ft. 

p^  -  Same  as  pH  . 

qH  -  Reference  dynamic  pressure,  referred  to  conditions  "at  infinity" 
at  a  given  altitude  H  ft.,  Standard  Atmosphere, 

2 

qH  -  (^-)h=  ~F(ypM2)H  lb  /s<>  ft 


q,,,  -  Same  as  qH  . 

R«  -  Reynolds  Number,  nondimensional;  a  similarity  parameter, 


T  -  Local  static  temperature  at  any  point,  °R. 

p|  /p 

0  -  Glauert's  (similarity)  parameter,  0  =(Ma>-l)  for  supersonic 
speeds,  0  -  ( l  -  m£  )'^2  for  subsonic  speeds. 

r  -  Specific  heat  ratio,  nondimensional,  y  =  -^-  =  l.40  for  air,  Stan¬ 
dard  Sea-Level  conditions.  v 


8  -  Local  boundary  layer  thickness,  ft. 
p  -  Air  density,  slug/ft.^ 
o  -  Speed  of  sound,  ft. /sec. 


C0  -  Drag  force  coefficient,  nondimensional,  referred  to  the  com¬ 
mon  reference  area,Sr  ,  and  the  flow  conditions  at  "infinity", 
Standard  Atmosphere  at  each  flight  altitude,  H: 

r  .  Droq  Force 
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Cdq  -  Zero-lift  drag  force  coefficient,  nondimensional ,  referred 
to  the  common  reference  area,  Sr  ,  and  the  flow  conditions 
at  "infinity",  Standard  Atmosphere  at  each  flight  altitude,  H: 

„  Zero-Lift  Drag  Force 

C°o: 

coob-  Zero-lift  base  pressure  drag  force  coefficient,  nondimensional, 
referred  to  the  common  reference  area,  Sr  ,  and  the  flow  condi¬ 
tions  at  "infinity",  Standard  Atmosphere  at  each  flight  alti¬ 
tude  ,  H : 

CDOb-(-Cpb)(S-BsarSE) 

Coop-  Zero-lift  pressure  drag  force  coefficient,  (exclusive  of 

base  drag),  nondimensional,  referred  to  the  common  reference 
area,  Sr  ,  and  the  flow  conditions  at  "infinity",  Standard 
Atmosphere  at  each  flight  altitude,  H: 


III.  SUBSCRIPTS 

B  -  Refers  to  the  body  in  general. 

BL  -  Refers  to  bluntness  effect. 

BT  -  Refei's  to  the  boattail  section  of  body. 

BT(F)  -  Refers  to  the  boattail  in  presence  of  fins. 

BT(FORE)  -  Refers  to  the  boattail  in  presence  of  forebody. 

BT(W)-  Refers  to  the  boattail  in  presence  of  wings. 

CYL  -  Refers  to  the  cylindrical  section  of  body. 

EXP  -  Refers  to  the  respective  exposed  area  of  a  missile  part. 

F  -  Refers  to  fins. 

FORE  -  Refers  to  the  forebody,  i.e.  to  the  body  section  ahead  of  the 
wings . 

F(W  +  B)  -  Refers  to  fins  in  presence  of  the  body  and  the  wings. 

LE  -  Refers  to  wing  or  fin  leading  edge. 

NTIP  -  Refers  to  the  nose  section  tip. 

M(W)  -  Refers  to  the  body  mid-section  in  presence  of  wing, 
p  -  Refers  to  the  pressure  force  effects. 

VIS  -  Refers  to  viscous  effects  on  pressure  drag. 

TE  -  Refers  to  wing  or  fin  trailing  edge. 

W  -  Refers  to  wing. 

(W+B  )  -  Refers  to  wing  +  body  conditions. 

W(B)  -  Refers  to  the  wing  in  presence  of  body. 

WET  -  Refers  to  the  wetted  area  of  a  missile  part. 
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b  -  Refers  to  the  base  pressure  effects. 

cr  -  Refers  to  the  critical  Reynolds  Number  value. 

JET  -  Refers  to  effects  due  to  jet  presence. 

oo  -  Refers  to  the  local  free  stream  conditions  just  outside  the 

boundary  layer. 

IV.  SUPERSCRIPTS 

-  Mean  value  of  quantity. 
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INVISCID  AND  VISCOUS  PRESSURE  DRAG, 
EXCLUSIVE  OF  BASE  DRAG,  CDOp  +  CD0PVis 


2.5.1  INTRODUCTION 


The  pressure  drag  force  represents 
the  component  of  the  normal  pressure 
distribution  in  the  "wind  direction", 
and  is  treated  within  the  perfect  fluid 
theory  without  flow  separation,  but 
including  correctively  the  viscous 
form  drag  contributions  at  the  rear 
portions  of  bodies  (or  wings  and  fins). 

A  summation  of  the  local  pressure-force 
(normal  to  the  body  surface)  components 
in  the  general  drag  direction  has  to 
be  performed  for  all  aircraft  parts. 

The  proposed  pressure  drag  force  break¬ 
down  scheme  and  the  corresponding  defi¬ 
nition  of  the  pressure  drag  force  compo¬ 
nents  are  given  in  Sections  1.7.3  and 
1.7.4. 

Since  an  analytical  interpretation 
of  the  inviscid  pressure  drag  both  for 
slender  bodies  of  revolution  and  for 
thin  airfoils  can  be  fairly  accurately 
done  by  existing  potential  theories, 
it  is  felt  that  the  engineering  predic¬ 
tions  of CDOp  for  the  zero-lift  case 
could  be  accomplished  with  a  good 
accuracy  by  using  the  respective  theore¬ 
tical  results  at  subsonic,  supersonic 
and  hypersonic  speeds,  and  by  taking 
into  account  the  existing  empirical  data 
at  transonic  speed,  when  the  theoretical 
results  may  prove  to  be  inadequate. 
Semi-empirical  corrections  for  viscous 
effects  on  pressure  drag  estimates  are 
then  added  to  the  potential  drag  theory 
results . 

In  accordance  with  the  potential 
theory  of  perfect  fluids,  there  is  no 
inviscid  pressure  drag  at  incompressible 
subsonic  speeds,  excluding  the  base 
and  the  viscous  pressure  drag  contribu¬ 
tions  .  A  comprehensive  compilation  of 
the  profile  drag  data  for  classical 
aerodynamic  shapes  at  subsonic  speeds 
can  be  found  in  Refs.  (2.5-1),  (2.5-2) 
and  (2.5-3).  As  already  stated  in 
Sections  1.7  and  1.8,  the  profile  drag 
consists  of  form  drag  and  skin  friction 
drag,  the  former  being  the  drag  compo¬ 
nents  of  the  overall  normal  pressure 
at  no-lift  condition.  When  such  data 
are  used,  both  the  leading  edge  "blunt¬ 
ness"  effects  and  the  wake  flow  ef¬ 
fects  are  included  in  the  form  drag  term 
for  aerodynamically  smooth  and  slender 
shapes . 

At  supersonic  and  hypersonic  speeds, 


the  pressure  drag  due  to  entropy  losses 
through  presumably  weak  oblique  shocks 
is  neglected. 

The  viscous  form  drag  is  caused  by 
the  increased  "effective"  cross-sec¬ 
tional  body  (or  wing)  area  when  the 
boundary  layer  thickness  is  added  to 
the  solid  body  (or  wing)  geometry. 

The  effectively  changed  body  configu¬ 
ration  causes  a  corresponding  pressure 
redistribution  within  the  perfect  fluid 
concept.  With  a  good  approximation, 
it  can  be  assumed  that  the  effects  of 
the  boundary  layer  growth  along  fore¬ 
body  and  midbody  parts  are  small 
(negligible).  Thus,  the  contribution 
of  the  viscous  form  drag  is  confined  to 
the  afterbody  where  the  boundary  layer 
thickens  more  rapidly.  The  same  trend 
of  analysis  applied  to  wings  (fins) 
confines  the  viscous  form  drag  effects 
to  the  regions  near  the  trailing 
edges.  The  respective  computational 
procedures  and  data  may  be  found  for 
some  body  geometries  in  Ref.  (2.5-4) 
by  Fraenkel  and  in  Ref.  (2.5-6)  by 
Young  for  wings  (fins).  In  Ref.  (2.5-5) 
by  Young,  the  profile  drag  of  wings 
with  bi-convex  airfoil  sections  are 
presented  for  a  range  of  Reynolds  and 
Mach  Numbers,  boundary  layer  transition 
locations  and  wing  thicknesses. 

(i)  Inviscid  Pressure  Drag  on  Bodies 
at  Supersonic  and  Hypersonic  Speeds~ 
‘Theoretical  References 

The  principal  perfect  fluid  theories 
used  for  estimation  of  the  inviscid 
pressure  drag  component  on  bodies  of 
revolution  are  listed  in  the  order  of 
increasing  accuracy  and  accompanying 
computational  complexity: 

(1)  Linearized  theories: 

(a)  "Exact  linearized",  with  solu¬ 
tions  obtained  through  a  numerical 
integration  of  the  corresponding  basic 
differential  linearized  equation  of  the 
perfect  fluid  potential  function.  The 
solution  satisfies  boundary  conditions 
of  the  body  surface,  See  Refs.  (2.5-7) 
by  Karman  and  Moore,  (2.5-8)  by  Brown 
and  Parker,  (2.5-9)  by  Lighthill,  and 
(2. 5-10)  by  Ward. 

(b)  "Slender-body"  theory,  Ref. 
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2.5-1  (RAS  DATA  SHEETS),  representing 
permissible  simplifications  of  the 
"exact"  solutions  in  case  of  very  slender 
bodies  of  revolution. 


(c)  "Quasi-cylinder"  theory,  Ref. 
(2.5-10)  by  Ward,  applicable  to  bodies 
of  nearly  constant  radius,  with  the 
boundary  conditions  of  the  "exact"  equa¬ 
tions  satisfied  only  at  a  mean  radius. 

(2)  The  second-order  theory  of  van 
Dyke ,  Relf.  (2.5-11)  and  (2.5-12),  repre - 
sents  further  improvement  of  the  "exact- 
linearized"  solution,  which  is  re-substi¬ 
tuted  back  into  the  original  exact 
differential  equation.  A  second  approx¬ 
imation  is  thus  computed  by  a  step-by- 
step  method  along  the  body  length. 

(3)  The  Method  of  Characteristics. 
Ref.  (2.5-13)  by  Isenberg ,  allows  for 
solutions  of  any  degree  of  accuracy  by 
performing  respective  step-by-step  com¬ 
putations  not  only  along  the  body 
length,  but  also  through  any  associated 
disturbed  flow  field  regions  that  might 
affect  the  pressure  distribution  on  the 
body  surface. 

The  validity  range  of  the  principal 
theories  (1),  (2)  and  (3)  may  be  con¬ 
veniently  ascertained  through  the  parame¬ 
ter. 


K  ■  <*y/d*)MAX  • 


(2.5-1) 


where  the  (dy/dx)MAX  term  represents  the 
maximum  slope  of  the  body  profile  and 
(MJis  the  free  stream  value  of  Mach  Num¬ 
ber  ahead  of  the  bow  shock.  Thus,  with 
a  permissible  error  of ±5%,  the  respec¬ 
tive  ranges  of  applicability  are: 

(1)  "linearized  theories":  *  <  .10, 

(2)  "second  order  theory":  *  <  .50, 

(3)  "method  of  characteristics":  * 

<  .90,  if  the  entropy-gradient  and  vor- 
ticity  effects  behind  a  curved  shock  are 
neglected. 

The  inviscid  pressure  dra^  component 
at  hypersonic  speeds  for  bodies  of 
revolution,  as  well  as  for  general  slen¬ 
der  body  shapes,  can  be  obtained  from 
Ref. (2.5-14)  by  Truitt.  The  compiled 
data  cover  the  whole  range  of  hypersonic 
Mach  Numbers  (3<M— •),  with  the  indicated 
order  of  accuracy  of  various  theories  in 
different  Mach  Number  ranges. 


(ii)  Inviscid  Pressure  Drag  on  Bodies 
-  Practical  Considerations  for  Use 
of  Various  Data 


(1)  High  Fineness  Ratio  Slender 
Bodies" of  Circular  Cross-Section  With 
Boat-Tails,  At  a  Zero  Angle  of  Attack 

Analytical  treatments  by  the  slender 
body  theory  lead  to  the  following 
qualitative  conclusions: 

(a)  Slender  cylindrical  bodies  with 
sharp  pointed  nose  sections  and  an 
assumed  atmospheric  base  pressure  at 
a  blunted  base  would  theoretically 
have  only  the  pure  wave  drag  of  the 
head  wave,  i.e.,  only  the  foredrag 

fressure  component,  because  with  the 
ase  pressure  equal  to  the  atmospheric 
and  the  body  pressure  close  to  the 
base  also  nearly  equal  to  the  atmos-  ' 
pheric  pressure,  there  is  no  trailing 
wave  within  the  inviscid  fluid  theory. 

It  can  be  also  noted  that  the  drag 
force  for  such  a  slender,  pointed  body 
at  some  angle  of  attack  is  theoreti¬ 
cally  equal  to  one-half  that  of  a 
flat  plate  at  the  same  angle-of-attack. 

(b)  If  a  boattail  is  included  in  the 
above  case,  the  flow  toward  the  base 
shall  have  an  inward  radial  velocity. 
This  converging  flow  pattern  has  sub¬ 
sequently  to  be  straightened  out  into 
the  free -stream  direction  by  a  conical 
shock-wave,  provided  the  base  pres¬ 
sure  is  again  assumed  equal  to  atmos¬ 
pheric,  i.e.,  an  additional  drag  com¬ 
ponent  due  to  boattailing  will  appear; 
its  theoretical  value  shall  be  differ¬ 
ent  from  that  obtainable  under  real 
fluid  flow  conditions. 

(c)  All  conditions  existing  as  in 
the  above  paragraph  (b),  except  for 
the  base  pressure  taken  different 
(less)  from  atmospheric,  the  flow  be¬ 
hind  the  base  shall  no  longer  have  a 
tendency  to  straighten  out  in  the 
free-stream  direction ?  but  shall  con¬ 
verge  toward  a  point  in  the  base 
wake  through  a  rather  complicated  mix¬ 
ing  process  between  the  outer  flow, 
the  dead-air  low  pressure  region  be¬ 
hind  the  base,  and  the  extended  bound¬ 
ary  layer  overflow  in  real,  viscous 
fluids.  An  add i tonal  drag  correction 
due  to  these  effects  represents  a 
first  approximation  to  the  actual 
state  of  affairs  and  should  be  separ¬ 
ately  investigated. 
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(2)  Cones  at  a  Zero  Angle-of -Attack 

pie  problem  of  low-f ineness  ratio 
missile  nos:-s  of  conical  shapes  at  super¬ 
sonic  speeds  can  be  handled  by  simple 
non-linear  theories  of  Taylor  and  Mac- 
0011(13^  or  by  using  the  respective 
tables  for  cones*-*-®'.  In  general, the 
pressure  field  on  a  cone  is  a  function 
of  two  independent  variables:  the 
free  stream  Mach  Number,  M<*>  ,  and  the 
cone  semi-apex  angle,  0n/2. 

The  M«  and  0n/2  can  be  combined  to 
form  a  unique  parameter,  called  the 
"hypersonic  similarity  parameter",  K  , 


(  ln/d) 


(2.5-2) 


This  concept  was  introduced  by 
TsienO-7)  and  originally  applied  to 
slender  pointed  bodies  at  high  Mach  Num¬ 
bers.  Briefly,  the  hypersonic  similar¬ 
ity  law  states  that  the  local  pressure 
ratios  , 

at  corresponding  points  for  two  bodies 
of  similar  geometries,  but  differing 
in  fineness  ratios,  shall  be  equal  if 
the  Mach  Numbers  for  the  two  bodies  are 
so  chosen  that  the  above  defined  simi¬ 
larity  parameter,  K  ,  remains  unchanged. 
The  correspondance  of  the  local  points 
is,  in  general,  defined  by  a  nondimen - 
sional  affine  transformation  of  the  re¬ 
spective  spatial  field  coordinates( 14) . 

When  applied  to  investigations  of 
pressure  drag  on  cones, 
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with  the  cone  base-area  as  reference, 
the  parametric  product) 
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is  a  function  of  the  hypersonic  simi¬ 
larity  parameter,  K  ,  as  the  Mach  Number, 

,  and  the  fineness  ratio, l/D  ,  are 
independently  varied.  One  condition 
must  be  satisfied:  the  cone  vertex 
angle  should  be  below  its  critical  value, 
when  the  oblique  shock  dei aches.  Using 
the  hypersonic  similarity  law,  the  basic 
data  from  Fig  (2.5-1)  can  be  more  con¬ 
veniently  expressed  as  the  more  general 
curves  on  Fig  (2.5-2). 

The  pressure  drag  on  cones  can  be 
in  general  computed  accurately  by  a 


somewhat  lengthy  "method  of  character¬ 
istics",  or  otherwise  estimated 
directly  from  the  ready-made  tables1-*-®). 
Several  shorter  methods  have  been  ad¬ 
vanced  by  applying  the  hypersonic 
similarity  laws  to  cones. (20)  a 
graphical  comparison  cf  the  results 
from  various  shorter  theories,  as  well 
as  their  limitations  and  respective 
accuracies,  is  summarized  in  Fig 
(2.5-3).  For  the  hypersonic  similarity 
parameter (0<K<  2)  ran^e,  which  roughly 
corresponds  to  low-fineness  ratio  mis¬ 
sile  noses,  the  following  may  be  con¬ 
cluded: 

(a)  The  method  of  characteristics 
of  Ehret^20)  gives  the  best  accuracy. 

It  is  very  time-consuming  for  engi¬ 
neering  use. 

(b)  The  von  Karman's  and  Moore's 
methods (7)  use  a  linearized  theory 
step-by-step  procedure.  It  yields 
acceptable  results  fork  values  well 
below  unity  only. 

(c)  Newtonian  impact  theory^*1*)  is 
eventually  applicable  only  for  K  of 
the  order  of  2 . 

(d)  Van  Dykes's  second  order  theory 
(12)  yields  a  good  accuracy  for  K  up 
to  1.6. 

(e)  The  "tangent  cone"  method  is 
good  only  for  K  >  1.2  . 

(f)  The  "conical  shock-expansion" 
theory  by  Eggers  and  Savin(*5)  is 
applicable  only  for  values  of  K  greater 
than  1 . 

(3)  Cone-Cylinder  Combinations  at 
M  =  I 

Spreiter  and  Alksne^*1))  derived 
pressure  drag  on  a  slender  cone-cylin¬ 
der  at  a  free  stream  Mach  Number  of 
1  by  using  the  slender- body  theory 
based  on  approximate  solution  of  the 
transonic  flow  equations. 

The  resulting  expression  is: 
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Miles(24)  and  Yoshihara^26,27) 
obtained  similar  expressions: 
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*  rm*t  at  supersonic  speeds.  Ref  f  2.5 
Fig  (2.5-D  Drag  coefficients  of  cones 
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FIG  (2.5-2)C0RRELATI0N  OF  DRAG  COEFFICIENTS  OF  CONES  AT 
SUPERSONIC  SPEEDS  BY  HYPERSONIC  SIMILARITY 

PARAMETER.  (REF  2.5-18) 
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(Cdopn)mm  =  —  (-j^-)2  |i.  5 5  +  4  loqe(-^-)]  .(Yoshihoro) 

(2.5-6) 

tCDopN^M*i  L“(l^')  [09l  +  4  loqe(^)J  t  (Miles) 

(2.5-7) 

All  three  solutions  are  plotted  in 
Fig  (2.5-4)  for  the  cone  reference  base 
area . 


similarity  law  by  Tsien^-7).  The 
Van  Dyke's  formulation  applies  to 
bodies  of  geometrically  similar  pro¬ 
files  having  different  maximum  thick¬ 
ness  ratios  ,(L/D) .  Then  the  pressure 
coefficient  term, 

4Cp(L/D)2,  (2.5-10) 


is  a  function  only  of  the  similarity 
parameter, 

C/2HM  2.-IK2 

- (L/q) -  ’  (2.5-11) 


For  parabolic-arc  bodies,  the  re¬ 
spective  expressions  are,  Miles(24), 

(CD0PN  >M  =  i  ='0735(t;)2  ’(2.5-8) 


or  by  Oswatitsch  and  Keune^U’ 


(cdopn)m  =  i 
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The  results,  together  with  some 
experimental  evidence  from  Ref.  (2.5- 
22),  (2.5-23)  and  (2.5-29),  are  presented 
in  Fig  (2.5-4). 

( 4 )  Ogives  at  a  Zero  Angle  of  Attack 

Ehret,  Rossow  and  Stevens(30)  and 
Rossow(31)  extended  the  hypersonic 
similarity  rule  to  ogives: 

For  fineness  ratios  of  two  or 
greater  and  Mach  Numbers  of  1.5  or 
greater,  a  correlation  of  the  ogive 
results  to  those  of  cones  was  achieved 
within  an  accuracy  of ±  5%.  Based  on 
the  computations  done  by  Rossow^the 
theoretical  correlation  curves  for  drag 
(mJcDOpn  )  of  cones  and  tangent  ogives 
are  plotted  in  Fig  (2.5-6)  as  a  func¬ 
tion  of  the  hypersonic  similarity 
parameter,  K  .  Physically,  the  in¬ 
creased  drag  of  ogives  is  due  to  an 
entropy  gradient  existing  along  the 
nose  wave,  since  the  wave  pattern  is 
not  straight  as  with  cones,  but 
curved  backward  through  expansion  wave¬ 
lets  created  by  the  ogive  curvature. 

For  cones  having  a  straight  nose 
wave  pattern,  there  are  no  entropy 
changes  along  the  wave,  and  the  drag 
term  is  consequently  less. 


The  actual  pressure  distribution 
on  ogives  is  presented  in  Fig  (2.5  7). 

The  computations  were  done  in  the  follow¬ 
ing  wayii);  the  similarity  law  from  the 
linearized  theory  was  reformulated  by 
van  l.iykes(32)  into  a  combined  super- 
sonic-hypersonic  similarity  rule,  which 
later  was  transformed  into  a  hypersonic 


where  D  is  the  maximum  body  diameter, 

the  free  stream  Mach  Number,  and  L 
the  body  length.  The  main  assumption, 
restricting  applicability  of  the  method, 
is  that  of  small  profile  slopes.  Re¬ 
spective  checks  of  the  law  with  exact 
numerical  results  from  Ref.  (2.5-4), 
(2.5-20)  and  (2.5-33),  indicate  a  maxi¬ 
mum  error  of ±5%,  if  the  maximum  pro¬ 
file  slope(dy/dx)  is  kept  below  0.4.  With 
this  restriction,  the  van  Dykes'  simi¬ 
larity  law  was  used  to  obtain  pressure 
distribution  data  on  ogives,  computed 
by  the  method  of  characteristics*  13) 
(Isenberg),  which  takes  into  account 
vorticity  behind  the  nose  shock  wave. 
Within  the  accuracy  of  the  theory  it¬ 
self,  the  results  are  equally  appli¬ 
cable  to: 

(a)  Circular-arc  tangent-ogive  fore¬ 
bodies, 

(b)  Pointed  parabolic-arc  tangent- 
ogive  forebodies, 

(c)  Secant-ogive  forebodies,  pro¬ 
vided  the  values  of  forebody  length  (I_n) 
and  the  maximum  diameter  (D)  are  fic¬ 
titiously  determined  by  transforming 

the  secant-ogive  shape  shape  into  a 
tantent-ogive  profile  generated  by  ex¬ 
tension  of  the  arc  of  the  original 
circle  (or  parabola)  of  the  secant- 
ogive  shape  up  to  the  point  where  it 
becomes  tangent  to  the  fictitious  new 
maximum  diameter  (see  Fig  2.5-7). 

(5)  Bodies  of  Revolution  for  Least 
Pressure  Foredrag  at  Zero  Angle  of 

Attack 

■ - _  « 

The  problem  of  configurations  with 
the  least  pressure  foredrag  has  been 
studied  and  solved  by  a  number  of 
authors  within  specifically  prescribed 
common  constraints,  such  as  a  fixed 
length,  a  fixed  volume,  a  fixed  base 
area,  etc.  The  common  hypothesis  in 
all  the  various  theories  is  that  the 
base  pressure  be  equal  to  the  free 
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Fig  (2.5-4  )  Voriotion  of  pressure  -  drog  coefficient  with  thickness  rotio  for 


a  cone-cylinder  ot  Mach  Number  I,  os  indicated  by  present  2.3-8 
theory,  by  other  theoristcol  results,  ond  by  experiment. 
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Fig  (2.5-5)  Voriotion  of  oressure-drag  coefficient  with  thickness  rotio  for 
the  front  holt  of  o  parabolic  -  ore  body  of  Moch  Number  I, 
os  indicated  by  present  theory,  by  other  theoretical  results, 
and  by  experiment.  Ref  (2.5- 20) 
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Fig  (2.5-6)  Correlation  curve*  for  drag  of  conet  and 
batit  of  hypertonic  timilority  parameter. 


tangent  ogive*  on 
Ref  (2.5-31) 


Fig  (2  5-7)  Pressure  distribution  on  ogivol  forebodies  at  zero  angle  of 
atfocK .  Ref  (2.5-1)  R.A.S.  doto  sheets,  aerodynamics, 
vol.  I,  bodies  S.  05.03.01 
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stream  pressure  in  an  inviscid  fluid, 
i.e.,  the  wave  drag  is  equal  to  the 
pressure  foredrag,  with  no  base-drag 
taken  into  account. 

The  few  well  known  minimum  foredrag 
shapes  are: 

(a)  Von  Karman's  ogive  body,  derived 
on  the  basis  of  slender  body  theory(34). 
It  has  a  least  pressure  foredrag  for  a 
given  length  and  a  cylindrical  base  of  a 
given  area: 

!$(VQ^N1E)2  , 
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(b)  The  Sears-Haack  body(35,36), 
symmetrical  about  the  midpoint  of  its 
axis,  pointed  at  both  ends.  It  repre¬ 
sents  a  minimum  pressure  foredrag  body 
for  a  zero  base  area  and  a  given  length 
and  volume.  Its  shape  was  derived  on 
the  basis  of  slender  body  theory: 
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(c)  Eggers,  Dennis  and  Resnikoff (37) 
studied  bodies  of  least  pressure  drag 
with  various  restraints  by  calculus  of 
variation  on  the  basis  of  the  Newtonian 
impact  theory.  With  a  prescribed  body 
length  and  base  area,  these  Newtonian 
bodies  are  flat-nosed  to  some  degree, 
depending  upon  the  fineness  ratio,  but 
otherwise  are  by  shape  very  similar  to 
von  Karman's  ogive.  The  local  pressure 
coefficient  for  Newtonian  bodies  is 
given  by 
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where  8°  is  the  angle  between  the  local 
tangent  to  the  body  and  the  streamwise 
direction.  The  Newtonian  foredrag 
values  are  a  bit  lower  than  von  Karman's. 


The  actual  shape  of  the  Newtonian 
bodies  can  be  closely  approximated  by 
a  three-quarter  power  law: 


’(2.5-15) 


where  (d)  and  (D)  are  local  and  base  diame¬ 
ters  respectively,  and  (Ln)  is  body 
(or  nose)  length. 


A  comparison  of  the  cross-sectional 
area  distributions  for  the  bodies  (a), 

(b)  and  (c)  of  minimum  pressure  fore¬ 
drag  is  given  in  Table  2.5-1  and  Figs  • 
(2.5-8)  and  (2.5-9). 

(iii)  Inviscid  Pressure  Drag  on  Wings 
and  Fins  * . ~ 

(1)  Two-Dimensional  Theories 

There  are  three  main  theoretical 
methods  for  calculation  of  the  inviscid 
pressure  distribution  past  two-dimen¬ 
sional  airfoils  at  supersonic  speeds. 
These  methods  are  listed  below  in  the 
respective  order  of  accuracy: 

(a)  "Shock-expansion  method",  or 
nearly  exact  method. 

(b)  "Simple-wave  flow  method", 
approximating  the  isentropic  conditions 
for  small  flow  deflections  (i.e.,  for 
thin  airfoils) . 

(c)  "Second  and  first  order  theory 
methods",  using  power  series  expansions 
for  pressure  distributions. 

All  these  methods  are  restricted  to 
inviscid  flows  with  attached  shock 
waves.  Suitable  charts  and  numerical 
data  for  computations  can  be  found  in 
Ref  (2.5-1)  (RAS  Data  sheets)  for  all 
the  three  methods.  As  an  illustration 
of  the  respective  accuracies,  the  com¬ 
putations  for  two  symmetric  double 
wedge  sections  of  3%  and  10%  thickness/ 
chord  ratios  are  presented  in  table 
(2.5-2).  The  difference  proved  to  be 
small,  the  greatest  being  of  the  order 
of  10%. 


(2)  Three  Dimensional  Supersonic 
Wing  Theories 

The  linearized  supersonic  wing 
theory  ( 18 ,39 ,40),  proves  to  be  an 
acceptable  basis  for  the  evaluation  of 
the  wing  pressure  drag  in  a  first 
approximation.  The  pressure  distribu¬ 
tions  can  be  considered  as  resulting 
from: 

(a)  A  thickness-drag  component  at  a 
zero  angle  of  attack, 

(b)  A  camber-drag  component  at  a 
zero  angle  of  attack, 

(c)  Drag  due  to  lift. 
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At  a  zero  angle  of  attack,  the  re¬ 
spective  (a)  and  (b)  two-dimensional 
values  for  cambered  double-wedge,  un- 


Fig  (2.5 -8) 


Comparison  of  shape  of  Ka'rma'n  Ogive  with  that  of 
body  of  least  pressure  foredrag.  Ref  (2.5-18) 


Newtonian 
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ond  base  diameter. 


TABLE  (2.5-1)  COORDINATES  OF  BODIES  OF  LEAST  WAVE  DRAG 
See  Figs.  (2.5-8)  and  (2.5-9) 


I 

t 

I 
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*Given  volume  and  length  2LN;  maximum  radius  D/2. 

Given  tnse  radius  D/2  and  length  LN;  tangent-cylindrical  base. 
Given  base  radius  D/2  and  length  Lfj. 


REF  (2.5-18) 
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TABLE  (2.5-2) 

Thickness/  chord  ratio  s  3  per  cent. 


Mach  number 

1.5 

3  0 

cLw 

CDOpW 

CDOpW 

Shock-expansion 

0.3075 

0.0302 

0.1292 

0.0126 

Simple  -  wave 

0.3206 

0.0316 

0.1249 

0.0122 

Second  order 

0.3122 

0.0305 

0.'234 

0.0120 

Thickness  /  chord  ratio  e  10  per  cent. 


Mach  number 

1 .5 

3.0 

CLw 

Cpopw 

CLW 

CpopW 

Shock- expansion 

0.3296 

0.0679 

0.1274 

0.0259 

Simple-wave 

0.3412 

0.0691 

0.1315 

0.0260 

Second  order 

0.3122 

_ 

0.0630 

0.1234 

0.0249 

ILLUSTRATION  OF  RESPECTIVE  ACCURACIES  OF  VARIOUS 
THEORETICAL  METHODS  OF  CALCULATING  INVISCID 
PRESSURE  DRAG  ON  TWO-DIMENSIONAL  AIRFOILS. 

REF  (2.5-1) 
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cambered  double-wedge  and  bi-convex  air¬ 
foils  are: 
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Since  the  wings  of  interest  in  mis¬ 
sile  designs  are  usually  of  symmetrical 
cross-section,  in  evaluating  the  three 
dimensional  effects  the  camber  influence 
will  not  be  considered.  For  such  zero- 
camber  wings,  the  three-dimensional  drag 
coefficient  at  a  zero-lift  depends  on: 

(a)  Wing  planform  and  aspect* ratio , 

(b)  Wing  section, 

(c)  Mach  Number. 

The  respective  results  for  a  wide 
range  of  wing  planforms  are  given  in 
the  form  of  "ready-to-use"  charts  or 
tables  in  Refs.  (2.5-1),  (2.5-3), 
(2.5-39),  (2.5-41),  (2.5-42),  (2.5-43), 
(2.5-44),  (2.5-45),  (2.5-46). 

According  to  the  supersonic  wing 
theory,  the  pressure  drag  of  a  symmetri¬ 
cal  wing  section  at  a  zero  angle  of 
attack  is  all  wave  drag,  and  is  usually 
referred  to  as  the'hiinimum  wave  drag". 

,  ( l±7) 

Katzen  and  Kaattariv  J  have  con¬ 
ducted  systematic  comparisons  between 
the  measured  and  the  theoretical  drag 
coefficients  at  a  zero-lift  condition 
for  a  series  of  triangular  wings  with 
double-wedge  sections  of  87o  thickness. 
From  their  investigations,  two  important 
conclusions  may  be  drawn: 

(a)  The  theoretical  estimates  seem 
to  be  higher  than  the  experimental  for 
fully  developed  supersonic  flows, 

(b)  For  the  transonic  range  of 
speeds,  i.e.,  as  the  leading  edge,  the 
line  of  maximum  thickness  and  the 
trailing  edge,  are  successively  passing 
through  locally  sonic  speeds,  the  super¬ 
sonic  theory  is  not  valid,  and  experi¬ 
mentally  "rounded"  data  are  necessary. 

(iv)  Wing-Body  Interference  Drag, 
ACoopW(B)  +  ACDOpM(W) 

The  pressure  drag  of  wing-body  com¬ 
binations  can  be  suitably  broken  into 


the  following  parts,  see  Section  1.7.4. 

CDOP(v*-*LI  =  CD0PWEXP  +  CD0PF0RE  + 

+  ACDOpw(B)  +  ACDOpM(W)  (2.5-18) 

where : 

cdopfore  -  is  the  foredrag  of  the  body 
alone , 

cdopwexp  -  is  the  pressure  drag  of  the 
exposed  wing  area  alone, 

ACDOpw(B)  -  is  the  pressure  drag  of  the 
exposed  wing  due  to  presence  of  body, 

ACdopmiw)  _  is  the  pressure  drag  of  the 
body  due  to  presence  of  wing  (mainly 
the  pressure  drag  on  the  "central 
part”  of  the  body  at  the  wing  location 
for  Cl  =  0) . 

There  are  several  theories  applicable 
to  various  wing-body  combinations  and 
shapes.  Thus,  for  slender  wing-body 
combinations  of  various  shapes ,  the 
drag  formula  of  WardO-8)  can  be  used. 
For  special  cases  of  symmetrical  cross- 
section  wings,  mounted  on  body  sec¬ 
tions  of  circular  or  nearly  circular 
cylindrical  shape,  the  drag  of  the 
wing-body  combinations  can  be  computed 
by  Nielsen's  special  "W-function" 
linear  theory(^8). 

Katzen  and  Kaattari^?)  computed  by 
the  method  of  Nielsen  and  MattesonC^), 
the  drag  of  triangular  planforms  of 
various  sizes  and  aspect  ratios 
mounted  on  a  circular  cross-section 
body,  and  concluded  that  the  ACDopw(B) 
term  is  a  negligible  percentage  of  the 
combination  total  pressure  drag,  C00p(w+B). 
However,  for  wing  planforms  small  com¬ 
pared  to  the  body,  it  can  constitute  a 
substantial  percentage,  if  referred 
to  the  isolated  wing-drag  alone, 
cdopwexp 

When  wings  are  mounted  on  body  sec¬ 
tions  that  are  expanding  or  contracting, 
a  correction  should  be  added  for 
existing  longitudinal  pressure  gra¬ 
dients  . 

The  ACDopM(w)  term  is  theoretically 
zero,  if  the  body  cross-section  is 
circular.  For  other,  more  general 
shapes,  the  "W-function”  method(^8) 
can  be  used. 

It  should  be  emphasized  that  in  the 
transonic  speed  range  the  problem  of 
the  wing-body-combination  pressure 
drag  ,  C00p  (w+b)  >(  then  called  the  thick- 


ness  preaaure  drag),  could  be  approached 
without  resorting  to  the  drag  decompo¬ 
sition  shown  by  Eq  (2.5-18),  by  using 
the  Whitcomb’ s( 50)  area  rule.  Accord¬ 
ing  to  it,  the  pressure  "thickness 
drag"  of  a  slender  win^-body  combina¬ 
tion,  Cooptw+s) ,  is  equal  to  that  of  an 
"equivalent  body  of  revolution", 

(  Coop  Equivalent  body  .  The  equivalent 
body  of  revolution  has  the  same  area 
distribution  as  the  wing-body  combina¬ 
tion  to  suit  the  minimum  pressure  drag 
body  concepts  of  Sears  and  Haack,  von 
Karman,  etc.  The  area  rule  has  its 
upper  Mach  Number  limit  of  applica¬ 
bility  which  is  dependent  on  the  sweep- 
back  angle  and  the  wing  position  with 
respect  to  the  body.  Beyond  these  Mach 
Numbers,  the  "supersonic  area  rules" 
of  Jones(51)f  Lomax  and  Heaslet(52), 
Lomax(53)  and  Nielsen(54)  can  be  used. 

Nevertheless,  in  the  present  inves¬ 
tigation,  due  to  limitations  of  the 
possible  missile  configurations  to 
slender,  cylindrical,  circular  cross- 
section  bodies,  and  relatively  small 
planform  symmetrical  airfoil  wings,  the 
pressure  drag  breakdown  as  indicated 
by  the  Eq  (2.5-18),  has  been  adopted  as 
suitable,  since  in  a  first  approxima¬ 
tion: 

Cpop  B(W)“  Coop  0  . 

and  Coopw(s) m  0  •  (2.5-19) 

A  summary  of  theoretical  values  of 
Coopwexp  for  supersonic  speeds  is 
given  in  Table  (2.5-5).  The  three- 
dimensional  wing  effects  spread  inward¬ 
ly  from  wing  tips  along  the  Mach  lines, 
creating  a  suction  (low  pressure) 
region  on  the  upper  surfaces,  and  sub¬ 
sequently  inducing  a  curled  tip  vortex 
from  lower  to  upper  surface,  in  the 
same  way  as  at  subsonic  speeds.  The 
interrelationship  between  the  Mach  lines 
and  the  leading-edge  sweep  back  is 
of  importance  as  can  be  seen  from  three 
delta  configurations  tabulated  in  the 
Table  (2.5-5). 

(v)  Viscous  Form  Drag,  coopwvi5  and 
Cdopfvis 

A  progressive  boundary  layer  thicken¬ 
ing  between  the  leading  and  the  trail¬ 
ing  edges  modifies  the  effective  shape 
of  the  airfoil  sections  with  respect  to 
the  inviscid  outer  flow.  A  subsequent 
change  in  the  inviscid  flow  pressure 
distribution  is  thus  created,  resulting 
in  an  additional  increase  in  pressure 
drag,  which  is  called  the  viscous  form 
drag.  It  can  be  computed  (Ref.  2.5-1  , 


RAS  Data  Sheets),  provided  no  trailing- 
edge  flow  separation  is  assumed. 

The  existing  evidence  indicates  that 
the  viscous  form  drag  is  generally 
small,  and  consequently,  can  be  neg¬ 
lected  in  a  first  approximation.  The 
more  so,  if  the  skin-friction  drag  is 
conservatively  evaluated  for  an  assumed 
fully  turbulent  boundary  layer. 

(vi)  Boundary  Layer-Shock  Wave  Inter¬ 
action 

From  the  summarized  evidence  in  Ref. 
2.5-1  (RAS  Data  Sheets),  it  appears 
that  the  boundary  layer- shock  wave 
interaction  at  a  relatively  sharp 
leading  edjje  has  but  little  effect  on 
the  inviscid  pressure  distribution, 
except  for  the  immediate  region  up  to 
approximately  0.02c  from  the  leading 
edge. 

At  the  trailing  edge,  the  boundary 
layer-shock  wave  interference  becomes 
more  pronounced,  causing  a  rapid 
thickening  and  an  eventual  separation 
of  the  boundary  layer.  The  abrupt 
thickening  of  the  boundary  layer, 
caused  by  an  adverse  pressure  gradient 
in  the  subsonic  portion  of  the  bound¬ 
ary  layer  affects,  in  its  turn,  the 
shock-wave  pattern.  This  leads  to  a 
generally  complex  interplay  of  the  two 
phenomena.  There  is  little  generalized 
evidence  on  how  much  quantitatively  it 
affects  the  inviscid  pressure  drag 
term.  Some  restricted  data  on  the 
changed  upstream  pressure  distributions 
may  be  found  in  Ref.  (2.5-55)  by 
Zienkievicz  and  in  Refs.  (2 . 5-56)  and 
(2.5-57)  by  Holder.  The  downstream 
effects  of  the  phenomena  are  partially 
covered  by  taking  the  trailing-edge 
"bluntness"  base  drag  into  account, 
as  it  is  done  later. 

(vii)  Leading  Edge  "Bluntness"  Ef¬ 
fects  ,  Coopts  and  Cpqpfle  . 

Due  to  usual  manufacturing  and 
structural  restrictions,  the  actual 
leading  edge  of  supersonic  airfoils 
is  never  ideally  sharp, as  tacitly 
assumed  in  the  idealized  inviscid 
fluid  theories.  Therefore,  the  lead¬ 
ing  edge  shock  wave  i.i  not  attached 
and  straight,  but  rather  has  a  small 
curved,  detaphed  shape  immediately 
in  front  of  the  leading  edge.  The 
static  pressure  behind  such  a  locally 
almost  "normal"  shock  wave  is  appreciably 
increased  as  compared  with  the  condi¬ 
tions  existing  behind  an  attached 
oblique  shock. 
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No  simple  analytical  methods  are 
available  for  calculation  of  the  blunt¬ 
ness  effects.  An  approximate  semi- 
empirical  method  is  presented  in  Ref. 
(2.5-1)  (RAS  Data  Sheets)  in  the  form 
of  "ready-to-use"  graphs  for  engineer¬ 
ing  estimates.  As  an  illustration  of 
the  magnitude  of  this  drag  increase: 
Coopwle  =  »075  Coopwcxp  f°r  a  double¬ 
wedge  airfoil  with  a  thickness/chord 
ratio  of  6%  at  a  Mach  Number  of  1.6 
and  a  leading-edge  bluntness  of  0.005 
in.  on  a  1  foot  chord  section, 

A  conservative  assumption  of  an 
effective  leading-edge  "bluntness" 
radius  of  the  order  of  0.05  in.  could 
be  used  as  an  average  mean  value  for 
the  actual  leading  edge  bluntness  under 
ordinary  full  scale  manufacturing  con¬ 
ditions  . 

Another  possibility  for  calculation 
of  the ( Coopwle)  term  is  by  using  the 
simple  Newtonian  impact  theory,  assum¬ 
ing  a  semi-cylindrical  leading-edge 
shape  of  the  bluntness  radius  Rbl  ,  see 
Fig  (2.5-10).  Then: 

=  Co("v^")  2  RBL  &WEXP  , 


0opWLE—  2Rbl bWExpdapC0co$zAwLE  = 


=  Coopwle  * 

C00P*LE=  2-55Cp('l?k')(‘^6Ei£')C03eAWLf  * 

(2 . 5-19a) 

The  Newtonian  impact  theory^1**) , 
without  accounting  for  centrifugal 
force  effects,  yields  a  value 

Ccxr  4/3  (2.5-20) 

for  circular  cylinders  in  twc -dimen¬ 
sional  non-viscous  flows.  Thus, 
finally,  it  follow  that  regardless  of 
Mach  Number: 

<«P«-  3.4(»(i(P)  CO.'**,  • 

(2.5-21) 


for  wings,  and 

C00PFLE~  3-4N(~^k)(  V'  )  C°»gAfLE  ’ 
for  fin,.  <2-5-22> 


where  (N)  is  the  number  of  individual 
fins  and  (hFEXp)  is  the  fin  height. 


The  results  are* actually  strictly 
valid  only  for  M— •  ,  but  may  serve 
as  a  quick  estimate  at  supersonic 
speeds  in  general,  since  the  bluntness 
drag  is  relatively  small  anyhow. 


f 
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2.5.2  THE  BASIC  EXPRESSION  FOR  THE  TOTAL  ZERO  LIFT  PRESSURE 
DRAG  COEFFICIENT  (EXCLUSIVE  OF  BASE  DRAG) 


Note:  The  Figures  (2.5-11)  to  (2.5-37) 
and  the  Tables  (2.5-3)  to  (2.5-16)  are 
compiled  at  the  end  of  the  Section 
2.5.4. 

CDOp=  (CDOPfore+  AC00Pnt|P)  +  (C00pBT  + 

+  ^C0OPBT(F)+  ACD0pBT(vv)+  A CpopoKpppg)  )  + 

+  (C00pWEXp  +  ACDOpw(B)  +  AC00pM(w))  + 

+  (CpopFEXp  +  ACpopp(yy  +  B)  +  ACp0pF(BTj)  + 

+  (C0OPWLE  +  COOPflE^  +  ^CPOpBTVis  + 

+  coopWV|S  +  C00pFV|S)  ^  5_23) 

The  Eq  (2.5-23)  represents  the  total 


pressure  drag  term  (inviscid  +  viscous, 
exclusive  of  base  drag). 

Each  of  the  terms  in  the  Eq  (2.5-23) 
is  evaluated  separately  within  the 
general  classification  of  the  main 
missile  parts:  nose  section,  cylinder 
+  boattail,  wings  and  fins,  see  Sec¬ 
tion  1.7.4. 

A  summary  or  the  respective  theore¬ 
tical  and  experimental  data,  which 
are  graphically  presented  in  the  corres¬ 
ponding  Figures,  is  presented  next,  to¬ 
gether  with  the  main  assumptions,  ap¬ 
proximations  and  limitations  that  are 
inherent  to  the  data.  The  computa¬ 
tional  procedure  is  then  presented  in 
the  following  Section, 2. 5. 3, in  a  self- 
instructive  stepwise  manner,  similar  to 
that  used  for  the  skin-friction  drag 
estimates . 
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2.5.3  THE  EXPRESSIONS  AND  THE  DATA  FOR  THE  BODY 
PRESSURE  DRAG  COEFFICIENT  ESTIMATES 


<coopFone+  acdopntip)  +  (cdop8T+  acoopbt(f)  + 
+  A  CDopiT(W)  +  A  CooPbt(FORC)^  +  ^OOPBTVIS 


(2.5-24) 

( i)  Inviscld  Forebody  Pressure  Drag, 
Coop fore  AC00pWTIp 

This  represents  a  major  portion  of 
the  pressure  drag  force.  The  contri¬ 
bution  of  the  nose-section  is  all  im¬ 
portant,  the  cylindrical  part  of  the 
body  ahead  of  the  wing  having  but 
negligible  influence. 

(1)  Cones  at  supersonic  speeds, 
zero  angle  of  attack:  C00pFOWE  «  CD0DC 

The  exact  solutions  are  available 
in  Ref s.  (2 . 5-15)  by  Taylor  and  (2.5-16) 
(MIT  Tables)  with  accompanying  graphi¬ 
cal  presentations.  A  replot  of  the 
data  in  Fig  (2.5-6)  gives  general  curves 
in  terms  of  the  hypersonic  similarity 
parameter,  K  =  ^(Ln/D). 

Also,  for  direct  engineering  esti¬ 
mates,  the  concise  graphs  from  Ref. 
(2.5-1)  (RAS  Data  Sheets)  can  be  used, 
see  Fig  (2.5-11).  Applicability  of 
the  charts  is  restricted  to  purely 
supersonic  conditions  behind  the 
attached  front  shock  wave.  The  critical 
free  stream  Mach  Number  (  Mcr),  when  the 
front  shock  detaches,  is  plotted  in 
Fig  (2.5-12)  as  a  function  of  the  cone 
vertex  angle  (  ®n  )  .  From  the  pressure 
coefficient  readings  in  Figs  (2.5-6) 
or  (2.5-11),  the  corresponding  values 
of  the  pressure  drag  coefficient  are 
obtained: 

_ 

cPcone  “  q  g1,  * 

°*  2 

^OPOONE =  ^OOPcoNE  4  = 

=  CPCONE  LNS«C(^)*in(^2L)  » 

coopFOREw  Coopc=  2  cPc(l?')  ,on(“2L)  ’ 


(Y)=  ico,(f)  ’ 

C00PFOREW  COOPc=CPc  • 

(2.5-25) 


(2)  Ogives  at  supersonic  speeds,  zero 
angle  olattack:  Cppp^  C00Pc  + ACD0Pp 

The  increased  drag  of  ogives ,  ACpopo , 
due  to  the  entropy  gradient  along  the 
curved  nose  wave ,  can  be  obtained 
from  Fig  (2.5-13).  For  fineness  ratios 
of  2  or  greater  and  Mach  Numbers  of 
1.5  or  greater,  the  accuracy  in(C00p0) 
is  of  the  order  of  ±5%  of  the  respec¬ 
tive  cone  value  (Cpopr)  •  The  curve 
in  Fig  (2.5-13)  could  be  used  on  all 
types  of  ogive  forebodies  in  a  first 
approximation.  In  the  case  of  secant- 
ogive  forebodies,  a  fictitious  fore¬ 
body  length  (Ln)  and  a  maximum  diameter 
(D)  should  be  introduced  as  clearly 
shown  in  Fig  (2.5-7).  Then, 

COOPfoRERS  C00P0=  CDOPc  +  ACoop0  . 

(2.5-26) 

For  I  <  M  <  1.5  ,  the  cone  results 
should  be  used  due  to  lack  of  data 
and  the  inherent  uncertainty  of  drag 
estimates  at  transonic  speeds. 

(3)  Minimum  drag  forebodies  at 
supersonic  speeds,  zero  angle-of- 
attack:  Cdopcorf ,  see  Section  2.5.1 
paragraph  (ii)  (5),  and  Fig  (2.5-14) 

(4)  Cone-cylinder  and  parabolic 
tangent  ogive  pressure  drag  at  M«,=l 
zero  angle-of -attack: 

In  Ref.  (2.5-19)  by  Spreiter,  an 
approximate  solution  of  the  nonlinear 
equations  of  the  small  disturbance 
theory  for  transonic  flows  was  used 
for  determining  the  inviscid  pressure 
drag  on  cone-cylinders  and  parabolic 
tangent-ogives  for  free  stream  Mach 
Number,  Mh  =  t  .  The  results  are  in 
good  agreement  with  other  theories: 
Page(28)>  Taylor(23)f  Drougge^22', 
0swatitsch(2 1) ,  Miles(2iO, 

Yoshikara(26) f  and  can  be  used  for 
engineering  purposes  at  a  zero  angle- 
of-attack.  Thr  respective  working 
charts  are  given  in  Figs  (2.5-4)  and 
(2.5-5).  The  corresponding  analytical 
expressions  are: 

(Cdopn)Ms|=  -  (£n)2[  1.08965+  4  log8(f“)]  ’ 

(Spreiter)  ^2  5-27) 

for  cylinder-cone  combinations,  and 

(Cdopo)mo=  (■£)  (£  )  (Oswotitsch)  » 

N  (2.5-28) 


i 
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tor  parabolic  tangent-ogives. 

In  the  Figs  (2.5-4)  and  (2.5-5)  the 
solid  line  curves  should  be  used. 
Applicability  of  the  results  from  the 
slender  body  theory  is  restricted  to 
(LN/D)  >  3 .0. 

(5)  Forebody  bluntness  effects. 

ACDopNTIPj 

The  theoretical  assumption  of  an 
ideally  sharp  forebody  is  not  met 
exactly  in  practice.  Due  to  some  tip- 
bluntness,  an  additional  drag  incre¬ 
ment  from  the  high  pressure  region 
behind  a  curved  detached  shock  wave 
shall  exist.  No  exact  theoretical 
generalized  treatment  of  the  problem 
in  this  form  is,  available.  Experimental 
evidence,  Ref . (2 . 5-59),  with  blunted 
cones  indicates,  however,  that  no  appre¬ 
ciable  drag  rise  has  been  found  for  Mach 
Numbers  (I  <M  <7 ) ,  provided  the  bluntness 
does  not  exceed  15%,  i.e., 

R 

(D/2)  <  015  ’  (2.5-29) 

Therefore,  under  the  above  conditions, 
no  additional  corrections  of  the  pres¬ 
sure  drag  values  of  cones  (or  ogives) 
should  be  performed.  For  higher  blunt¬ 
ness  ratios,  the  semi-empirical  curves 
in  Fig  (2.5-15)  should  be  used.  They 
are  computed  by  the  "normal  shock" 
method  and  compared  with  experimental 
evidence.  The  curve  corresponding  to 
(Lf/Rbl)  *  *  (hemispherical  bluntness) 
is  recommended,  with  (Rbl)  determined  as 
the  actual  case  may  require.  The 
associated  drag  coefficient  values, CD0BL 
in  Fig  (2.5-15),  are  based  on  cross- 
sectional  blunt  area(irR$L)  and  should 
be  subsequently  reduced  to  the  common 
reference  area  (irD2/4)  be  fore  adding  to  the 
other  pressure  drag  terms,  i.e., 

Acdopntip=  ^  Cqobl ("d^)  •  (2.5-30) 

Alternatively,  the  simple  Newtonian 
impact  theory  may  be  used,  as  specified 
in  Section  2.5.2,  paragraph  (vii). 

(ii)  Inviscid  Afterbody  Pressure 
Drag,  Cdopbt 

This  is  the  drag  component  that  the 
afterbody  would  have  due  to  boattailing, 
if  it  were  theoretically  situated  be¬ 
hind  an  infinitely  long  midbody  in  an 
inviscid  fluid  flow,  i.e.,  without  any 
interference  effects. 


A  working  graph  is  presented  in 
Fig  (2.5-16).  The  curves  were  computed 
in  Ref.  (2.5-1)  (RAS  Data  Sheets)  by 
application  of  the  similarity  laws  to 
the  respective  second  order  theories, 
assuming  that  the  flow  conditions 
upstream  of  th**  afterbody  are  uniform, 
and  that  the  flo.’  is  parallel  to  the 
axis  of  the  afterbody,  (no  base  pres¬ 
sure,  i.e.,  atmospheric  conditions  at 
the  base,  no  trailing  shock  wave). 

(2)  Truncated  parabolic  afterbodies 
of  circular  cross-section 


A  working  graph  is  presented  in 
Fig  (2.5-17).  It  is  assumed  that 
the  parabolic  arcs  are  tangential  to 
the  midbody.  To  the  order  of  accuracy 
of  the  theory,  the  curves  may  be 
applied  to  circular  arc  afterbodies 
also.  The  curves  were  obtained  by 
application  of  the  similarity  laws  to 
the  "method  of  characteristics"  and 
"quasi-cylinder"  results  by  van  Dyke(12) 
and  Fraenkel(33) , 

(3)  A  semiempirical  method  for  in¬ 
viscid  afterbody  pressure  drag  esti~ 
mates 

Alternatively,  the  following  semi¬ 
empirical  expressions  from  Stoney(60) 
can  be  used: 


cdopbt 

where 


_  .001  0?  +  .00071  0£  f  /Do  \nl 

l 1  “  nr/  J 

(2 . 5-30a) 


n  =  4  f  or  I  <  Mh<  3.5  , 
n  =  3  for  M  >3.5, 


and  (  8p  )  is  the  slope  of  a  parabolic 
afterbody  in  degrees  at  the  base,  used 
as  positive  and  not  exceeding  15°, 
see  Fig  (2.5-18). 

In  a  first  approximation,  the  Eq 
(2.5-30)  can  be  used  for  conical 
afterbodies  also,  with (e|)  not  exceeding 
7.5°,  since  for  any  inscribed  cone  in 
a  parabolic  afterbody, 

«°b”  -f*-  ,  see  Fig  (2.5-18)- 

(2.5-31) 

A  graphical  presentation  of  the 
Eq  (2.5-30)  for  direct  computational 
use  is  given  in  Fig  (2.5-19)  as 
cdopbt  =  f(MH,0p)  •  Corresponding 
numerical  values  are  tabulated  in  Tables 
(2.5-3)  and  (2.5-4)  for  *  2*4:  6*  8«  10?  12*. 


(1)  Truncated  conical  afterbodies 
of  circular  cross-section 


In  the  Fig  (2.5-19),  the  geometric 
ratios  (  LBT/D  )  and  (  0B/0  )  for  constant 


(  0?  )  values  are  also  presented  for  con¬ 
venience  as  computed  by  the  approximate 
expression, 


(4)  Fin  interference  effects  on 
afterbody  pressure  drag,  ACdopbt(F)- 

Data  not  available. 


where : 

C  *  I  / 

Swet  =  ~2  7TD  Lbt  sec  (0B  12.)  , 

SWET  =  \  V  D  Lbt  ssc(0b/2)  - 

-  -£■  v  DbIl'bt  ~LBT)sec(0B/2)  , 


(5)  Forebody-afterbody  inviscid 
interference  drag ,  ACDOPbT(FORE>  . 

The  interference  drag  can  be  cal¬ 
culated  by  the  "slender-body"  and  the 
"quasi-cylinder"  theories.  Generally, 
it  is  a  fairly  small  proportion  of  the 
total  inviscid  pressure  drag,  see  Ref. 

(2 . 5-1)  (R.A.S .  Data  Sheets)  and  Re£(2 . 5-61) 
(Fraenkel).  It  should  be  taken  into 
account  only  for  small  total  fineness 
ratio  bodies,  with  relatively  short 
midbodies  (cylindrical  parts): 

fe)  <  1  50<  fe)  <  350  *  L~L"  +  lcvl+I-bt. 

(2.5-33) 

In  case  of  such  "short"  configura¬ 
tions,  the  working  graphs  on  Fig  (2.5-20) 
and  Fig  (2.5-21)  can  be  used  for  conical 
and  parabolic  fore-afterbody  configura¬ 
tions  respectively.  A  modified  equiva¬ 
lent  afterbody  length  (l'bt)  should  be 
determined  as  indicated  in  the  figures. 
Then,  with  the  first  approximation, 
from  the  geometry: 

ADOPBT(FORE)  = 

—  ACD0PBT(F0RE)S>r<*  =  ACpSWETd  sin(0B/2)  , 


ACDOPBT(FORE)“ 

=  2  ACp  [ttDLbt  sec (0B / 2)  sin  (0B/2)j  /  rr  D2, 


ond  since 

sec(0B/2)sin(00/2)  ■  tan(0B/2)  »  */2  (n^:)  ' 


Swet  “fg-irDLsT  see(0B/2  )Jl  •• 

-  (0b/0)(I-  Lbt/L'bt)] 

(2.5-36) 


and 

g?ET  =  —  (Db/D)(  I  -  lBt /LBt)] 

(2.5-37) 

Finally: 

ACd0PBT(F0RE)  = 

=  ACoopbtifore) [• —  (Db/D)(I-  Lbt/L'bt)] 


/  (2.5-38) 

where  ACqopbt (fore)  should  be  taken 
from  Figs  (2.5-20)  and  (2.5-21)  for 
conical  and  parabolic  afterbodies 
respectively.  In  both  cases, (®B  )  is 
the  slope  angle  of  an  inscribed  cone, 
see  Fig.  (2.5-18). 

(iii)  Viscous  Form  Drag,  cdQPbvi3 

Due  to  lack  of  generalized  data,  the 
viscous  form  drag  on  bodies  is  not 
evaluated.  It  is  believed  that  the 
error  is  negligible  with  the  adopted 
methods  of  total  drag  estimates  since: 

(1)  The  afterbody  viscous  form  drag 
is  usually  negative  and  to  a  greater  or 
lesser  extent,  counterbalances  the  fore¬ 
body  viscous  form  drag,  see  Ref.  (2.5-1) 
(RAS  Data  Sheets). 


ACoopbtifore)®  ACp' .  (2.5-34) 

Furthermore : 

AD'oP8T(FORE)=  ACpSwet^  *in(0B/2) 

and  AOopbt(fore)=  ACpSwet(:  jin(0B/2) , 

i  e  ADOPBT(FORE)  =  ADOPBT(FORE) 

>  =WET 

and  ACoopBT(FORE)  =  ACoOpBT(FORE)'§^^ 


(2)  The  adopted  fully  turbulent 
boundary  layer  skin-friction  coefficient 
estimates  are  sufficiently  conservative 
to  compensate  for  the  other  minor  vis¬ 
cous  effects. 

(iv)  The  Final  Expression  for  the 
Body  Zero-lift  Pressure  Drag  Coeffi¬ 
cient  at  Supersonic  Speeds,  see  Tables 
(2.5-14)  and  (2.5-15V - 1 - 

(Cpopc  +  ACpopp  +  A  CoopNT)p) 

■HCdopbt  +  ACpopBT(FOREj) 

(2. 5-39) 


The  Eq  (2.5-39)  represents  a  working 
approximation  of  the  initial  Eq  (2.5-24). 

The  second  term  is  zero  for  no  boat¬ 
tailing  ,  i.e.,for  (®b=0). 

At  subsonic  speeds,  with  the  above 
approximations,  the  theoretical  zero- 
lift  pressure  drag  is  zero.  Instead, 
semi-empirical  and  experimental  data 
should  be  used  from  the  related 


technical  literature. 

At  transonic  speeds,  (Me,  <  M<  1.2)  , 
the  experimental  data  are  required  for 
"rounding"  off  the  theoretical  drag 
curves . 

At  higher  hypersonic  speeds  ,(  M®  >  15), 
the  simple  Newtonian  impact  theory  data 
can  be  used,  see  Ref . (2 . 5-14) . 
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2.5.4  IHE  EXPRESSIONS  AND  THE  DATA  FOR  THE  PRESSURE 
DRAG  COEFFICIENT  ESTIMATES  ON  WINGS  AND  FINS 


(Cdopwexp  +  ACoop  w(8)  +■  ACooPm(W))  + 

(CooPfrexp  +  AC0ophw  +  b)  4* 

4-  ACoOPr(BT))  +  +  CdOPflE  ) 

4-  (Coopwvis  +  COOPFVI#) 

(2.5-40) 

The  proposed  working  graphs  for 
wings  and  fins  and  the  respective  ana¬ 
lytical  expressions  are  chosen  on  the 
basis  of  the  "linearized"  and  the 
"second  order"  inviscid  flow  theory  data. 

The  respective  experimental  inviscid 
pressure  drag  measurements,  Ref.  (2.5-1) 
(RAS  Data  Sheets),  indicate  a  decisive 
limitation  of  the  theoretical  estimates 
to  supersonic  speeds  (M.  >  1.2).  In  the 
transonic  region  (Mcr«<  M  <  1.2  )  an  ex¬ 
perimentally  biased  "rounding  off"  of 
the  excessive  theoretical  drag-peaks  is 
necessary. 

The  theoretical  curves  resulting  from 
Ackert's  linearized  supersonic  wing 
theory,  see  Ref.  (2.5-3),  exhibit  sharp 
"kinks"  in  the  transonic  region,  indi¬ 
cating  that  the  leading  edges,  the 
trailing  edges,  or  the  maximum  thickness 
ridge  lines  have  become  sonic.  Since 
the  theory  does  not  hold  for  (M  »  1.0), 
the  engineering  restriction,  (M«  >  1.2), 
is  imposed  to  the  theoretical  results. 

The  supersonic  (M«>l.2)  theoretical  val¬ 
ues  of  tb'j  inviscid  pressure  drag  coef- 
fic  ient  are  believed  to  be  slightly 
higher  when  compared  with  respective 
experimental  pressure  drag  measurements, 
see  Ref.  (.2.5-1)  (RAS  Data  Sheets), 
the  excess  being  of  the  order  of  +  57o. 
Since  the  wing  pressure  drag  contri¬ 
bution  to  the  total  missile  drag  repre¬ 
sents  but  a  small  fraction,  no  correc¬ 
tions  f c r  the  slightly  higher  theore¬ 
tical  results  are  considered  necessary. 

Interpretation  of  the  related  ex¬ 
pel  imental  pressure  drag  data  requires 
'>me  caution.  In  general,  the  tests 
are  run  at  very  low  Reynolds  Numbers, 
under  ideal  surface  conditions ,  and 
with  skin-temperatures  largely  different 
from  those  encountered  under  actual 
flight  situations.  Besides,  the 
base-drag  component  at. the  trailing 
edge,  the  pressure  changes  along  the 
wing  surface  due  to  boundary  layer 
growth  and  the  accompanying  rear-end 


wake  formation,  are  difficult  to 
separate  from  the  experimentally 
measured  total  pressure  data  in  order 
to  obtain  the  pure  "inviscid"  pres¬ 
sure  drag  fraction.  These  effects  are 
r;  latively  significant  with  thin 
airfoils,  where  the  viscous  wake 
thickness  at  the  trailing  edge  may  be 
comparable  to  the  airfoil  thickness 
itself.  Furthermore,  the  fully  laminar 
boundary  layer  existence  with  some 
highly  controlled  experiments,  as¬ 
sociated  with  low  test  Reynolds  Num¬ 
bers  and  an  idealized  surface-finish, 
requires  that  the  application  of  the 
wind  tunnel  inviscid  pressure  drag 
data  to  actual  full  scale  flight 
conditions  be  done  with  due  reserva¬ 
tions,  even  if  the  wind  tunnel  data 
are  tentatively  "cleaned"  from  the 
viscous  effects  (which  is  rarely  the 
case) . 

Use  of  the  proposed  theoretical 
charts  and  the  related  analytical  ex¬ 
pressions  is  thus  based  on  the  follow¬ 
ing  main  assumptions: 

(a)  The  theoretical  inviscid  pres¬ 
sure  drag  data  are  valid  only  for 

(M  >  1.2).  An  attached  oblique  shock 
wave  pattern  at  the  leading  edge  is 
assumed,  and  the  wake  effects  are 
neglected  at  the  trailing  edge.  There¬ 
fore,  before  proceeding  with  use  of 
the  data,  the  "profile-angle  limita¬ 
tion"  curve  in  Fig  (2.5-22)  should  be 
consulted,  in  order  to  ascertain  that 
no  shock-wave  detachment  occurs. 

(b)  The  leading-edge  bluntness  ef¬ 
fects,  promoting  a  slight  bow  wave 
detachment  and  a  consequent  pressure 
increase,  are  taken  into  account 
separately.  The  pressure  drag  distri¬ 
bution  on  the  rest  of  wing  surface 

is  not  affected  by  this  phenomena, 
except  for  the  immediate  neighborhood 
around  the  stagnation  point,  (~,02G). 

(c)  Corrections  for  the  boundary 
layer  thickening  and  the  viscous  wake 
formation  effects  on  the  inviscid 
pressure  distribution  around  the  thin 
airfoils  are  additionally  performed. 
Note  that  the  trailing  edge  base-drag 
(or  trailing  edge-bluntness  pressure 
drag)  is  considered  separately  in  the 
next  Section,  2.6. 

(d)  Effects  of  the  actual  skin- 
temperatures  are  considered  restricted 
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to  the  boundary  layer  and  therefore 
neglected  in  the  inviscid  flew  analysis. 

The  associated  theoretical  and  ex¬ 
perimental  evidence  applied  in  evalu¬ 
ating  the  various  terms  in  the  Eq 
(2.5-40)  is  summarized  as  follows: 

(i)  Inviscid  Pressure  Drag,  cdopwexp 
and  CDOpFfxp  . 


pressure  effects). 

(ii)  Two-Dimensional  Inviscid  Plus 
Viscous  Zero-Lift  Pressure  Drag  of 
Double  Wedge.  Double  Symmetry  Airfoil 
Sections . 

This  represents  the  theoretical 
minimum  pressure  drag.  According 
to  the  linearized  theory  by  Ackeret(3): 


At  a  zero  angle-of-attack,  the  three 
dimensional,  inviscid  pressure  drag 
coefficient  at  supersonic  speeds  is  a 
function  of  the  following  main  parame¬ 
ters  : 

(a)  airfoil  thickness, 


Coopy»=  4 


(t/c)2 

0 


2C,(t/c  f 


wh^^e 

r  -  2  -  _2 

c,‘  O.’iiSriF 


(2.5-41) 

(2.5-42) 


(b)  airfoil  shape  , 

(c)  airfoil  camber, 

(d)  location  of  the  maximum  thick¬ 
ness  line  , 


is  Busemann's  coefficient,  see  Table 
(2.5-4)  and  Fig  (2.5-22). 

This  basic  minimum  two-dimensional 
value  should  be  corrected  for  viscous 
effects  as  follows^): 


(e)  wing  planform  and  aspect  ratio, 

(f)  sweep-back  angles  of  the  leading 
edge,  the  trailing  edge,  and  the 
maximum  thickness  line  , 

(g)  wing  taper  ratio  , 

(h)  free  stream  Mach  Number  . 

Following  the  usual  missile  design 
trends,  only  wing  planforms  with 
symmetric  airfoil  sections  are  con¬ 
sidered.  For  cambered  airfoil  data  see 
Refs.  (2.5-1)  ,  (2.5-3),  and  (2.5-62). 

In  developing  the  working  charts 
and  the  related  analytical  expressions, 
the  "linearized"  and  the  "second- 
order"  supersonic  theories  were  used. 

For  other  theoretical  data,  especially 
at  hypersonic  speeds,  see  Ref.  (2.5-14) 
The  subsonic  speed  regime  and  the  re¬ 
lated  theoretical  airfoil  data  can  be 
found  in  the  extensively  elaborated 
forms  in  Ref.  (2.5-62)  and  (2.5-1).. 

At  supersonic  speeds,  the  two- 
dimensional,  double  wedge,  double 
symmetry  airfoil,  having  the  minimum 
theoretical  inviscid  pressure  drag 
value,  has  been  chosen  as  a  basic 
reference  in  estimating  the  influence 
of  various  other  airfoil  shapes  and 
the  maximum  thickness  line  positions. 

The  viscous  form  drag  contribution 
through  the  wake -format ion  on  the 
inviscid  pressure  drag  value  is  included 
directly  here  for  the  sake  of  conven¬ 
ience  (but  excluding  trailing  edge  base 


A  frictional  wake  is  developed  at 
the  wing  trailing  edge,  even  at  super¬ 
sonic  speeds.  The  width  of  the  wake 
depends  on  the  boundary  layer  type 
and  the  Reynolds  Number  value.  It 
changes  the  effective  profile  shape 
and  the  inviscid  pressure  distribu¬ 
tion  at  the  rear  of  the  airfoil, 
since  the  trailing  edge  region  is 
immersed  in  a  stagnant  air  of  the 
wake.  Consequently,  the  actual  geo¬ 
metric  shape  of  the  trailing  edge  loses 
its  relative  importance,  the  profile 
shape  being  effectively  not  closed  at 
the  rear  end.  Considering  the 
boundary  layer  thickness  as  a  supple¬ 
mentary  part  of  the  solid  body  con¬ 
tour  (as  far  as  the  external  inviscid 
flow  is  concerned),  the  tail-wave 
losses  shall  be  decreased  through  e 
lesser  angle  of  the  rear-flow  deflec¬ 
tion.  As  a  consequence,  the  total 
inviscid  pressure  (wave)  drag  will  be 
less  than  theoretically  predicted  (base 
drag  effects  are  considered  separately! 

This  wake-formation  effect  may  be 
conveniently  handled  by  assuming  that 
the  chord  (and  the  exposed  area)  of 
the  wing  is  shortened  to  an  effective 
length  up  to  the  point  where  the  wake 
starts.  Sub' equently ,  this  decreases 
the  pressure  coefficient  value  as 
referred  to  the  actual  geometric  wing 
planform. 

By  using  the  Fig  (2.5-23),  the  de- 
creasedCoop#value  of  any  symmetrical 
airfoil  section  may  be  thus  computed 
from  the  expression, 


I 


I 


I 


I 
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' 


where 


c°°p*  *  2c,(-&)(-^y 


(2.5-43) 


where  ( C«  )  is  the  effective  mean  geome¬ 
tric  chord  as  referred  to  the  shortened 
airfoil,  see  Fig  (2.5-23) 
and  Table  (2.5-5)  at  the  end  of  this 
Section: 


■  37  L 
(RclV2 


or 


«.  5.2L 

oi  '  TZT17T 


(Ret.) 


(Blosiu*,  T.  B.L.)  > 

(2.5-46) 
(Blosius,  L.B.L  ) 


(2.5-47) 


for  incompressible  turbulent  boundary 
layer* . 


Ce  -  £*exp  [•“ 


2&TE  *  ^TE 


(2.5-44) 


where 

8te  -  is  the  turbulent  or  laminar 
boundary  layer  thickness  at  the  trail¬ 
ing  edge,  see  (Table  2.5-6), 


In  a  first  approximation,  the  same 
(8/8i)  =  f  (  Mm)  law  from  Fig  (2.5-24) 
may  be  used  for  laminar  boundary 
layers,  since  the  trailing  edge  blunt¬ 
ness  analysis,  as  presented  here,  is 
very  approximate  in  itself. 

(iii)  Three-Dimensional  Inviscid 
Plus  Viscous  Pressure  Drag  on  Wings 
and  Fins  . . 


tTE -  is  the  trailing  edge  bluntness 
due  to  manufacture,  ~  .01  ft, 

( l-r)s (x/Ewexp  )(t/t)mox  -  is  the  position 
of  maximum  thickness,  (t/5)max  ,  in 
fractions  of  the  mean  geometric  chord, 
Cwexp  , 

('l-  denotes  the  two-dimensional  value. 

Thus,  a  corresponding  two-dimensional 
corrective  factor,  representing  the  vis¬ 
cous  effects  on  the  basic  inviscid  pres¬ 
sure  drag  distribution,  can  be  formu¬ 
lated  as 


Ci  = 


ce 

SwEXP 


s[l-gglK  +  *re  r]  . 

(2.5-45) 


The  three-dimensional  values  of 
the  pressure  drag  coefficient  for 
various  planforms,  airfoil  sections, 
taper  ratios,  maximum  thickness  line 
positions  and  sweep  back  angles  are 
specified  below.  The  respective 
working  charts  are  presented  in  Figs 
(2.5-22)  to  (2.5-50).  The  corres¬ 
ponding  analytical  expressions  are 
tabulated  in  Table  (2.5-5). 

In  all  cases,  the  drag  coefficient, 
Cdopw  *  reduced  to  the  common 
reference  area,  for  instance, 

Sr  =  (7rD2/4  ): 

_  Swexp  / 

Cdopwexp  -  (7rDz/4)  Cdopw 


For  double-symmetry  airfoils,  r  =  .5. 

Actually,  there  are  no  exact  theore¬ 
tical  methods  for  an  accurate  treat¬ 
ment  of  this  phenomena,  and  the  above 
correction  should  be  regarded  only  as 
approximate.  The  thinner  the  airfoil, 
the  relatively  more  pronounced  the 
viscous  effect  becomes,  but  the  width 
of  friction  wake  does  not  usually  ex¬ 
ceed  47o  of  the  geometric  airfoil  chord, 
according  to  existing  photographic 
obser”ations,  see  Ref.  (2.5-3). 

The  trailing  edge  bluntness,  Ite  , 
in  the  Eq  (2.5-45)  depends  upon  the 
actual  manufacturing  procedure.  An 
average  value  of  0.01  ft.  may  be  assumed. 


where  Coop#  is  referred  to  the  wing 
exposed  area,  and  is  corrected  for  all 
viscous  and  three  dimensional  flow 
effects  according  to  the  self-explana¬ 
tory  Tables  (2.5-5)  and  (2.5-6).  The 
corrections  are  derived  as  follows: 

Q)  STRAIGHT  RECTANGULAR  PLANFORM 
WINGS  ,  Coopwfxp  .  see  Tables  (2 . 5-5)  , 
(2.5-6)  and  (2.5-7). 

(1.1)  STRAIGHT  RECTANGULAR  PLANFORM 
WINGS  WITH  DOUBLE  WEDGE,  DOUBLE  SYMMETRY 
AIRFOIL,  NO  TAPER,  ZERO  ANGLE -OF- ATTACK 

From  the  Busemann's  finite  wing 
theory,  applied  to  this  case  (1.1),  if 
the(t/cv*EXp)  is  small  and  the  binominal 
expansion  is  used: 


The  compressible  turbulent  boundary 
layer  thickness  at  the  trailing  edge, 

8te ,  can  be  determined  from  Fig  (2.5-24) 
as 


{ S/Sj)TE  =f(M«),  (von  Driest) 


CoopWEXp  : 


2AR/3 


t 

CwEXP 


)]} 


I 


(2.5-49) 


(2.5-46) 


cdopwexp  =  C, C7  (§)(©) ,  see  T-(2.5-5)  and 
(2 . 5-6)  at  the  end 
of  this  section. 

where :  (2.5-50) 

( t / Cwexp )  -  is  the  maximum  airfoil 
thickness  at  mean  geometric  chord, 

-  is  the  exposed  wing  aspect  ratio, 

C|  and  C2  -  are  the  Busemann's  coeffi¬ 
cients,  see  Table  (2.5-4)  or  Fig.  (2.5- 
22)  for  appropriate  values  as  functions 
of  Mach  Number. 


(a)  For  a  symmetrical  biconvex  air¬ 
foil  section  with  the  (t/c)mo»  at  50%~~of 
the  chord,  the  value  of  the  two-dimen- 
sional  term, 

®  =  2c'(t^)!  ’ 

in  the  Eq  (2.5-50)  should  be  multiplied 
by  the  factor  £2® 4/3, (Acker et  linear 
theory),  i.e., 

^DOpwEXP  =  £7  {@X®X  C,X  > 
where:  (2.5-55) 


The  Equation  (2.5-50)  is  in  good 
agreement  with  experimental  evidence. 
The  meaning  of  the  terms  is  as  follows: 


r  -  |  07c (b*ex ?) .  Swexp 

5’  '8  5'  D  n  D  >  (f0)V4  (2  5.51) 

.  t  \2 

@  =  2 C| (— - )  -  is  the  two-dimensional 

Cwexp  pressure  coefficient 
value  at  a  zero-angle  of  attack  for  a 
double-wedge,  double -symmetry  airfoil 
(Ackeret  linear  theory  term),  Eq  (2.5- 
52), 


Ci  -  is  the  corrective  factor  for  vis¬ 
cous  effects,  Eq  (2.5-45), 


f| - 1 — ] 

L  2AR0J 


2AR0 

effects  at  wing-tips, 


-  is  the  correction  factor 
tor  finite  aspect  ratio 


Ci  'Cwexp 'J 


is  the  second  order 
corrective  factor  for 
finite  thickness  wings 
(Busemann) , 


®=  {['"  2w][l~§f(d^)]}’(2.5-53) 
/3=(mI-I)'/2  .  (2.5-54) 


In  the  following  text,  the  addi¬ 
tional  corrections  for  variations  in 
the  airfoil  sections  are  introduced. 
Since  the  corrective  factors  are  taken 
from  the  Ackeret  linear  two-dimensional 
theory,  they  apply  only  to  the  two- 
dimensional  term,  @  ,  in  Eq  (2.5-50), 
and  not  to  the  last  second  order  cor¬ 
rective  factor  (§)  . 

(1.2)  STRAIGHT  RECTANGULAR  PLANFORM 
WINGS  WITH  ARBITRARY  AIRFOIL  SECTION, 

NO  TAPER,  ZERO  ANGLE -OF-ATTACK. 

Correction  for  the  profile  shape 
should  be  introduced  as  follows: 


®=2Ci(?iJ  ' 

0  =  (m£-I),/Z 

and  £|  ,  £2  and  57  are  the  corrective 
factors,  defined  earlier. 


(2.5-56) 

(2.5-57) 

(2.5-53) 


The  relative  increase  in  the  zero- 
lift  pressure  drag  is  due  physically 
to  changes  of  the  bow  and  trailing 
edge  oblique  shock  patterns,  caused 
by  profile  curvatures. 


(b)  For  a  symmetrical  single-wedge 
airfoil  with  completely  bluff  base 
at  its  (t/c)mo»  section,  assuming  the 
inviscid  theory  pressure  drag  at  the 
front  part  of  the  single  wedge,  ex¬ 
cluding  the  bluff  base.  An  expansion 
wave  instead  of  a  trailing-edge  shock 
wave  exists,  which  decreases  the  two- 
dimensional  drag  coefficient  value 
to  one-fourth  as  compared  with  a 
double-wedge,  i.e.,  from  2C|  0/Cwexp)  t0 
1/2C1  (  t /Cwexp  )  •  But,  the  existing 

experimental  evidence,  Ref  (2.5-3), 
indicates  that  an  average  value  of 
(  pb  /  pH  )  =  1/3  prevails  for  Mach  Number 
values  greater  than  1.5  at  the  base, 
where  pb  is  the  base  pressure.  So, 
according  to  the  Ackert  linear  theory, 
the  corrective  two-dimensional  term 
should  read: 


I  -  (Pb/PHpQ /Cwexp) 
8  Mi 


,95  (t  /Cwexp?  .  J_ 

Ml  2 


+  <T  C|  (t/5wEXp)Zi 
(2.5-58) 

C|(t /C^txp)2  , 


(2.5-59) 

where  the  first  term  is  an  additional 
correction  for  the  change  in  the  expan¬ 
sion  intensity  at  the  trailing  edge 
due  to  the  empirical  base  pressure 
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1/3. 


CdopWExp  r  [t/*®  x  ®  x  £|]  £4  » 
where  (2.5-65) 


ratio, (  pb  /pH  )  = 

The  drag  coefficient  of  the  wing 
reads  then: 

CoopWEXP  =  £7  *£3  x  ®  > 

(2.5-60) 

where 

£7  -  l.275(**E£)  (5wEXP)lEq(2.5-5l), 

C  5  a  Eq  (2.5-59)  , 

8  =  {['"  2  AR(M|,-  l)'/z]  [  1  “  (cf)(c^7;)]}  ’ 

Eq  (2.5  -  53) 

(c)  For  a  symmetrical  biconvex  half¬ 
airfoil  with  completely  bluff  base  at 
its(t/c)Mflx  section,  following  the  state¬ 
ments  presented  in  (b),  the  zero-lift 
pressure  drag  coefficient  of  the  wing 
reads : 

Cd°pWEXp  5  £2  *  [*£7  x  £5  x  (§)]  , 

L  (2.5-61) 

where  £2  -  4/3,  and  £5  ,  £7  and  (§)  are  as 
earlier. 


(d)  For  a 

symmetrical 

double -wedge 

airfoil  with 

the 

maximum 

thickness 

(  1  /  c  luAvDosition 

shifted 

either  forward 

or  backward , 

the 

pressure 

;  drag  coeffi- 

cient,  Eq  C2.5-49),  should  be  multi¬ 
plied  by  the  corrective  factor,  £s ,  as 
presented  in  Fig  (2.5-26),  where 


Ref(2.5-3)  (Hilton)  » 

(2.5-62) 


where  X  is  the  chordwise  position  of  the 
maximum  thickness  from  the  leading  edge, 


i-e.,  coopWEXp  1  £7  x£|  »  £3  x  @  x  @>(2.5-63) 


where  factors  £,  ,  £3  >  £7  ,  @  and  ®  are 
as  defined  earlier.  The  same  correc¬ 
tive  factor,  £3  .should  be  applied  to  the 
Eq  (2.5-55)  in  the  case  of  a  biconvex 
airfoil  with  a  shifted  maximum  thick¬ 
ness  ,  i .e  .  : 


CpopWEXP  -  £7^®*®*  £ix  C2  J  £3. 

(2.5-64) 

(e)  For  a  double-symmetry  modified 
double-wedge  airfoil  section,  the  two- 
dimensional  pressure  drag  coefficient 
term,  2Ct  (t/CwEXP)  ,  should  be  multiplied 
by  (  Ci  +02  )/  4  Oi  02  ,  if  the  three- 
dimensional  wing  pressure  drag  coeffi¬ 
cient  is  based  on  the  wing  (exposed) 
total  planform,  see  Table  (2.5-5): 


►  .  Ql+02 

5,4  '  4ai  o2  ’  (2.5-66) 

and  @  ,  ©  ,  £  1  ,  and t  7 are  as  earlier. 

All  the  corrections  for  various  air¬ 
foil  shapes  are  presented  in  the  Table 
(2.5-5).  The  computation  procedure 
for  straight  rectangular  planforms  is 
illustrated  in  Tables  (2.5-6)  and 
(2.5-7)  at  the  end  of  this  Section. 

(II)  DELTA  WING  PLANFORMS,  see 
Tables  (2.5-5),  (2.5-6)  and  (2.5-9). 

(II.l)  SUPERSONIC  DELTA  WING  WITH 
DOUBLE  WEDGE  SYMMETRIC  AIRFOIL(69) 

Linear  theory  data: 

Case  I:  See  the  respective 
figure  on  Table  (2.5-5). 

Surfaces  A,  B,  C,  all  supersonic, 
i.e.,  supersonic  leading  edge  and 
supersonic  maximum  thickness  line: 

13  >  tan  An  >  tan  A,  , 

^  1  ’  (2.5-67) 

where 


2  1/2 

/S  =  ( I)  =cotm=tan(90°  —  m)=tan  n 


The  leading  edge  and  the  maximum 
thickness  line  sweep  back  angles  are 
Aq  and  A| ,  respectively. 


The  location  of  maximum  thickness  is 
defined  as  (  l-r  )  chords  from  the  tip, 
i.e., 

lonA, 


r  = - !- 

t  on  A0 


(2.5-68) 


The  corresponding  three-dimensional 
zero-lift  pressure  drag  coefficient 
due  to  thickness,  reduced  to  the 
reference  area,  Sr  =  (i7D2)/4  is: 


Cdopwexp  =  £7  x  £,  x  Coopw  > 

A  Cdqpwexp  =  [l.275  (-^P-) (-%»£-)] x 

x  [.-lire  +  Ne  r]  X  (2.5-69) 


2.5-30 


*  "r(l-  r2ns^J  *  (f  +  *•""<'•''>)] } 


r(l-rW  \2  ""Vj; 

(2.5-70) 

for  ( n  < l  ) ,  and  ( 0  <  r  < I  ) ,  where 


n  -  ~j  A°  ,  /3  =  (  m£  -  I  )l/z  =  cot  m  . 

(2.5-71) 

Curves  (Cpopwy9)/(  t/£)z  versus  ( l  -  r  )  are 
plotted  in  Fig  (2.5-30). 

Case  II :  See  respective  figures 


Surfaces  A  and  B  are  subsonic,  sur¬ 
face  C  is  supersonic,  i.e.,  subsonic 
leading  edge  and  supersonic  maximum 
thickness  line: 

tan  A i  >  /3  >  tan  A0  . 

The  three-dimensional  zero-lift 
pressure  drag  coefficient  due  to  thick¬ 
ness,  reduced  to  the  reference  area, 

Sr  =(irD2/4),  takes  the  form: 


cdopwexp  :  C7  x  c,  X  Co0pw 
r  /bwFXP\/c 


(2.5-72) 


Coopwexp  -  [,.275(^)(i^]x[,  -  2iLL±t*  r] 

.  f  2  (t/CWEXP)2  r  G2(  n,  r  ) 

[IT  p  Lr(l-r)2  + 


where : 


G2 (n,  r) 


(2.5-73) 


.  I  ~  r  f  loge  n  ,  r  cosh-1  n 

l+r  l(n2- 1)'/2  +  (n2  -l)i/2 

+  ^  ...-i/'(l-r2n2)|/2  m 

(I  —  r 2 n2)  Vn  +  (n2-l)i/2-rn  /J 


(n2  -l)i/2 


(2.5-74) 


_  .  tan  A0  _  tan  Ao 

n  -  ~ -  - - « 

(3  cot  fi 


valid  for:  (  n  >  I  )  and  (  rn  <  I  )  . 

A  crossplot  of  (Coopw£)/(*/5)2  versus 
(l-r)  is  given  in  Fig  (2.5-31)  for  (n>l) 

Case  III:  See  respective  figure 
in  Tlbies  (5.5-5),  (2.5-6)  and  (2.5-7). 

Surfaces  A,  B,  and  C  are  all  sub¬ 


sonic,  i.e.,  both  the  leading  edge  and 
the  maximum  thickness  are  subsonic: 

tan  A0  >  tonA|  >  0  =  ( M^-l),/2. 

(2.5-75) 

The  three-dimensional  zero-lift 
pressure  drag  coefficient  due  to  thick¬ 
ness,  reduced  to  the  reference  area, 

Sr  =(irD2/4),  is  in  this  case: 

CD0PWEXP  =  C7  *  C|  *  Cpopw  * 

•  (%-)]« 


(2.5-76) 


,  [|  -  r]  X  {f  , 

\  g2  (n,r)  F1  (n,  r  )  ^  _ I  (  |oge  nr 

*■  r  ( I  —  r )2  "  7l  -r)2  '  r (I  - r)  \  (r2  n2  ^1 


lQ9a  n 
(nz  -  I)'/ 


iif’l(rV)  -  si"'{r))]} 


where J 


(2.5-77) 


r-  x  _  1  —  r  r  log„  n  .  r  cosh"  n 

°! lv’  -  r+r tirfwr-  +  + 

*  (,SnS '»■>«['  + 

2(r2n2-  |)'/2  n 

+  n(l-r)  +  (n2-l)'/rz-(r2n2-l)l/2  J  !  * 

(2.5-76, 

v  _  1  -  r  f  logp  rn  I 

F  <r>">  -  JTT  1  W  -\)'/z  +  * 


HP  T  (n2-!)'/ 


Km2  - 1)  +  (r  V  - 1  j'/2  (n2- l)l/z-i-j 
°9el-  n(l-r)  JJ 


(2.5-79) 


fl  =(«!*,- 1  >'/!=  cot/1  . 


valid  for  (  n  > I )  ,  and  (  rn  >1  )  . 

A  crossplot  of  (Cdopw#)/^/^)2  versus 
(l-r)  is  presented  on  Fig  (2.5-31). 

(II. 2)  SUPERSONIC  DELTA  WING  WITH 
ARBITRARY  AIRFOIL  SECTION 

Corrections  for  airfoils  different 
than  the  double  wedge  are  performed  in 
the  same  manner  as  for  straight  rec¬ 
tangular  wing.  The  results  are  tabu- 
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lated  in  Table  (2.5-5), 

A  detailed  computation  procedure  is 
presented  in  Table  (2.5-9) 

(III)  STRAIGHT  TAPERED  WING  PLAN- 
FORMS,  See  'Tables  (2.5-5),  (2.5-6)  and 
TO^IO) 

(III.l)  STRAIGHT  TAPERED  WINGS  WITH 
DOUBLE  WEDGE  DOUBLE  SYMMETRY  AIRFOIL 
SECTION(69),  See  respective  Figure  in 
Table  (2.5-5) 


Here,(t/c)is  constant  along  the  span, 
or  if  not,  the  averaged /£wexp> value  ' 
should  be  used. 

A  comparative  crossplot  of  the  pres¬ 
sure  drag  parameter 

(CD'opw0)/4(t/c)2 

versus 

n  -  Ao  _  ton  A0 
ton/*  0 


Here,(t/c)is  constant  along  the  span, 
or  if  not,  an  average  ( t  /  SWEXP  )  should 
be  used. 

A  crossplot  of  Coopw  )9 /4(t/CwExp)2ver" 
sus 

n  _  tonAp  m  ton  An 
ton/i  0 


is  presented  in  Fig  (2.5-33)  for  taper 
ratios,  A  =  0  and  0.50. 

In  comparison  with  the  delta  wing 
(A  =05  the  relative  drag  reduction  of 
a  clipped  delta  wing  is  confined  be¬ 
tween  .6  <  n  <1.0.  The  absolute  value  of 
the  drag  reduction  is  small.  For  (  n>l  ) 
the  leading  edge  becomes  subsonic. 


is  presented  in  Fig  (2.5-32)  for  three 
taper  ratios: 


A 


.25 ,  .50 


‘(2.5-80) 


Note  that  the  value  4  (1/Cwexp)2/  0  — 
s  2 Ci(t/ Cwexp)  represents  the  two-dimen¬ 
sional  pressure  drag  coefficient  for 
double-wedge,  double-symmetry  airfoils 
of  equal  thickness  ratio. 


The  zero  lift  drag  coefficient,  re¬ 
duced  to  the  reference  area  and  includ¬ 
ing  the  viscous  corrective  term,  be¬ 
comes: 

CoopwEXP  8  C,x  C7  *  CD0pW  > 

CoopwEXP  ■  [  1.275  (JM")(5m«!L)]  . 

/ (2.5-82) 
Coopw  . 
(2.5-83) 


With  the  corrective  factors  (C|)  and 
(£r)  taken  into  account  the  final  three- 
dimensional(CoopwEXp)  value,  based  on  the 
reference  area,  Sr  =  (  7r02/4  )  takes  the 
form: 

Coopwexp  =  £i  x  Cr  *  Coopw  ^  5-81) 

where  Coopw  should  be  read  off  from  Fig 
(2.5-32). 

(III. 2)  STRAIGHT  TAPERED  WINGS  WITH 
ARBITRARY  AIRFOIL  SECTIONS. 


NOTE:  Since  the  data  in  Fig  (2.5-33) 
are  based  on  linearized  theory,  it 
appears  that,  in  a  first  approximation, 
the  second-order  pressure  drag  coeffi¬ 
cient  for  delta  wings  (Table  (2.5-9) 
and  Figs  (2.5-30)  and  (2.5-31))  can  be 
used  as  valid  for  clipped  delta  wings 
also,  the  results  being  only  slightly 
conservative.  Thus,  no  additional 
computation  table  is  necessary:  the 
Table  (2.5-9)  can  serve  the  purpose 
for  both  delta  and  clipped  delta  wings 
in  a  first  approximation. 


Following  the  procedure  indicated 
earlier  for  the  straight  rectangular 
wing  planforms,  the  corrective  factors 
for  various  airfoil  shapes  other  than  the 
double-wedge,  double-symmetry  basic  air¬ 
foil,  are  tabulated  in  Table  (2.5-5). 

A  detailed  computational  procedure,  is 
presented  in  the  same  table. 

(IV)  CLIPPED  DELTA  WING  PLANFORMS 

(IV.  1)  CLIPPED  DELTA  WING  WITH 
DOUBLE  WEDGE,  DOUBLE  SYMMETRY  AIRFOIL 
SECTION^) 


(IV. 2)  CLIPPED  DEL"”*  WING  WITH  ARBI¬ 
TRARY  AIRFOIL  SECTIO. 

Corrections  for  the  airfoil  shape 
and  maximum  thickness  line  position  are 
presented  in  Table  (2.5-5). 

(V)  STRAIGHT  SWEPT-BACK  NO  TAPER 
WINGS,  See  tables  (2.5-5),  (2.5-b)  and 
173^11) 

Working  graphs  for  swept-back  wings 
rfith  straight  leading  and  trailing 
edges,  streamwise  tips,  constant  span- 
wise  thickness/chord  ratios  with  no 
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taper  (  X  =(  C|/ cr )  =  I  )f  are  presented  in 
Figs  (2.5-34),  (2.5-35)  and  (2.5-36)  in 
a  generalized  parametric  form  for  zero- 
lift  conditions.  The  airfoils  are  of 
double-wedge  and  parabolic  arc  sections 
with  variable  maximum  thickness  loca¬ 
tions.  The  final  expression  for  zero- 
lift  pressure  drag  coefficient,  reduces 
to  the  reference  area,  Sr  =  (rr oz)/4  ,  with 
viscous  form  drag  effects  included, 
reads: 

CDOPWEXP  5  C|  *  C 7*  Coopw  *  (2.5-84) 
cOOPwexp  '  [  1.275  (  C““-  )  ]« 

«['-  ~  ’ *7  'T{  r]  .  Coopw  ■ 

(2.5-85) 

Note:  For  variable  spanwise  thickness 

ratio  (t/c),  an  average  value  (♦/ cWEXP  )  can 
be  used  as  the  reference  in  the  first 
approximation. 

The  detailed  computational  procedure 
is  presented  in  the  Table  (2.5-11). 

(lv)  Wing-Body  Interference  Drag: 

ACdopW(b)  and  AC0opM(W)  ~ 

Both  the  pressure  drag  increment  of 
the  exposed  wing  due  to  the  presence  of 
the  body,  ACdopw(b)  i  and  the  pressure 
drag  increment  on  the  "central  part"  of 
the  body  at  the  wing  location,  ACoopm(w)  , 
are  negligible,  for  zero  angle-of -attack 
of  slender  cylindrical  bodies  with  rela¬ 
tively  small  planform  symmetrical  air¬ 
foil  wings,  i.e.,  in  a  first  approxima¬ 
tion's)  : 

ACoOP^y^gJ  fw  0  J 

ACD0PM(W)  « 0  • 

The  same  holds  for  fins: 

ACDOpF(W+B)  =  0  , 

ACoopp(BT)  =  0  . 

In  Ref  (2.5-79)  by  Coletti,  it  has 
been  experimentally  shown  that  the 
wing-body  interference  effects  are 
mainly  manifested  as  a  slight  increase 
of  the  skin-friction  drag  term,  while 
the  pressure  drag  stays  almost  unaf¬ 
fected.  Since  a  sufficient  margin  is 
already  allowed  if  a  completely  turbu¬ 
lent  boundary  layer  on  all  missile  parts 
is  assumed,  it  is  considered  that  no 
additional  drag  increment  due  to  wing- 
body  interference  should  be  added.  As 
a  summary  of  technical  data,  respective 
to  the  problem,  see  Ref.  (2.5-79)  and 
other  related  References. 
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(v)  Viscous  Form  Drag,  C0opwv,s  and 
c°°Pfvis  • 


Effects  of  the  viscous  form  drag  with 
relatively  thin  airfoil  sections  are 
important,  since  the  viscous  wake  and 
the  respective  boundary  layer  thick¬ 
nesses  are  of  the  order  of  magnitude  of 
the  airfoil  thickness  itself.  Changes 
in  inviscid  pressure  drag  due  to  ef¬ 
fective  change  in  airfoil  shape  are 
already  included  in  the  calculations 
of  the  inviscid  pressure  drag  terms, 
see  paragraph  (i). 


(vi)  Leading  Edge  "Bluntness"  Ef- 
fects  ,  C DOPvVLE  a^d C DOpF1_£  • 

The  manufacturing  inevitable  "blunt¬ 
ness"  of  the  leading  edge  promotes  a 
detached  shock  wave  pattern,  whose 
portion  immediately  ahead  of  the  lead¬ 
ing  edge  may  be  interpreted  as  a  normal 
shock.  The  increased  pressure  behind 
a  detached  shock  creates  an  addition¬ 
al  drag  term. 


As  an  average  engineering  estimate, 
the  bluntness  effect  may  be  approxi¬ 
mated  by  a  semi-cylindrical  leading 
edge  of  radius,  Ra_  ~  .01/ 1  . 


Two  methods  for  CDOpWLE  or  cdopfi.e 
estimates  are  proposed: 


(1)  A  quick  approximate  evaluation 
by  the  simple  Newtonian  impact  theory, 
yielding  independently  of  the  Mach 
Number: 

Cdopkee  -  (-^)(-^)  cos2Awle 

D  (2.5-86) 

and 


Cdopfle  1  3.4  N  l  \  ( — FpXP  -  \  cos2Afle 

v  '  '  (2.5-87) 

where  N  is  the  number  of  individual 
fins,  hFEXP  is  the  fin  height,  and  Ale 
the  leading  edge  sweep-back  angle. 


(2)  A  semi-empirical  method  from 
Ref. (2.5-1)  (RAS  Data  Sheets),  with 
ready  to  use  working  charts  presented 
in  the  Fig  (2.5-37).  For  semi¬ 
elliptical  and  semi-circular  to  com¬ 
pletely  blunt  leading  edges  of  two- 
dimensional  airfoils,  a  stagnation 
pressure  behind  a  normal  shock  is  1 
assumed,  numerically  the  same  at  any 
point  of  the  profile  leading  edge.  The 
semi-circular  curve  in  the  Fig  (2.5-37) 
is  experimentally  verified  within±107o 
of  accuracy  and  is  recommended  for  use. 
The  values  of  Cole  from  the  figure  are 
based  on  the  leading  edge  projected 
area,  (  bWEXp  /cosAle  )x  2  rbl  i  and  there- 


.^.xju****-  *** 


at  Supersonic  Speeds: 


! 


fore  should  be  additionally  reduced  to 
the  common  reference  area ,  Sr  *  tto*/4  : 


co*2Av*le 

(2.5-88) 


Coopwle  •  2.55 Cole 

0  D 

and 

Coopfle  ■  2.55  Cole  N  co*2Afle 

(2.5-89) 

A  detailed  computational  procedure 
is  clearly  indicated  in  the  Table 
(2.5-12). 


[(COOPWEXP  +  CDOPWVts)+  CDOPWLe]  + 

+  [  (CoopFEXP  +  CqoPFVIs)  +  ^DOpFLE  ] 

(2.5-90) 

The  Equation  (2.5-90)  represents 
the  final  working  form  of  the  original 
Eq  (2.5-40). 


This  second  method  is  obviously  more 
accurate.  The  order  of  magnitude  of 
the  (  Coopwle  )  term  is  about  7%  -  10%  of 
the  total  wing  pressure  drag. 


At  subsonic  speeds,  the  pressure 
drag  is  zero.  At  transonic  speeds 
(M*rw<M  <  1.2  ),  the  curves  must  be 
"rounded",  using  experimental  evidence. 


It  is  assumed  that  the  slight  blunt¬ 
ness  does  not  affect  the  inviscid  pres¬ 
sure  distribution  on  the  rest  of  the 
wing  surface,  except  in  the  region  near 
the  leading  edge,  approximately  up  to 
.02c. 

(vii)  The  Final  Expression  for  the 
Wing  and  Fin  fcero-lift  Pressure  brag~ 


In  the  Table  (2.5-13),  a  comparative 
summary  layout  of  results  for  various 
wing-planforms  and  airfoil  shapes  is 
schematically  presented.  It  can  be 
used  for  comparing  variations  in  wing 
and  profile  shapes.  For  a  chosen  wing 
geometry,  only  one  column  in  the  Table 
in  the  final  pressure  drag  analysis  is 
necessary. 
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Fig  (2.5-11)  Supersonic  flow  past  circular  cones  at  zero  angle -of  -  attack . 

Ref  (2.5-1  ),  R.A.S.  data  sheets,  aerodynamics,  vol.  I,  S.  00.03.13 


2.  5-35 


)  Conditions  for  shock  wav*  dttochmsnt  and  for  subsonic  flow 
bohind  nos*  shock  wavst  on  con«s  of  taro  onglt-of- attack 

and  on  wadaas.  Raf  (2.5-1)  R.A.S.  data  shaets,  aarodynamica. 
vo!»l,  S.  00.03.  16. 
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Variation  of  wave  drag  parameter,  C00PN  ,  with  the  similarity  parameter 
for  the  theoretical  minimum  drag  nose  shapes  of  specified  length  and 


Fig  (2.5-16)  Inviscid  pressure  drag  on  truncated  conical  afterbodies  of  circular 
section  at  zero  angle  of  attack.  Ref  (2.6-1)  R.A.S.  data  sheets, 
aerodynamics,  vol.  I,  bodies  S. 02. 03. 04 
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Fig  (2.5-19)  Pressure  drag  coefficient  for  boatfails  as  a  function  of  boottoil  base 
angle,  and  Mach  Number.  (Average  values,  Ref  (2.5-60)) 

D  See  tobies  (2.5-3)and  (2.5-4) 
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Fig  (2.5-19)  Con«inu*4  (I)  2.5-44 
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r.o  (2  3-19)  Continued 
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Fig  (2.5-13)  Continued  (5) 
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Fig  (2.5-20)  Forebody  -  afterbody  inviscid  interference  pressure  drag  for 

pointed  conicol  forebodies  and  afterbodies  with  midbodies,  zero 
angle  -  of-attack .  Ref.  (2.5-1)  R.A.S.  data  sheets,  aerodynamics,  vol. 
S. 02.03.08 
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Fig  (2.5-20)  Continued  (2) 
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Fig  (2.5-21)  Forebody- ofterbody  inviscid  interference  pressure  drag  for  pointed 
parabolic  forebodies  and  afterbodies  with  midbodies,  rero  angle  - 
of- attach.  Ref  R.A.S.  dato  sheets,  oerodynomics,  vol.  I,  bodies 
S. 02 .03. 10 .  (2.5-1) 
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Fig  (2.5-22)  Graphs  and  toble  of  limiting  value  of  inclination  of  an  element  of 
surface  to  the  wind,  at  various  Mach  Numbers.  The  front  shock 
wave  will  bs»  attached  to  the  leading  edge  only  if  no  port  of 

the  wing  surface  facing  forward  exceeds  this  limiting  value 
Ref.  (2.5-3) 
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Fig  (2. 5  -  22a)  Variation  of  Busemann  coefficient*  with  Moch  Number. 
Ref  (2.5-3) 
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FIG  (2.5-23)  CORRECTIVE  FACTOR  FOR  VISCOUS  FORM  DRAG  EFFECTS, 
TURBULENT,  B.L.,  CQOpVIS 
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26)  Effect  on  drag  of  chordwise  shift  of  position  of  maximum  thickness 
of  double-wedge  wing  (thickness  distance  has  no  effect  on  moment 
or  lift  if  shock  wave  remains  attached  ).  Ref  (2.5-3) 
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Fiq  (2.5-29)  Ratio  of  wing  drag  coefficients  to  thickness  rotio  squared  for  several  aspect 
ratio  as  a  function  of  Moch  Number.  Ref  (2.5-45) 
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Fig  (2.5-30  Drog  of  delto  wing  with  supersonic  loading  edge.  Parameter 
measures  the  shape  of  the  wing,  and  the  Mach  Number 
parameter  r  measures  the  position  of  moximum  thickness. 

Ref.  (  2.5-  43) 


at  zero  lift,  showing  useful  working  range.  Ref  (2.5-69) 
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Fig  (2  5-  32 )  Ratio  of  three  dimensional  pressure  drag  to  it*  two-dimensional  value 
for  straight  tapered  wings.  Ref  (2.5-69) 
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m 


Fig  (2.5-33)  Ratio  of  three  dimensionol  pressure  drag  coefficient  to  its  two- 

dimensional  value  for  clipped  delta  wings,  linearized  theory.  Ref  (2.5-69) 


Fig  (2.5-3  4)  Invlscid  pressure  drag  of  wings  with  constant  chord,  constant 
spanwiss  thickness-chord  ratio,  double  wedge  sections,  no 
taper,  maximum  thickness  at  0.5  C.  Ref  (2.5-1)  R.A.S.  doto 
sheets,  aerodynamics,  vol  2,  wings  S. 02. 03. 01 
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Fig  (2.5-35)  Inviscid  pressure  drag  of  wings  with  constant  chord  ratio, 
parabolic  arc  sections,  no  toper.  Ref  (2.5-1)  R.A.S.  data 
sheets,  aerodynamics,  vol.  2,  wings  S.02. 03.01 
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Fig  (2  5-37)  Ltoding  tdgt  prttturt  drog  dut  to  Itoding  tdgt  bluntntsi,  two 
dimoniionol  notion*  ot  itro  onglo  -  of-ottock. 

Rtf  (2.5-1)  R.A.S.  data  ihtttt,  atrodynamici ,  vol  2  ,  wing 
S.02.03.05 
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TABLE  (2.5- 


t-AFTERBODY  LaT 
D  "  D 


SEE  FIG 


BOATTAIL 

Vo 

2 

4 

6 

.10 

25.70 

12.90 

8.600 

.20 

23.85 

11.45 

7.640 

.30 

20.00 

10.00 

6.690 

-IlO 

17.15 

8.600 

5.740 

.50 

111.  30 

7.160 

4.770 

.60 

ii.  la 

5.730 

3.820 

.70 

8.57' 

4.  700 

2.865 

.80 

5.72C 

2.865 

1.910 

.90 

2.86C 

1.132 

0.956 

1.00 

0 

0 

0 

TABLd  (2.  5-  4  ) 
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Higher  Order  Busemann  Coefficients 
Calculated  from  equations  10.38  to  10.40,  taking  X  =  1.4 


M 

Cl 

C„ 

C3 

b3 

b4 

(Isentropic ) 

(One  Shock) 

(One  Shock) 

1.1 

4.364 

30.32 

568.98 

544.4 

12735. 

1.2 

3.015 

8.307 

54.034 

53.22 

480.51 

1.3 

2.408 

4.300 

14.247 

14.53 

77.41 

1.4 

2.041 

2.919 

5.801 

6.128 

22.51 

1.5 

1.789 

2.288 

3.059 

3.331 

8.964 

1.6 

1.601 

1.950 

1.937 

2.153 

4.302 

1.7 

1.455 

1.748 

1.4109 

1.583 

2.315 

1.8 

1.336 

1.618 

1.1444 

1.280 

1.334 

1.9 

1.240 

1.529 

1.0050 

1.111 

.7939 

2.0 

1.155 

1.467 

.9341 

1.0161 

.4711 

2.2 

1.021 

1.386 

.8946 

.9394 

.1272 

2.4 

.9167 

1.337 

.91921 

.9356 

-  .0395 

2.5 

.8728 

1.320 

.94322 

.9476 

-  .0918 

2.6 

.8333 

1.306 

.97189 

.9654 

-  .1319 

2.8 

.7647 

1.284 

1.0382 

1.013 

-  .1881 

3.0 

.7071 

1.269 

1.1116 

1.069 

-  .2248 

3.5 

.5963 

1.245 

1.3090 

1.231 

-  .2756 

4.0 

.5164 

1.232 

1.5132 

1.405 

-  .3005 

4.5 

.4559 

1.224 

1.7191 

1.584 

-  .3146 

5.0 

.4082 

1.219 

1.9250 

1.764 

-  .3235 

0 

1.2 

-  .3520 

SEE  FIG  (2  5  -  22) 
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TABLE  (2.5-4) 


SEE  FIG  (2.5-  19) 

.0010? -.000710*  [  /D.H 

Cdopbt  *  m  ['  "  ('  D  )  J 

WHERE  n  =  4  FOR  I  <  M  <  3.5 

n  s  3  FOR  M  <  3.5 

0p  IN  DEGREES,  SEE  FIG  (2.5-18) 


m 

mi 

2.00 

2.50 

EH 

1'  B 

WM  1 

1*'  ^ 

0.10 

3.23 

2.1,2 

1.91, 

1.61 

1.1,9 

1.29 

1.21 

1.08 

0.97 

0.20 

3.22 

2.1,2 

1.93 

1.61 

1.1:8 

1.28 

1.20 

1.06 

0.96 

0.30 

3.20 

2.1,0 

1.92 

1.60 

1.1:0 

1.26 

1.18 

l.Ol* 

0.91* 

0.1,0 

3.H 

2.35 

1.89 

1.57 

1.21 

1.13 

1.01 

0.91 

0.50 

3.02 

2.27 

1.82 

l.5l 

1.1? 

1.06 

0.91* 

0.85 

0.60 

2.31 

wm 

1.1:0 

1.30 

0.95 

0.81, 

0.76 

0.70 

2.1,5 

wm 

1.23 

1.13 

0.85 

0.79 

0.71 

0.61* 

0.60 

1.90 

1.1,3 

1.1), 

0.95 

0.08 

0.63 

0.59 

c.5j 

0.1*7 

0.66 

1 

wm 

1 

l"‘i’ 
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m 


m*A mm 


tarn** 

I 

I 

I 

i 


!*•«*] 

i 

MACH 

NUMBER, 

M 

| 

Vo 

l 

•  i.5o 

2.00 

2.50 

3.00 

3.25 

3.75 

4.00 

4.5o 

5.00 

0.10 

10.23 

,  7.67 

6.1? 

5.11 

4.72 

4.09 

3.84 

3.41 

3.07 

0.20 

i 

10.22 

7.67 

6,13 

5.n 

4.71 

4.06 

3.81 

3.89 

3.05 

1 

0.30 

1 10.16 

7.62 

6.09 

5.08 

4.68 

3.98 

3.73 

3.32 

2.99 

0.40 

]  9.98 

7.1j8 

5.98 

4.99 

4.70 

3.83 

3.59 

3.20 

:  j 

o.?o 

S  *•*> 

7.20 

5.76 

4.8o 

4.42  : 

3.68 

3.36 

2.99 

2.69 1 

1  *  1 

o.6o 

{  8.91 

6.68 

1 

5.34 

4.45 

4.11 

3.21 

3.01 

2.68 

2.41 ; 

0.70 

•  7.78 

| 

5.83 

4.66 

3.89 

3.59 

2.69 

2.52 

2.24 

2.02  1 

o.8o 

6.0fc 

4.53 

3.62 

3.02 

2.78 

2.00 

1.87 

1.67 

1.50 1 

0.90 

i  3.18 

2.61 

2.09 

1.74 

1.60  1 

1.11 

1.04 

0.92 

0.83  j 

1 

j  BOATTAIL  PRESSURE  DRAQ  COEFFICIENT, 

C00P 

BOATTAIL  X 

I03 

1 

V6° : 

MACH 

NUMBER, 

M 

j 

Vo 

!  1-50 

I 

2*00 

1 

2.50 

3.00 

3.25 

3.75 

4.00 

4.5o 

5«ooJ 

0.10 

21.05 

15.78 

12.63 

10.52 

9.71  , 

8.42 

7.89 

7.02 

6.31 

•  1 

0.20 

'  21.04 

15.77 

12.62 

10.51 

9.70  \ 

8.36 

7.84 

6.97 

1  6.27  i 

1  1 

0.30 

20.90 

15.67 

12.54 

10.44 

9*64  ! 

8.19 

7.68 

6.83 

;  6.14  j 

o.4o 

20.53 

15.40 

12.32 

10.26 

9.47 

7.89 

7.39 

6.57 

5.92  j 

o.5b 

1 

19.75 

1 

14.81 

11.85 

9.87 

9.11 

7.38 

6.91 

6.14 

5.53 

T 

0.60  ’  18.33 

13.75 

ll.oo 

9.16 

CD 

s 

6.61 

6.19 

5.51 

'  4.95  1 

I  ! 

0.70  | 

,16.01 

12.01 

9.6 1 

8.00 

7.39 

5.53 

5.18 

4.61 

j  4.15  j 

0.80 

:  12.43 

9.32 

7.46 

6.21 

5.73 

4.11 

3.86 

3.43 

'  3.o8  j 

0.90  !  7.16 

5.37 

4.3C 

3.58 

3.30 

2.28 

2.14 

l.yo 

1.71  i 

;  BOATTAIL  PRESSURE  DRAQ 

COEFFICIENT, 

CDop 

BOATTAIL  x 

I03 

1 

TABLE  (2 

.5-4) 

CONT'D 

(1  ) 
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<D  _ 

it  >o 

*.> 

j  i.5o 
‘35.56 

2.00 

MACH 

2.50 

NUMBER 

3.00 

,  M 

3.25 

3.75 

l*.oo 

l*.5o 

5.oo 

0.10 

26.67 

21.31* 

17.78 

16.1*1 

ll*.  23 

13.31* 

11.86 

10.67 

0.20 

'35.51* 

26.66 

21.33 

17.77 

16.1*0 

ll* .  13 

13.21* 

11.77 

10.59 

0.30 

35.31 

26.I18 

21.18 

17.65 

16.30 

13.81* 

12.98 

11.51* 

10.38 

0.1*0 

1 3I4.69 

26.02 

20.81 

17.31* 

16.01 

13.33 

12.50 

11.11 

10.00 

o.5o 

i 33.38 

5 

,30.97 

25.03 

20.03 

16.69 

15.1*0 

12.1*6 

11.68 

10.39 

9.ik 

0.60 

23.23 

18.58 

15.1*9 

ih.29 

11.16 

10.1*7 

9.31 

8.37 

0.70 

j 27.06 

j 

,21.00 

s 

; 12.10 

20.29 

16.23 

13.53 

12.  1*9 

9.31* 

8.76 

7.7  9 

7.01 

0.80 

15.75 

12.60 

10.50 

9.69 

6.95 

6.51 

5.7> 

5.21 

0.90 

9.08 

7.26 

6.05 

5.59 

3.86 

3.62 

3.22 

2.89 

BOATTAIL  PRESSURE  DRAG  COEFFICIENT, 

i  9 

Cdof 

IOATTAIL  * 

10* 

rrs|0P- 

1  _  t 

MACH 

NUMBER 

,  N 

jVo 

1.50 

7.00 

2.50 

3.00 

3.25 

3.75 

1*.00 

l*.5o 

5.00 

,0.10 

53. V 

-  1*6 

32.37 

27.97 

21*. 90 

21.58 

20.23 

17.98 

16.18 

1 

1  0.20 

j 

53.91 

1*0. 1*1* 

32.35 

26.96 

2l*.88 

21.1*3 

20.09 

17.86 

16.07 

|  0.30 

53.56 

1*0.17 

1 

32.13 

26.78 

2li.72 

21.00 

19.68 

17.50 

15.75 

0.1*0 

52.62 

39.1*6 

31.57 

27.31 

2l*.  28 

•20.22 

18.95 

16.81* 

15.16 

1 

o.5o 

50.62- 

37.97 

30.38 

25.31 

23.36 

18.90 

17.72 

15.75 

ll*.l8 

0.60 

1*6.98 

35.2U 

28.19 

23-1*9 

21.86 

16.93 

15.88 

lU.ll 

12.70 

0.70 

1*1.01* 

30.78 

2l*.62 

20.52 

18.91* 

l!*.17 

13.28 

11.81 

10.63 

0.80 

31.86 

23.90 

19.12 

15.93 

ll*.  70 

10.51* 

9.88 

8.78 

7.91 

0.90 

18.36 

13.77 

11.02 

9.18 

8.1*7 

5.85 

5.1*9 

1*.88 

1*.39 

j 

BOATTAIL  PRESSURE  DRAG 

COEFFICIENT,  c 

OOP  IOATTAIL  X 

10* 

TABLE  (2.5-4)  CONT'  D  (2  ) 
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VI2° 

Vo 

1.50 

2.00 

MACH 

2.50 

NUMBER 

3.00 

,  M 

3.25 

1 

3.75 

i 

1*.00 

1*.50 

i 

S.oo 

0.10 

76.08 

57.06 

1*5.65 

38.01* 

35.12 

30. 1*3 

28.53 

25.36 

22.83 

0.20 

76.01 

57.03 

1*5.63 

38.02 

35.09 

30.22 

28.33 

25.19 

22.67 

0.30 

75.51* 

56.65 

1*5.33 

37.77 

31*. 86 

29.61 

27.76 

2l*.68 

22.21 

o.to 

7l*.21 

55.66 

1*1*.  53 

37.11 

31*.  25 

28.51 

26.73 

23.77 

! 

21.39 

o.5o 

71.10 

53.55 

1*2.81* 

35.70 

32.95 

26.65 

21*. 99 

22.22 

19.99 

o.6o 

66.26 

1*9.69 

39.76 

33.13 

30.58 

23.88 

22.39 

19.91 

17.91 

0.70 

57.88 

1*3. 1*1 

31*. 73 

28.91* 

26.71 

19.98 

18.71* 

16.66 

11*. 99 

0.80 

1*1*.9  3 

33.70 

26.96 

22.1*7 

20.71* 

11*.  86 

13.91* 

12.39 

n.15  . 

!  6.19 

0.90 

25.89 

19.1*2 

15.51* 

12.95 

11.95 

8.25 

7.71* 

6.88 

;  BOATTAIL  PRESSURE  DRAG  COEFFICIENT, 

CdOP  BOATTAIL  X  10 

V'4° 

Vo 

l  1.50 

• 

2.00 

MACH 

2.50 

NUMBER 

3.00 

3.25 

3.75 

1*.00 

l*.5o 

1  .^00  _ 

0.10 

102.03 . 

1 

76.52 

61.22 

51.02 

1*7.09 

1*0.81 

38.26 

3lj.01 

30.61 

0.20 

101.97 

76.1*8 

61.18 

50.99 

1*7.06 

1*0.52 

37.99 

33.77 

30.39 

0.30 

101.29 

'99.52 

,95.75 

75.97 

60.78 

50.65 

1*6.75 

39.71 

37.23 

33.09 

29.78 

o.l*o 

,7U. 61* 

59.71 

1*9.76 

1*5.93 

38.21* 

35.85 

31.86 

28.68 

0.50 

71.81 

57.1*5 

1*7.88 

1*1*.  19 

35.71* 

33.51 

29.78 

26.81 

i 

0.60 

88.85 

66.61* 

53.31 

1*1*.  la 

la. 01 

32.03 

30.03 

26.61* 

2l*.02 

0.70 

77.62 

58.22 

1*6.57 

38.81 

35.83 

27.80 

2l».12 

22.33 

20.10 

0.80 

60.26 

1*5.19 

36.16 

30.13 

27.81 

19.93 

18.69 

16.61 

;ll*.95  j 

0.90 

3U.7? 

;26.oi* 

20.81* 

17.36 

16.03 

11.07 

10.38 

9.22 

l  1 

1  8.30 
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TABLE  (2.5-4)  CONT'D  (3) 
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2.5.5  INSTRUCTIONS  FOR  USE  OF  THE  PROPOSED  METOODS  FOR  TOE  TOTAL  ZERO 

LIFT  PRESSURE  DRAG  COEFFICIENT  ESTIMATES  (EXCLUSIVE  OF  BASE  DRAG) 


( i)  Basic  Data  Preparation 

The  basic  geometric  parameters  of  a 
given  missile  configuration,  pertinent 
to  the  zero-lift  pressure  drag  evalu¬ 
ation,  should  be  numerically  specified 
and  tabulated  as  indicated  in  the  re¬ 
spective  Table  (2.3-5). 

(1)  List  of  Working  Graphs  For  Body 
Pressure  Drag 

(a)  Supersonic  speeds  (  l.2<M<5). 

Nose  Cones,  Coopc  : 

Figs  (2.5-11)  and  (2.5-12)  (set  "A")  or 
Figs  (2.5-1)  and  (2.5-2)  (set  "B") 

Nose  Ogives,  ac00po  : 

Fig  (2.5-13) 

(Auxiliary:  Fig  (2.4-43)) 

Minimum  Pressure  Drag  Nose  Shapes, 

Cdopfore  : 

Fig  (2.5-14) 

(Auxiliary:  Figs  (2.5-8)  e~A  '«  c -9)) 

ACoOPNTIP 

Nose  Tip  Bluntness  Effects, 

Fig  (2.5-15) 

Conical  Boattails,  Coopbtc  : 

Fig  (2.5-16) (set  "A") 

Figs  (2.4-44)  and  (2.5-19)  (set  "B") 

Parabolic  Boattails,  Cdopbto  : 

Fig  (2.5-17)  (set  "A") 

Fig  (2.4-44  and  (2.5-19)  (set  nB") 

Forebody  Interference,  ACoopbt (fore)  : 

Fig  (2,5-20)  (Conical  Afterbody-Fore¬ 
body  Combinations) 

Fig  (2.5-21)  (Parabolic  Fore-Afterbody 
Combinations ) 

(b)  Mach  Number  M  =  I  . 

Nose  Cones ,  CpQpg  : 

Fig  (2.5-4) 

Nose  Ogives ,  Coop  : 

Fig  (2.5-5) 


The  accuracy  of  the  charts  is  stated 
in  the  respective  text,  i.e.,  it  is 
within  the  general  accuracy  of  theories 
used  in  each  case. 

A  self-explaining  computation  pro¬ 
cedure  is  illustrated  on  the  related 
Tables,  using  both  sets  "A"  and  "B"  of 
the  listed  figures,  see  Tables  (2.5-14) 
and  (2.5-15). 

Basic  data  for  respective  missile 
part  geometries  are  presented  in  the 
Table  (2.4-8)  of  the  preceding  Section 
2.4. 

(2)  List  of  Working  Graphs  for  Wing 
(or  Fin)  Pressure  Drag 

(a)  Inviscid  pressure  drag,  Cqopwexp 
or  Coopfexp  • 

Figs  (2.5-22),  (2 . 5-22a)  and 
(2.5-25)  (auxiliary  data) 

Profile  shape  corrections: 

Fig  (2.5-26) 

Straight,  no  taper  wings: 

Figs  (2.5-27),  (2.5-28)  and  (2.5-29) 
Delta  wings: 

Figs  (2.5-30)  and  (2.5-31) 

Straight  tapered  wings: 

Fig  12.5-32) 

Clipped  delta  wings: 

Fig  (2.5-33) 

Swept  back,  no  taper  wings: 

Figs  (2.5-34),  (2.5-35)  and  (2.5-36) 

(b)  Viscous  pressure  drag ,  Gdopwvis  or 
cdopfvis  : 

Figs  (2.5-23)  and  (2.5-24) 

(c)  Leading  edge  bluntness  drag, 
Cdopwle  or  CoopFLE* 

Fig  (2.5-37) 

The  accuracy  of  the  charts  is  stated 
in  the  respective  text,  i.e.,  it  is 
within  the  general  accuracy  of 
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theories  used  in  each  case. 

A  self-explaining  computation  pro¬ 
cedure  is  illustrated  in  the  related 
Tables  (2.5-5)  to  (2.5-13). 

Basic  data  for  respective  wing 
geometry  are  presented  in  Table  (2.4-8) 
of  the  preceeding  Section  2.4. 

(3)  The  Proposed  Method  for  the  Total 
Zero-lift  Pressure  Drag  Coefficient 
Estimates  (Exclusive  or  Base  Drag) 

The  propdsed  computation  procedure 
for  the  total  zero-lift  pressure  drag 
coefficient  evaluation  is  presented 
in  the  adopted  stepwise  self-instructive 
way  in  Tables  (2.5-5)  to  (2.5-16). 


Therefore,  no  specific  additional 
structions  are  required. 

Within  the  reasonings  and  the 
approximations  stated  in  this  Secti 
the  final  expression  for  the  pressi: 
drag  coefficient  takes  the  form: 

CDOp  1  [  (Coopc  +  4  Coopo  ■+■  4CDopntip)  + 

+  (  COOPBT  +  AC00pBT  (F0RF  ))]  + 

+  [  CpoPWEXP  +  Coopwvis  +  CDOP  WLE 


+  [  CD0PFEXP  +  COOPFVIS  +  CDOPFLE  J 
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NOTE.  ALL  CORRECTIVE  FACTORS  FOR  AiRFOtL  SHAPE  VARIATIONS,  5,  T0  *** 


BASED  OK  THe  LINEAR  (ACKERETI  THEORY, 


SECOND  ORDER  CORRECTIONS  { BUSCH  ANN)  ARC  NCOLCCTEO  IN  THIS  CASE. 


s: 
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TABlI  If  19) 
«MT  AfCTA A  HULA 


STMAWr  RlCuMULM  AlAWCOAM.  BICONVEX 

rrtfMtrftc  aiatoil,  with  maxbaun  thickness 
it/o  shifted  aqwwaao  on  backhand 


ITWlINT  ACC  TAMM.  AM  AlANFOHM  WITH  IMU 
■CMC  CTIMCTWIC  AWfOIL,  BLUFF  BAH  AT 


COAT  (I) 

AlAAAOAWI 


{»>  14)  id  <•)  ( »k«i  is) 


,  I  i  I  MU, 


J  s  1  1  1  '  f, 


i  w*‘c°— ■■>•  ©©■  •  ©  ■  4 


t,  rcD^«»+ACc»f«*A**®  *4  *•5 


(§)  *  -C  *  X 


m 


lEJ 


TABLE  (2  5-3) 

•TAAIOMT  TaFEAED 


S  TAAJOHT  SYMMETRICALLY  TAFCACO  WINES  WITH  DOUBLE  UNCAAI2CD  TMCOAY,  ACC  II  J-)l 
WCOOC,  DOUW.E  SYMMCTAY  AlAAQIL  SECT**  of  CONSTANT 


CAOSJALUT  0*  Cp^  •  -**  Z  VCASUS 
4  I  VC  1 


OA  NO  I  2  3-32) 


ADA  TMACC  TAAC*  AATiOS* 

i*  C./C.  •  0.  29  owl  90 


•  INC  ALANFOAMt 

IS)*l4)J(5)]l«7||Til«|(9) 


XM  •  •« 


(c_m  ♦*:„  >•  (8)  <*X 

Dop«  Dopp*i  \J  n 


STAAiSMT  SYWACTAlCALLY  TAAfAEO  WiNBS  HATH  DOUKJT 
SYWMfTAV  BICONVEX  AtAfCHL 


STWAWfT  SYMNCTAtCALLY  TAAEHO  W1N0B  WITH  SYWWTAICAL 
DOUBLE  WCOOC  AlMNXL,  MAXIMUM  rttCKNf IS  LINE  IHATtO 
FOAWAAO  OA  BACKHAND  FOB  A  CONSTANT  ACACCNTABC  OF 
CMQAO  AUJNO  THE  'JMBN. 


ITAAfSHT  SYMMCrmCALLY  MACAED  WHM  WITH  SYMMETMCAL 
■KXMWX  AlAADB.,  MAXIMUM  THOCNCU  UNC  IHlFTCO  FOA* 
DMA  AO  OA  BACKMAAO  AON  A  CONSTANT  ACACCNTABC  OF 
CMOAO  alonb  the  baah. 


STNAISKT  IYMMCT1NCALLY  TAACACO  HA  ABB  WITH  A 
MO0F1CD  DOUBLE  WtOOC,  OOuSLC  SYMMETAY  AiAAX.  Vt 
CONSTANT  ALOW  THt  BAAN 


'w.  ♦  >wmi  ■  ®  'i 
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'*W  iZSSl  CO*|TO  (Ji  pi  *1*0% 


a  '*  WINO  A  fM  OOuB^f  aED (A  SrN<.  ('Ml  A«roiL 

C*sr  I  SuPERSON'C  LEAQiNO  »UG»,  vu«*R40M>C  MA»i  NEARt/IO  THEORY  «»  <<  .»  m 

Mix  THICKNESS  LINE 


rvr 

L 

r  ^  P 


?  w 

0  ' 1  **--  1  ■  cot  m  •  ipr^ 


V7rT,|n-^ 


777, >XJ  *  ’  ® 


Ml  -»)  see  FiO  12  4  JOl 


/§  >  tdnA.  >  'or  A, 


C«SE  n  SUBSONIC  LEAD-NO  EDGE,  SUPERSONIC  MAXIMUM 


A*^v  /  /A* 

W%  X 


A  •  co*m  ■  lor.ii  »• 


,  bWf«P  ,  ^ttEXP 
VOCP  <•  WEXP 


uHtAA'ZEO  THEORY.  REF  (2  9  4*1 

wi‘l'1,5**' 

(«■ 

*i  A* 

VAUO  FOR  n>*  AND  m<  I 

*  Hi-  O  set  rio  (29-si) 


Ct>.v.-»aco*r-...i  ■  ©•V,*V  © 


^2  R/CI  f  I 

l"?r  .7u~77~  mT 


i  ■  r  r  *°Bb N  '  cmVi  »  , , 


VAL'D  F',R  r  >  ANO 


CASE  E  SUBSONIC  LEADING  EDGE.  SUBSONIC  MAXIMUM 

THICKNESS  L'NE  LiNCARizeO  THEORr,  REF  (2  9-4*1 


,  ,  i-i* 

/  <X  "A  !*  .  V 


2  (t/C  ft  G'2(".t»  Flw,f|  . 

Coe  -■  #  [  ^tyjr  -  ,7^r  * 

"iWI'+TT-i-^Tf*  'r^TTvi  * 


'CD0D•*ACD0P••'•,  *  ©‘  ^  ‘  f) 


DELTA  «**«  Al  TH  SYMMETRIC  BICONVEX  AIRFOIL 


I  *A  *  *  I  1  1  ‘^Dop*  MCOopw-n'  ■  *  Pj)*  If 

\  j  tiii  *Coop*+<5C[)*p«»»>  Ff’fy-ff  1  ©*{■, 

1  T  T  T  %  Q«C* \r7  •  0*r, 


2.  5-81 


..Jg/k  „ 

l£r 


"9*  -  MWMMTID  ON  n«  If  •-») 

NON  MR  NATBI  >•  0  M*  *0 

tW--® 


awo  NIT*  w*M  «TM  OOLOLl  I  tMHCTN  T  KONvIi 

amnoh.  ,  i/c  comotmt  ilm  inn 


ci.m«o  on.m  mm  itmmt»<*i.  hum  «<on 

MT1X,  NUMN  TMOMCtt  LM  NM  NONWANO  M 

********  non  *  cqnttmt  hmtm  on  mono  um 


ONTO  OCLT*  MM*  wry*  A  M00*V  OOUNI  WCON  c 
MMTRf  ANVRM..  KC  OONITAHT  AtON*  «N4* 


UMMZEO  TNONt,  III I  I 

CCjJ  MOM  Nl«  12.9  Ml  IDOttkC  MMII 
MOM  n*  II  9- Ml  BICONVEX) 


w‘WmI'0  r,  ■ 

9*i  «r*t  — «)  ■  f  ,,,_ 


<1**..  o  ;-(.® .  r. 


«w.-*cw w®'*  ■{•  t-Q 


r, 

icmw,iiwwi* *Q*t  •  r,  •© 

Q-  **"  j-^-1  '  i  ■  ct»„ 


table  h  9-tt.  m  uii.1 

TO**C  MUIUM  0«**  COfTTICCMT,  lYAUNTlO*  ON  TM^-C*KttSX»*i.  CONNICTIVl 

l  wm*l  on  Tim*  ) 

V'RCOVf  NONA#  ONA*  CONNCTIVC  *  ACTOR  (  TOfttUlCNT  *  k  ) 
*  l„  1  %€»•  W  <w* 


Jfitlia.,1,  w  w 

'  » r„„.  w 


12  9-91 

FACTO*  NON  VANlOO*  NNONlkE 


HNTrMlXO*  AkTiTOt 

««*'  «  '  ,W  <•*>'  ^  |  ^  Sit  ’frt  »<Vt 

■y  n  •”  *nw  " 


SU6r.8-6.  IULlsT  EF 

T  T  T  T(3)/_ 

-*•><2.1-9)  I2J-II  K-,/(m 


■©  *■© 


N0T|  fO.  L1MU  •  L  ,  TM€  *t»«CTlVt  COCUIlM  InOUtD  NCAO  ^  ^ 

Mi.  im.i* 

QCMNAL  NQ.TI  :  NUNN*'**  9T9TEII  NO*  NN(t*U*C  ONA*  It  iNOENtNOCNT  ON  THE 

»*m ***  imm  umo  no*  •*  in -faction  o**« 


4'1 

'4^  *  _ ^ 

,  _ _ _  MANNUM  T>NCW«M 

O  WWKI  t*iNT 

\J>  ^ _ IK0N4II  0* 

£3j  /  /-N  00U*-f  *,00e, 

-© 


IMOOINICO  DOUBLE 
J  MON  SVMMKTWI 
I  ANMJ 


*  A  «,•, 

: _ ® 

CONNCTIVI  NACTO 
ION  MFINCNCE 
ANA  .  t 

W 


NOT!  NO*  tf  *no  5* 

CONNECTIVE  'ACT  0*9  A  SNfClAU 

TARLE  SHOULD  *1  AANANND 

FOkLOMN*  DATA  IN  T  (2  9-91 

(1  -r> 

4f 

Aril-  r  1 

4 

0 

© 

© 

— 

% 

h 

H*H  4<i*l 

© 

— 

©  0 

% 

(H) 

0 

© 

© 

©■© 

1.279  »0 

2.5-82 


2.  5-83 


TABLE  (2.5-8) 


TABLE  (2.5-12) 

PRESSURE  DRAG  COEFFICIENT  DUE  TO  LEADING- EDGE  BLUNTNESS, 

^OpWLE  0R  CDOpFLE 
(SEMICIRCULAR  LEADING  EDGE) 

MACH  ALTITUDE  newtonian  IMPACT  THEORY  SEMI-EMPIRICAL  METHOD,  JLE*  R^ 
(INDEPENDENT  OF  M  ) 

NO  H 


ft  CDOpWLE  or  CDOpFLE  CDLE  CDOpWLE  or  °DOpFLE 


<2  5 -  'SI 

RESULTS  AS  COMPUTED  IN  TABLES  (25-71  TO  42.9-12) 


«r  <C0OpfHP  *  C0oprvi*  f  Cpoprul 


1  OELTA  WiklG  RLANFORMt, 

OOUMf  MOM  A-H*OIL« 

cOOpRE  IP  *  cOOpWVii 

■  lOONVll  AiAroilt 

STflAlQHI 

Pl_ANFORW« 

OOUtll  *10*1 

oa  aiotwvti. 

APERf 0  MING 
.  cOOpWt*P  ♦  CoOpWVil 
000*11  0(011  ( 

OA  liCONVll,  ROO'FlIO 

CAM  1 

CA II  0 

CAM  a 

CAM  1 

OA II  0 

CAM  o 

avwaiTA* 

•  ■RFOut 

(HCIMM. 

AlMOIl* 

© 

T  |2  3  f  1 

© 

© 

T  I2  3«> 

© 

U2  5H 

© 

T  (2  5-»l 

© 

T  ( 2  5-*> 

© 

T  ( 2  V») 

© 

T  <2  5-  IO> 

©__ 

T  (2  3-10} 

© 

T  (2  3  10 

©. 

© 

© 

© 

CD 

© 

© 

1 

- 7 - 

__ 

\ 


OR  AO  OOEFFiC'ENT,  WING*  OR  FlN$ 
cP0pmE  KP  *•  COOpW  V 1 1 _ 


DELTA  WING 

PI.ANFORMS 

STNAiOMT  TAPEREO 

WING  PLANFORMS 

© 

© 

© 

© 

© 

© 

© 

© 

El 

©■© 

©■© 

©■©, 

0-0 

©■® 

U 

* 

□ 

— 

— 

mUM 

B^'l 

Bn 

■P 

■ 

r-- 

■ 

MB 

■  ;■ 

bb 

bh 

B| 

1  ■ 

■ 

BB 

BB 

bb 

BBI' 

mm 

■ 

88 


I 

I 


table 

IOTA  PRESSURE  DRAG  COEFFICIENT  ON  BODIES  OF  REVOLUTION, 


'^oopc  *■  flCoopo  ♦  ACoopHTir1 

ROBING  CHART*  SET*A*  »  IQS  (?  5  Ml.  (2  9  -i2l.(  2  9-1*1,  (2  9-lfl 


Non  lip  -itgnfnatl  #lf*e  I  inouM  b«  Mtimaldd  ort|  <f  Rfc/{0/2)  »  .19 
o»n|  CuM  Iran  Fig  (2  S’i5) 

No  boolioii  l#rm  lor  cylindrical  oflarbod>ai 


(?  9-1  .1 

CIRCULAR  CROSS  -  SFCTiON  ESTIMATES  USING  FIGURE  SET  A 
*  ICOOp«T  *  ^*CDOpiT(FORC)  1 


lN  ’ 

.  U*/DI  • 

0N  . 

.  ID/ 

1  • 

PRESSURE 

NOSE  SHAPES 

CONES 

M* 

OGIVES 

M  •  1 

NOSE  Tip 

BtuNTNISS 

7  M* 

7M*  Cooproai 

COOPFORE 

CDOpFO»f 

cDOpF0Rl 

r  A<W»nP  • 

r'DOBL  L(«  ,*,)*- 

«'V/0'  cc(m 

0 

0 

0 

© 

© 

1  © 

0 

•-■0 

F 1 0 12  5  14) 

0/0 

F  10(2  5-41 

FiO(2  5-9) 

FiO(*  5-151 

®-0 

— 

- 

CO« Full  T  (2  3  5)  lor  »«•«  Mlo 
I^.Rn/D).  0h.  OJ/Ln),  0, 

l*t.  °b-  ‘V^*  S***/2 


TABLE  12  5-  141  CONTINUED 


FIGURES 


BOAT  TAIL  OF  ANT  ]  LBT  •  Dg  •  <0* 'L*T»  * 


TOTAL 

FORE BODY 

CONICAL 

CoOpFORCTOTAL 

(M*-!)1'* 

Z(LBt/0) 

•CoopBrlLBr/o)* 

cOOpBT 

(:  ©•©•© 

©■  0-0 

M-i 

©■©-• 

© 

0 

© 

0 

O'® 

FIG  (2  5-1*1 

0/© 

— 

— 

_ 

_  _| 

CvOlilOlt  forofody  -  o(F  r  .  •*  l*rn  ,-i  ip^TfFORC) 

onl,  If  (LCYL/LeTl  •  •  **•- 

t<  in*  com,  e*i.  u"  .«  -*■[■' 

l^t  tnouH  •  .  «a  •  ,  or  (2  5-211 


COMMON  TO  BOTH  SETS  AND  ‘B  *  FiGS  1 2.5- 4  1,(2  5-5 ) .  (  2-5-13) .  (2. 9*  151  . 

(2.5-20).  (2.9-21) 


(C*/LB)*  .  V-f*  *  ,«(L#T/0)*»©*  ,2(Lir/D)'S« 


PARABOLIC 

FORE  BOOT  INTERFERENCE 

BOATTAIL 

total 

total  ioot 
PRESSURE  WM 

CoOpBT 

AOoopOTFORC)  ■  0 

“’’SS. 

CflOMT  ♦ 
*cOOPRT[FO»tl 

©JOPROO*  TOTAL 

0 

© 

© 

© 

©•  ©•© 

0 

FIG  (2.5-17) 

0© 

FIG  (25-20)  or (2.5 -21) 

6/© 

©■©-© 

©  *  © 

. 

_ 

4(11*7/0?  •  0,  ('-CYL/1-**!)''  ©,  ar*4  [(M1- 1  ^2(^/0)]  •  © 


TABLE  12  8  18) 


TOTAL  PRCttUPE  D*  AO  COEFFICIENT  OP  BOOC8  DEVOLUTION,  CIRCULAR 

{  COq»c  *AC0^o*4COopWTlP  '  * 


CHART8  8fT  y  «#f.  118-11.(2  8*11 . 12  8-IB) 


MAON 

ALTITUDE 

FORE  BOOT  <  ROBB  SECTION  ).  L„*  .Up'Bl*  .  V* 

NUMBER 

M 

H,  FT . 

CORE 

OBI 

°04B* 

M* 

CD«*« 

“■•‘ft*. 

0 

0 

e 

0 

0 

9 

0 

9 

T  111-81 

T  II  8-8) 

Fuas-'i 

'W 

FtE  12.8-2) 

9/© 

FIB  (t.S-13) 

•  0 

l  1 

1  8 

t  0 

c  a 

•  0 

3  8 

40 

45 

,0_j 

ETC 

WOTI  riMT  CHECK  FROM  Flf  (f  S-lt)  THAT  NO  BOV  (HOCK  DETACHMENT  OCCUR! 

-NOBETlP  •UMTNIII  in>ECTl  1HOULO  M  ISTlMAT  10  ONir  IF  <Pac/Q>'|) 
U8IN4  (  Lp  /  )  •  I  CUAVI  FROM  FI*.  12.5  151. 

-NO  lOATTAIL  TEAM  TON  OTLMMICAL  AFTEROOOIE8. 


CD0I8 -SECTION  -ESTIMATES  US'NO  FlOURC  SET  *B’ 
'  CtopfT  *  ACOofBTirORE)  ’ 

«(»BL/  D  )*•  ®  . 


*  CONSULT  (2  3  51  FOR  t AtIC  DATA1 
>0.18,  LN  ,  (  LN/0),ON,  (  0/LN),  D, 

LiT.°B.  {  0«,L*T».  <  t>B  /  L  0 1 . 


TABLE  12  8-i8)  CONTINUED 


BOAT  TAIL  (IK  ANY).  C( 

NOBE  TIM 

BLUNT NCES 

*CO^NTlR  * 

•«tVD^A 

TOTAL 

FOREBOOV 

CONICAL  («*B*^/ I  ) 

OR  PARABOLIC  <^) 

<*>•«. 

C0«*F0RE 

TOTAL 

CDO*T 

0 

0 

©1^0- 

©■0*0 

© 

©•0 

FIG  (2  8-it)  OR 

T  (2.3-3) 

1' 

1  ■ 

■  B 

HC3 

■  B 

1 

H  i 

1'  1  B 

-  EVALUATE  FOREBOOY-  AFTERBOQV 
(  tcyL/L*T>  *  180  *"0 

IF  THE  CASE  -CALCULATE 

4U§T/D,t*  ®*  <LcTl/ 

AMO  [im'-ii*/ H  ^tT/0)] 
FROM  Fl*8.  (2.5-20)  OR 


FIOUAE*  COMMON  TO  EOTH  8CT5  V  ANTI  *8*  FIOS.  (2  5-4)  .  (2  5 -5 1. 

(2  5-13),  (2  5-14)  .  (2  5-15) 
(2  5-20).  12.5-21) 


.(0,,/LtT  )• 


.  «  °i  >  L*  1  • 


e>.*/r 


FOREBOOY  INTERFERENCE 

BOATTAIL  TOTAL 

TOTAL 
■  OOY 

4COmBT(FORE)  » 0 

^OoMKFORE) 

C08pBT*  ^DflABWORE) 

CdopBTOTAL 

9 

0 

0*  0-  © 

© 

FIG  12  5-201  OR 
(2  5-211 

9/0 

0*  © 

INTENFEACNCC 


ONLY  IF 


1W“»  CDo»*T(FCNE) 

I  L/LBT  1-3.80.  L  •  LW*LCYL*LBT  ■ 

^CORAEglVE  TERM  [( I  -  (  0,  /  D))(  I  -  t#T  /  L'flT  >»]  *  ©. 

.  @  ,  WHERE  LBT  8H0UC0  BE  EVAUMTEO 

(2.5-21) , 


2. 5-90 


<mm*mmrnu.!si  ,t  I,,,  jsamm-’  - 


2.5.6  REFERENCES 


2.5- 1 

2.5- 2 

2.5- 3 

2.5- 4 

2.5- 5 

2.5- 6 

2.5- 7 

2.5- 8 

2.5- 9 

2.5- 10 

2.5- 11 

2.5- 12 

2.5- 13 

2.5- 14 

2.5- 15 

2.5- 16 


Royal  Aeronautical  Society  Data  Sheets,  Aerodynamics,  Vol.  1, 

Eleventh  Issue,  October,  1960. 

Hoerner,  S.  F.  "Fluid  Dynamics  Drag",  Author's  Publication. 

Hilton,  W.  F.  High  Speed  Aerodynamics.  Longman's,  Green  and 
Company,  New  York,  1^51 . 

Fraenkel,  L.  E.  "Calculations  of  the  Pressure  Distribution 
and  Boundary  Layer  Development  on  a'  Body  of  Revolution  With 
Various  Parabolic  Afterbodies  at  Supersonic  Speeds"  R.A.C. 

Report  Aero.  2482,  (1953). 

Young,  A.  D.  "The  Calculation  of  the  Profile  Drag  of  Aerofoils 
and  Bodies  of  Revolution  at  Supersonic  Speeds"  College  of 
Aeronautics,  Cranfield,  Report  No.  73  (1953). 

Young,  A.  D.  and  Kirkby,  S.  "The  Profile  Drag  of  Biconvex  and 
Double  Wedge  Sections  at  Supersonic  Speeds"  Proceedings  of  the 
N.P.L.  Symposium  on  Boundary  Layer  Effects  in  Aerodynamics. 

H.M.S.O.  1955. 

von  Karman,  T.  and  Moore,  N.  B.  "Resistance  of  Slender  Bodies 
Moving  with  Supersonic  Velocities,  with  Special  Reference  to 
Projectiles"  Transactions  of  the  American  Society  of  Mechanical 
Engineers,  Vol.  54,  No.  23,  (1942). 

Brown,  C.  E.  and  Parker,  H.  M.  "A  Method  for  the  Calculation  of 
External  Lift,  Moment  and  Pressure  Drag  of  Slender  Open-Nose 
Bodies  of  Revolution  at  Supersonic  Speeds"  N.A.C.A.  Report  808 
(1945). 

Lighthill,  M.  J.  "Supersonic  Flow  Past  Slender  Bodies  of  Revolu¬ 
tion  the  Slope  of  Whose  Meridian  Section  is  Discontinuous" 

Quarterly  Journal  of  Mechanics  and  Applied  Mathematics,  Vol.  I, 

Part  2  (1948). 

Ward,  G.  N.  "The  Approximate  External  and  Internal  Flow  Past  a 
Quasi-Cylindrical  Tube  Moving  at  Supersonic  Speeds"  Quarterly 
Journal  of  Mechanics  and  Applied  Mathematics,  Vol.  I,  Part  1, 

(1948). 

van  Dyke,  M.  D.  "A  Study  of  Second-Order  Supersonic  Flow  Theory" 
N.A.C.A.  T.N.  2200  (1951). 

van  Dyke,  M.  D.  "Practical  Calculations  of  Second-Order  Super¬ 
sonic  Flow  Past  Non-Lifting  Bodies  in  Revolution"  N.A.C.A.  T.N. 

2744  (1952). 

Isenbert,  J.  S.  "The  Method  of  Characteristics  in  Compressible 
Flow,  Part  I"  H.  Q.  Air  Material  Command,  Wright  Field,  Tech¬ 
nical  Report  F-Tr-1173A-ND  (1947). 

Truitt,  R.  W.  Hypersonic  Aerodynamics.  New  York:  The  Ronald 
Press  Company,  1959. 

Taylor,  G.  I.  and  Maccoll,  J.  W.  "The  Air  Pressure  on  a  Cone  Moving 
at  High  Speeds"  Proc.  Roy.  Soc.  A,  Vol.  139  (1953). 

Massachusetts  Institute  of  Technology,  Department  of  Electrical 
Engineering:  "Tables  of  Supersonic  Flow  Around  Cones"  by  the 

Staff  of  the  Computing  Section,  Center  of  Analysis,  Under  Direction 
of  Zdenek  Kopal,  M.I.T.  Tech.  Report  1,  Cambridge,  1947. 


2.5- 17 

2.5- 18 

2.5- 19 

2.5- 20 

2.5- 21 


2.5- 22 

2.5- 23 


2.5-24 


2.5-25 


2.5-26 


2.5-27 


2.5-28 


2.5-29 


W-— 


Tsien,  H.  S.  "Similarity  Laws  of  Hypersonic  Flows"  Journal  of 
Mathematics  and  Physics,  Vol.  25,  No.  3,  (1946). 

Nielson,  Y.  N.  "Missile  Aerodynamics"  McGraw-Hill  Series  in 
Missile  and  Space  Technology,  McGraw-Hill  Rook  Company,  Inc., 

New  York,  1960. 

Spreiter,  J.  R.  and  Alksne,  A.  Y.  "Slender-Body  Theory  Based  on 
Approximate  Solution  of  the  Transonic  Flow  Equation"  N.A.S.A. 

Tech.  Report  R-2 ,  (1959). 

Ehret,  D.  M.  "Accuracy  of  Approximate  Methods  for  Predicting 
Pressures  on  Pointed  Non-Lifting  Bodies  of  Revolution  in 
Supersonic  Flow"  N.A.C.A.  T.N.  276A  (1952). 

Oswatitsch,  K.  and  Keune,  F.  "The  Flow  AroundBodies  of  Revolu¬ 
tion  at  Mach  Number  1"  Proc.  Conf.  on  High-Speed  Aerodynamics 
Polytechnic  Institute  of  Brooklyn,  Brooklyn,  N.  Y.  pp.  113-131, 
(1955). 

Drougge,  G.  "Some  Measurements  on  Bodies  of  Revolution  at  Transonic 
Speeds."  Ninth  International  Congress  of  Applied  Mechanics, 

Univ.  ol  Brussels,  p.  70-77,  (1957). 

Taylor,  R,  A.  and  McDevitt,  J.  B.  "Pressure  Distributions  at  Tran¬ 
sonic  Speeds  for  Parabolic-Arc  Bodies  of  Revolution  Having  Fine¬ 
ness  Ratios  of  10,  12,  and  14"  N.A.C.A.  T.N.  4234,  (1958). 

Miles,  J.  W.  "On  the  Sonic  Drag  of  a  Slendei'  Body"  J.  Aero.  Sci.. 
Vol.  23,  No.  2,  pp.  146-154,  (1956). 

Eggers,  A.  J.  Jr.  and  Savin  R.  C.  "Approximate  Methods  for  Calcu¬ 
lating  the  Flow  About  Non-Lifting  Bodies  of  Revolution  at  High 
Supersonic  Airspeeds"  NACA  TN  2579  (1951). 

Gunderley,  G.  and  Yoshihara,  H.  "An  Axial -Symmetric  Transonic  Flow 
Pattern"  Quart.  Appl.  Math.,  Vol.  4,  No.  4,  pp.  333-339,  (1951). 

Gunderley,  G.  and  Yoshihara,  H.  "Axial-Symmetric  Transonic  Flow 
Patterns"  A.  F.  Tech.  Rep.  5797  ,  U.S.A.F.  A.M.C.  ,  Dayton,  Ohio, 
(1949). 

Page,  W.  A.  "Experimental  Study  of  the  Equivalence  of  Transonic 
Flow  About  Slender  Cone-Cylinders  of  Circular  and  Elliptic  Cross 
Section"  N.A.C.A.  T.N.  4233,  (1958). 

Chapman,  D.  R.  "An  Analysis  of  Base  Pressure  at  Supersonic  Veloci¬ 
ties  and  Comparison  With  Experiment"  N.A.C.A.  Tech.  Report  1051, 
(1951). 


2.5- 30  Ehret,  D.  M. ,  Rossow,  V.  J.  and  Stevens,  V.  I.  "An  Analysis  of 

the  Applicability  of  the  Hypersonic  Similarity  Law  to  the  Study 
of  Flow  About  Bodies  of  Revolution  at  Zero  Angle  of  Attack" 

N.A.C.A.  TN.  2250  (1950). 

2.5- 31  Rossow,  V.  J.  "Applicability  of  the  Hypersonic  Similarity  Rule  to 

Pressure  Distributions  which  Include  the  Effects  of  Rotation  for 
Bodies  of  Revolution  at  Zero  Angle  of  Attack"  N.A.C.A.  T.N. 

2399  (1951). 

2.5- 32  van  Dyke,  M.  D.  "The  Combined  Supersonic-Hypersonic  Similarity  Rule" 

Journal  of  the  Aeronautical  Sciences,  Vol.  18,  No.  7,  (1951). 


2.5-93 


■U«-. 


2.5- 33  Fraenkel,  L.  E.  "Curves  for  Estimating  the  Wave  Drag  of  Some 

Bodies  of  Revolution,  Based  on  Exact  and  Approximate  Theories" 
A.R.C.  Current  Paper  136  (1952). 

2.5- 34  von  Karman,  T.  "The  Problem  of  Resistance  in  Compressible  Fluids" 

Atti  V  Convegno  Fondazione  Alessandro  Volta,  Rome,  (1935). 

2.5- 35  Haack,  W.  "Geschossenf ormen  Kleinsten  Wellenwiderstandes"  Ber. 

Lilienthal  Ges.  Luftfahrt,  Vol.  139. 

2.5- 36  Sears,  W.  R.  "On  Projectiles  of  Minimum  Wave  Drag"  Quart.  Appl. 

Math.,  Vol.  14,  No.  4,  (1947). 

2.5- 37  Eggers,  A.  J.,  Jr.,  Resnikoff,  M.  M.  and  Dennis,  D.  H.  "Bodies 

of  Revolution  for  Minimum  Drag  at  High  Supersonic  Airspeeds" 
N.A.C.A.  Tech.  Report  1306,  (1958). 

2.5- 38  Ferrari,  C.  The  Body  and  Ogival  Contour  Giving  Minimum  Wave 

Drag"  Atti  Dell  Accademia  Delle  Scienze  Di  Torino,  Vol.  84, 

No.  1,  pp.  3-18,  (1949-50)  (Translated  by  R.  H.  Cramer,  Cornell 
Aero.  Lab.,  Inc.,  Buffalo,  N.Y.,  Presented  at  Session  of  Reale 
Accademia  Delle  Scienze  Di  Torino,  Nov.  23,  1949) 

2.5- 39  Kueth,  A.  M.  and  Schetzer,  J.  D.  "Foundations  of  Aerodynamics" 

Second  Edition.  John  Wiley  and  Sons,  Inc.,  New  York,  1959. 

2.5- 40  Sears,  W.  R.  (Editor).  "General  Theory  of  High  Speed  Aerodynamics" 

Vol.  VI,  High  Speed  Aerodynamics  and  Jet  Propulsion,  Princeton 
University  Press,  Princeton,  New  Jersey,  1954. 

2.5- 41  Bishop,  R.  A.  and  Cane,  E.  G.  "Charts  of  the  Theoretical  Wave  Drag 

of  Wings  at  Zero  Lift"  R.A.E.  Tech.  Note  Aero  2421,  (1956). 

2.5- 42  Grant,  F.  C.  end  Morton,  C.  "Tables  for  the  Computation  of  Wave 

Drag  of  Arrow  Wings  of  Arbitrary  Airfoil  Section"  N.A.C.A.  T.N. 
3185  (1954). 

2.5- 43  Puckett,  A.  E.  "Supersonic  Wave  Drag  of  Thin  Airfoils"  J.  Aero. 

Sci.,  Vol.  13,  No.  9,  pp.  475-484,  (1946). 

2.5- 44  Laurence,  T.  "Charts  of  the  Wave  Drag  of  Wings  at  Zero  Lift" 

R.A.E.  Tech.  Note  Aero.  2139,  Revised,  (1952). 

2.5- 45  Nielsen,  J.  N.  "Effects  of  Aspect  Ratio  and  Taper  on  the  Pressure 

Drag  at  Supersonic  Speeds  of  Upswept  Wings  at  Zero  Lift"  N.A.C.A. 
T.N.  1487  (1947). 

2.5- 46  Puckett,  A.  E.  and  Stewart,  H.  T.  "Aerodynamic  Performance  of  Delta 

Wings  at  Supersonic  Speeds"  J.  Aero.  Sci.  Vol.  14,  No.  10, 
pp.  567-578,  (1947). 

2.5- 47  Katzen,  E.  and  Kaattari,  G.  E.  "Drag  Interference  Between  a  Pointed 

Cylindrical  Body  and  Triangular  Wings  of  Various  Aspect  Ratios  at 
Mach  Numbers  of  1.50  and  2.02"  N.A.C.A.  T.N.  3794  (1956). 

2.5- 48  Nielsen,  J.  N.  "Quasi-Cylindrical  Theory  of  Wing-Body  Interference 

at  Supersonic  Speeds  and  Comparison  with  Experiment"  N.A.C.A.  Tech 
Report  1252  (1955). 

?.5-49  Nielsen,  J.  N.  and  Matteson,  F.  H.  "Calculative  Method  for  Estima¬ 
ting  the  Interference  Pressure  Field  at  Zero  Lift  on  a  Symmetrical 
Swept-Buek  wing  Mounted  on  a  Circular  Cylindrical  Body"  N.A.C.A. 
R.M.  A9E19  (1949). 


2.5-94 


2.5- 50  Whitcomb,  P.  T.  "A  Study  of  the  Zero-lift  Drag  Rise  Characteristics 

of  Wing-Body  Combinations  Near  the  Speed  of  Sound"  N.A.C.A. 

Tech  Ref.  1273  (1956). 

2.5- 51  Jones,  R.  T.  "Theory  of  Wing-Body  Drag  at  Supersonic  Speeds" 

N.A.C.A.  Tech.  Report  1284  (1956). 

2.5- 52  Lomax,  H.  and  Heaslet,  M.  A.  "Recent  Developments  in  the  Theory 

of  Wing-Body  Wave  Drag'  J.  Aero.  Sci.,  Vol.  23,  No.  12,  op.  1061- 
1074  (1956). 

2.5- 53  Lomax,  H.  "Nonlifting  Wing-Body  Combinations  with  Certain  Geometric 

Restraints  Having  Minimum  Wave  Drag  at  Low  Supersonic  Speeds" 
N.A.C.A.  Tech.  Rep.  1297  (1957). 

2.5- 54  Nielsen,  J.  N.  "General  Theory  of  Wave-Drag  Reduction  for  Combi¬ 

nations  Employing  Quasi-Cylindrical  Bodies  with  an  Application 
to  Swept  Wing  and  Body  Combinations"  N.A.C.A.  T.N.  3722  (1956). 

2.5- 55  Ziekievicz,  H.  K.  "An  Investigation  of  Boundary  Layer  Effects  on 

Two-Dimensional  Supersonic  Airfoils"  Cranfield  Report  49,  (1951) 

2.5- 56  Holder,  D.  W.  ,  Pearcy,  H.  H.  ,  and  Gadd,  G.  E.  "The  Interaction 

Between  Shock  Waves  and  Boundary  Layers"  A.R.C.  Report  16,077 
(1953). 

2.5- 57  Holder,  D.  W.  and  Gadd,  G.  E.  "The  Interaction  Between  Shock 

Waves  and  Boundary  Layers  and  its  Relation  to  Base  Pressure 
in  Supersonic  Flow".  Proceedings  of  N.P.L.  Symposium  on  Boundary 
Layer  Effects  in  Aerodynamics,  H.  M.  S.  0.  (1955). 

2.5- 58  van  Dyke,  M.  D.  "Second-Order  Slender-Body  Theory  --  Axisymmetric 

Flow"  N.A.C.A.  T.N.  4281  (1958). 

2.5- 59  Perkins,  E.  W.  ,  Jorgensen,  L.  H.  and  Sommer,  S.  C.  "Investigation 

of  the  Drag  of  Various  Axially  Symmetric  Nose  Shapes  of  Fineness 
Ratio  3  for  Mach  Numbers  from  1.24  to  7.4"  N.A.C.A.  Report 
1386,  (1958). 

2.5- 60  Stoney,  W.  E.  ,  Jr.  "Collection  of  Zero-lift  Drag  Data  on  Bodies  of 

Revolution  from  Free-Flight  Investigations"  N.A.C.A.  T.N.  4201, 
(1958). 

2.5- 61  Fraenkel,  L.  E.  "The  Theoretical  Wave  Drag  of  Some  Bodies  of  Revolu¬ 

tion"  R.A.E.  Report  Aero.  2420  (1951). 

2.5- 62  Abbott,  H.  I.  and  Doenhoff,  E.  A.  Theory  of  Wing  Sections.  New 

York:  Dover  Publications,  Inc.,  1959. 

2.5- 63  van  Driest,  E.  R.  "Turbulent  Boundary  Layer  in  Compressible  Fluids" 

J.  Aero.  Sci.,  Vol.  18,  no.  3,  March,  1951,  p.  145. 

2.5- 64  Jones,  R.  T.  "Theoretical  Determination  of  the  Minimum  Drag  of 

Airfoils  at  Supersonic  Speeds"  J.  Aero.  Sci.,  Vol.  19,  No.  12, 
pp.  813-822,  (1952). 

2.5- 65  Jones,  R.  T.  ''Minimum  Wave  Drag  for  Arbitrary  Arrangements  of  Wings 

and  Bodies"  N.A.C.A.  Tech.  Reports  1335,  (1957). 

2.5- 66  Tsien,  S.  H.  "The  Supersonic  Conical  Wing  of  Minimum  Drag"  J 

Aero.  Sci.,  Vol.  22,  No.  12,  pp.  805-817,  (1955). 

2.5- 67  Levy,  L.  L.  Jr.  "Supersonic  and  Moment-of  Area  Rules  Combined  for 

Rapid  Zero-Lift  Wave  Drag  Calculations"  N.A.S.A.  Memo  4-19-59A, 
(1959). 


2.5-95 


2.5- 68  Levy,  L.  L.  Jr.  and  Yoshiicdwa,  K.  K.  "A  Numerical  Method  for 

Calculating  the  Wnve  Drag  of  a  Configuration  from  the  Second 
Derivative  of  the  Area  Distribution  of  a  Series  of  Equivalent 
Bodies  of  Revolution"  N.A.S.A.  Memo  1-16-59A,  (1959). 

2.5- 69  Beane,  Beverly.  "The  Characteristics  of  Supersonic  Wings  Having 

Biconvex  Sections".  J.  Aero.  Sci.,  Vol.  18,  No.  1,  (1951), 
pp.  7-20. 

2.5- 70  Spreiter,  J.  R.  "Aerodynamics  of  Wings  and  Bodies  at  Transonic 

Speeds"  J.  Aero.  Sci.,  Vol.  26,  No.  8,  pp.  465-486,  (1959). 

2.5- 71  Cahn,  M.S.  and  Olstad,  W.B.  "A  Numerical  Method  for  Evaluating 

Wave  Drag"  N.A.C.A.  T.N.  4258,  (1958). 

2.5- 72  Holdaway,  G.  H.  "Comparison  of  Theoretical  end  Experimental  Zero- 

Lift  Drag  Rise  Characteristics  of  Wing-Body-Tail  Combinations 
Near  the  Speed  of  Sound"  N.A.C.A.  R.M.  A53H17,  (1953). 

2.5- 73  Bonney,  E.  A.  "Aerodynamic  Characteristics  of  Rectangular  Wings 

at  Supersonic  Speeds"  J.  Aero.  Sci.,  Vol.  14,  No.  2,  pp. 

110-116  (1947). 

2.5- 74  Puckett,  A.  E.  "Supersonic  Wave  Drag  of  Thin  Airfoils"  J.  Aero. 

Sci.,  Vol.  13,  No.  9,  pp.  475-484,  (1946). 

2.5- 75  Vincenti,  W.  G.  "Comparison  Between  Theory  and  Experiment  for 

Wings  at  Supersonic  Speeds"  N.A.C.A.  Report  1033,  (1951). 

2.5- 76  Cohen,  Doris:  "Formulas  for  the  Supersonic  Loading,  Lift,  and 

Drag  of  Flat  Swept-Back  Wings  with  Leading  Edges  Behind  the 
Mach  Lines"  N.A.C.A.  Report  1051,  (1951). 

2.5- 77  Carter,  W.  J.  "Optimum  Nose  Shapes  for  Missiles  in  the  Super- 

aerodynamic  Region"  J.  Aero.  Sci.,  Vol.  24,  No.  7,  p.  527-532, 
(1957). 

2.5- 78  Nielsen,  J.  N.  and  Matteson,  F.  H.  "Calculative  Method  for  Esti¬ 

mating  the  Interference  Pressure  Field  at  Zero-Lift  on  a 
Symmetrical  Swept-Back  Wing  Mounted  on  a  Circular  Cylindrical 
Body"  N.A.C.A.  R.M.  A9E19,  (1949). 

2.5- 79  Coletti,  D.  E.  "Investigation  of  Interference  Lift,  Drag  and 

Pitching  Moment  of  a  Series  of  Triangular  Wing  and  Body  Com¬ 
binations  at  a  Mach  Number  of  1.62",  N.A.C.A.  R.M.  L55B25, 

(1955)  . 

2.5- 80  Kavanau,  L.  L.  "Base  Pressure  Studies  in  Rarefied  Supersonic 

Flows"  J.  Aero.  Sci.,  Vol.  23,  No.  3,  pp.  193-208  (1956). 

2.5- 81  Harris,  T.  "Description  and  Discussion  of  the  Air  Disturbance 

Round  Bullets  in  Free  Flight"  R.  D.  Ref.  No.  63,  Ordinance 
Research  Department,  Woolwich,  England,  (1925). 

2.5- 82  Gabeaud,  M.  "Sur  la  Resistance  de  L'Air  Aux  Vitesses  Balisteques" 

Comptes  Rendus  de  L'Academie  de  Sciences,  Vol.  192,  No.  11,  pp. 
1630  and  1790,  (1931). 

2.5- 83  Depreux,  M.  "Sur  la  Resistance  de  L'Air  a  L'Arriere  Des  Pro¬ 

jectiles"  Comptes  Rendus  de  L'Academie  de  Sciences,  Vol.  193, 
No.  11,  p.  439,  (1931). 

2.5- 84  von  Karman,  T.  and  Moore,  N,  B.  "The  Resistance  of  Slender  Bodies 

Moving  at  Supersonic  Velocities"  Trans.  A.S.M.E.,  Vol.  54,  p. 
303,  (1932). 


2.5-96 


BLANK  PAGE 


SUBSECTION 


LIST  OF  FIGURES 
LIST  OF  TABLES 
LIST  OF  SYMBOLS 

2.6.1  Introduction 

2.6.2  A  Brief  Survey  of  the  Base  Pressure  References 

(i)  Chapman's  Solution  of  the  Base  Pressure 

(ii)  Love's  Solution  of  the  Base  Pressure 

2.6.3  A  Summary  Analysis  of  the  Main  Influential  Parameters 

(i)  Reynolds  Number  Effects 

(ii)  Mach  Number  Effects 

(iii)  Combined  Mach  Number  and  Reynolds  Number  Effects 

(iv)  Boattail  Effects 

(v)  Tail  Fins  Interference  Effects 

(vi)  Jet  Effects  on  Afterbody  Drag  Component 

(vii)  Trailing  Edge  Base  Pressure 

2.6.4  The  Proposed  Methods  for  the  Base  Drag  Coefficient 
Evaluation 

(i)  Basic  Assumptions 

(ii)  Cone  (Ogive)  Plus  Cylindrical  Body  Without 
Boattailing 

(iii)  Boattail  Effects  on  Base  Pressure  Drag 

(iv)  Fins  Interference  Effects 

(v)  Jet  Interference  Effects  on  the  Base  Pressure 
and  the  Boattail  Drag 

(1)  Base  Drag  Coefficient  Changes  Due  to 
Jet  Effects 

(2)  Boattail  Pressure  Drag  Coefficient 
Changes  Due  to  Jet  Effects 

(3)  Combined  Afterbody  (Base  Plus  Boattail)  Drag 
Coefficient  Decrement. 

(vi)  Trailing  Edge  Base  Pressure  Drag 

(vii)  Final  Expressions  for  the  Total  Base  Drag  Coeffi¬ 
cient 

2.6.5  Computational  Instructions  for  the  Total  Base  Pressure 
Drag  Coefficient  Estimates 


(i)  Basic  Data  Preparation 

(ii)  List  of  Working  Graphs  for  the  Base  Pressure 
Drag  Estimates 

(iii)  Computational  Procedure 
2.6.6  References 


2.6-i 


PAGE 

2.6- ii 

2.6- iv 

2.6- v 


2.6-1 

2.6-2 

2.6- 3 

2.6- 6 

2.6-10 

2.6-10 

2.6-10 

2.6-10 

2.6-10 

2.6-18 

2.6-20 

2.6-29 


2.6-30 

2.6-30 

2.6- 30 

2.6- 31 

2.6- 31 

2.6- 32 

2.6- 32 

2.6- 34 
2.6-34 


2.6-36 


2.6-38 

2.6-38 

2.6-38 

2.6- 38 

2.6- 53 


LIST  OF  FIGURES 


Section  2.6  Base  Drag 


FIGURE 

TITLE 

PAGE 

2.6-1 

Method  of  evaluating  P'  together  with  some  specific 
values, Ref.  (2.6-5) 

2.6-4 

2.6-2 

Effect  of  Reynolds  Number  on  base  pressure  of  bodies 
of  revoluation  with  turbulent  boundary  layers, Ref. 

(2.6-5) 

2.6-5 

2.6-3 

Base-pressure  correlation  for  bodies  of  revolution 
with  relatively  thin  turbulent  boundary  layer,  Ref. 

(2.6-5) 

2.6-5 

2.6-4 

Base-pressure  correlation  for  airfoils  with  rela¬ 
tively  thin  turbulent  boundary  layers, Ref.  (2.6-5) 

2.6-7 

2.6-5 

Effect  of  Reynolds  Number  on  base  pressure  of  air¬ 
foils  with  turbulent  boundary  layers, Ref.  (2.6-5) 

2.6-7 

2.6-6 

Base  pressure  on  bodies  of  revoluation  having  cylin¬ 
drical  afterbodies  (no  fins),  Ref.  (2.6-33) 

2.6-8 

2.6-7 

Sketch  of  wake  flow  at  low  Reynolds  Number,  Ref. 

(2.6-11) 

2.6-9 

2.6-8 

Average  base  pressure  drag  coefficient  for  cylin¬ 
drical  bodies  with  conical  noses  from  various  tests, 

Ref.  (2.6-13)  fig.  1,  J.A.S.  Vol.  18,  no.  1,  1951, 
see  '.-able  (2.6-1) 

2.6-11 

2.6-9 

Base  pressure  on  bodies  of  revolution  having  cylindri¬ 
cal  afterbodies  -  collection  of  data 

2.6-12 

2.6-10 

Geometry  of  models  tested  in  Ref.  (2.6-26) 

2.6-15 

2.6-II 

Configurations  for  minimum  afterbody  drag  at  M  =  1.2, 

Ref.  (2.6-36) 

2.6-16 

2.6-12 

Sketch  of  typical  afterbody  and  several  nozzle  con¬ 
figurations 

2.6-21 

2.6-13 

Jet  effects  on  boattail  pressures.  Typical  case; 
free-stream  Mach  Number,  1.9;  boattail  angle,  5.6° 

Ref.  (2.6-37) 

2.6-23 

2.6-14 

Jet  effect  on  boattail  pressure  drag  at  free-stream 

Mach  Numbers  of  1.9  to  2.0, Ref.  (2.6-37) 

2.6-25 

2.6-15 

Base  pressure  increment  for  parabolic  afterbodies 
at  zero  angle-of -attack,  transonic  speeds.  Re¬ 
arranged  from  Ref.  (2.6-16) 

2.6-26 

2.6-16 

Fin  effects  upon  base  pressure  with  varying  Mach 

Number  for  the  basic  reference  configuration 

2.6-42 

2.6-17 

Base  drag  coefficient  decrement  due  to  fin  thickness 
decrease,  Ref.  (2 . 6-11)  and  (2.6-30) 

2.6-43 

IMNE 


2.6-18 

Measurements  and  estimates  of  the  effects  of  fin 
location  upon  base  pressure  at  several  Mach  Num¬ 
bers 

2.6-44 

2.6-19 

Base  pressure  on  bodies  having  cylindrical 
bodies  (no  fins) 

af  ter- 

2.6-45 

2.6-20 

Effect  of  free-stream  Mach  Numbers  on  base  pressures 
for  various  jet-static  pressure  ratios.  Reference 
configuration 

2.6-46 

2.6-21 

The  effects  of  Mach  Number  on  base  pressure 
dimensional  wings  in  turbulent  flow,  Ref.  (2. 

for  two- 
6-7) 

2.6-52 

LIST  OF  TABLES 
Section  2.6  Base  Drag 


TABLE 

title 

2.6-1 

Calculation  of  base  drag  coefficient  using  data 
on  base  pressure  of  cylindrical  bodies  from  Ref. 
(2.6-13) 

2.6-2 

Geometrical  data  for  models  tested  in  Ref. 
see  Fig.  (2.6-10) 

(2.6-26) 

2.6-3 

Accuracy  of  measurements  in  Ref.  (2.6-26), 
(2.6-10) 

see  Fig. 

2.6-4 

Basic  data  for  base  drag  evaluation 

2.6-5 

Total  base  drag  coefficient  estimates 

{ 


2 . 6-iv 


PAGE 

2.6- 13 

2.6- 17 

2.6- 17 

2.6- 39 

2.6- 40 


LIST  OF  SYMBOLS 
Section  2.6  Base  Drag 


I.  GEOMETRY 

0  -  Cylinder  diameter,  ft. 

Ob  -  Base  diameter,  ft. 

On  -  Nozzle  diameter,  ft. 

N  -  Number  of  fins. 

bp  -  The  fin  total  span. 

hpEXP  ~  The  individual  fin  height,  ft. 

(t/c)p  -  The  airfoil  thickness  ratio. 

C,  -  The  fin  root  chord,  ft. 

(x/C,)p-  The  fin  trailing  edge  root  chord  relative  position  with 
respect  to  body  base,  positive  forward. 

Ap  -  The  fin  sweep-back  angle. 

0B  -  The  conical  boattail  angle;  for  parabolic  bodies,  boattail 
angle  of  an  inscribed  cone,  degrees,  0p  B  Z0B  • 

cN  -  The  nozzle  exit  angle,  positive  for  diverging  exit  pro¬ 
file,  degrees. 

1>wexn  ~  Exposed  wing  span,  ft. 

I  -  The  bluntness  of  the  wing  or  fin  edge,  approximately  .01  ft. 
0B  -  Boattail  angle. 

Sr  -  Reference  area. 

C  -  Airfoil  chord, 

h  -  Airfoil  base  thickness. 

II.  PHYSICAL 

T|  -  The  jet  static  temperature,  °R  ,  absolute. 

Th  -  The  ambient  static  temperature  °R  absolute. 

P  -  The  altitude  static  pressure,  Ph  =  P»,#/sq.ft. 

Mh  -  The  free-stream  Mach  Number,  Mh  =  . 

Pb  -  The  static  pressure,  #/sq.ft. 

Reg  -  The  Reynolds  Number,  referred  to  exposed  wing  (or  fin)  mean 

geometric  chord. 


2.6-v 


K  -  Maximum  diameter  (location  coefficient). 

if/  -  Stream  function. 

6  -  Boundary  layer  thickness. 

Coo  “  Zero-lift  drag  force  coefficient,  nondimensi onal ,  referred 

to  the  common  reference  area,  Sr  ,  and  the  flow  conditions 
at  "infinity",  Standard  Atmosphere  at  each  flight  altitude, 
H: 


Cdo 


Zero-Lift  Drag  Force 
sr 


Coob  “  Zero-lift  base  pressure  drag  force  coefficient,  nondimen- 
sional,  referred  to  the  common  reference  area,  Sr  ,  and  the 
flow  conditions  at  "infinity",  Standard  Atmosphere  at  each 
flight  altitude,  H: 

,  Sbase  . 

Coob  1  ( -Cpb  )  ( - - -  ) 


III.  SUBSCRIPTS 


B 

- 

Refers 

to 

BT 

- 

Refers 

to 

BT(R 

- 

Refers 

to 

BT(FORE) 

- 

Refers 

to 

BT(W) 

- 

Refers 

to 

CYL 

- 

Refers 

to 

F 

Refers 

to 

F(BT) 

- 

Refers 

to 

FORE 

- 

Refers 
wings  . 

to 

F(W+B) 

- 

Refers 

to 

LE 

- 

Refers 

to 

T(JET) 

- 

Refers 

to 

TE 

- 

Refers 

to 

W(B) 

- 

Refers 

to 

WET 

- 

Refers 

to 

OP 

- 

Refers 

to 

the  boundary  layer. 

IV.  SUPERSCRIPTS 

'  -  Mean  value  of  quantity. 


2 . 6-vi 


2 . 6  BASE  DRAG 


2.6.  L  INTRODUCTION 


For  blunt-base  bodies,  the  base  drag 
component,  CDOb  ,  (including  the  smaller 
contribution  from  trailing-edge  blunt¬ 
ness  effects)  constitutes  an  appreciable 
fraction  of  the  total  drag  force  at 
supersonic  speeds. 

The  base  drag  arises  from  the  static 
pressure  that  is  created  in  the  viscous 
dead-air  region  at  the  rear  of  the  body. 
It  is  largely  influenced  by  the  pattern 
in  which  the  free  stream  flow  closes  in 
behind  the  body  (usually  through  a 
slip-off  expansion-compression  wave  com¬ 
bination)  and  by  the  manner  in  which 
the  boundary  layer  at  the  base  mixes 
with  both  the  dead-air  region  and  the 
outside  free-stream  flow.  The  phenomena 
is  of  a  predominantly  viscous  nature  and, 
consequently,  cannot  be  treated  within 
the  concepts  of  potential  fluid  theory. 
Instead,  semi-empirical  correlations  of 
various  experimental  data  are  required. 

The  fundamental  assumptions,  stated 
in  Section  1.2,  are  applied  to  the  pre¬ 
sent  analysis  of  the  base  drag  phenomena, 
i.e.,  only  symmetric,  steady  (or  even¬ 
tually  "quasi-steady")  flow  (or  flight) 
in  a  Standard  Atmosphere  (void  of  any 
turbulence)  are  investigated. 

The  main  parameters  controlling  the 
base  drag  phenomena  within  the  steady 
flow  concept  are: 

(1)  Type  of  flow:  two-dimensional, 
axially  symmetric,  general  three  dimen¬ 
sional  , 

(2)  Type  of  boundary  layer  at  the 
base:  laminar,  transitional,  turbulent, 

(3)  Base  configuration;  boattailing 
and  general  body  shape  ahead  of  base, 

(4)  Mach  Number, 

(5)  Reynolds  Number, 

(6)  The  shift  of  the  transition 
point  from  laminar  to  turbulent  boundary 
layer  flows, 

(7)  Thermal  conditions  at  the  base, 

(8)  The  angle-of-attack, 

(9)  The  fin-interference  effects, 


(10)  The  "jet-pump"  effects, 

(11)  The  flight  altitude  (rarefied 
gas  effects). 

In  the  proposed  method  of  engineer¬ 
ing  analysis,  only  some  of  the  influen¬ 
tial  parameters  are  taken  into  account. 
Thus,  it  is  further  assumed  that: 

(a)  For  the  restrictive  no-lift 
conditions,  (  CL~0  ),  it  is  assumed 
that  the  flow  around  the  body  near  the 
base  is  not  separated. 

(b)  The  boundary  layer  is  fully 
turbulent  before  slipping  off  the  rear 
of  the  body. 

(c)  Thermal  conditions  at  the  base 
are  not  fully  taker,  into  account,  since 
no  extensive  date,  on  the  heat  effects 
are  available.  Partial  corrections, 
when  included,  are  from  rather  scarce 
experimental  evidence. 

Other  effects,  listed  above  under 
(1)  to  (11),  are  taken  into  considera¬ 
tion  in  preparing  the  working  charts 
for  the  base  drag  coefficient  esti¬ 
mates  as  follows: 

For  bodies  of  revolution,  the  exter¬ 
nal  flow  is  taken  as  axially  symmetric. 
Wings  and  fins  are  assumed  two-dimen¬ 
sional  when  theoretical  data  are  used, 
i.e.,  the  tip  effects  and  the  spanwise 
flow  streaming  with  swept-back  con¬ 
figurations  are  not  explicitly  repre¬ 
sented;  they  are  automatically  included 
in  an  implicit  form  in  the  respective 
experimental  measurements.  Base  con¬ 
figurations  consist  of  relatively  re¬ 
stricted  boattailing  (  eB  <15°).  The 
influence  of  fin  size,  shape  and  posi¬ 
tion  on  the  base  pressure  is  tenta¬ 
tively  expressed  as  a  separate  inter¬ 
ference  effect  and  estimated  on  the 
basis  of  the  few  available  empirical 
data.  "Jet  pump"  effects  are  taken 
into  account,  mostly  from  data  obtained 
from  direct  free-f light  measurements. 

In  the  following  Sections,  2 . 6.2  and 
2.6.3,  a  general  survey  of  the  techni¬ 
cal  literature  used  in  the  preparation 
of  data  and  a  qualitative  summary  anal¬ 
ysis  of  various  influence  parameters  on 
the  base  pressure  values  are  presented 


2.6-1 


The  explicit  expressions  for  the  base 
pressure  evaluation  and  the  proposed 


method  for  direct  computations  are 
worked  out  in  detail  in  Section  2.6.4. 


2.6.2  A  BRIEF  SURVEY  OF  THE 

BASE  PRESSURE  REFERENCES 


In  the  early  Refs  (2.6-1)  to  (2.6-4), 
(Harris,  Gabeaud,  Depreux,  von  Karman), 
the  base  pressure  has  been  studied  con¬ 
sidering  the  inviscid  influence  of  Mach 
Number  only  The  neglect  of  viscous 
effects,  cor  tituting  actually  the  very 
basis  of  th_  phenomena,  proved  to  be  a 
serious  shortcoming  of  the  theories. 

Studies  of  the  viscous  effects  on 
base  pressure  were  notably  undertaken 
by  Cope(6)  and  Chapman(S).  They  in¬ 
vestigated  simultaneously  the  Mach 
Number,  the  Reynolds  Number,  and  the 
general  viscous  flow  pattern  effects 
at  the  base.  Cope  derived  a  semi- 
empirical  method  for  the  base  drag 
estimates  in  terms  of  Mach  Number, 
Reynolds  Number  and  the  boundary  layer 
flow  type.  Chapman  used  "inviscid” 
supersonic  wake  solutions  in  combina¬ 
tion  with  existing  experimental  evi¬ 
dence,  and  derived  a  general  semi- 
empirical  method  which  is  described 
later. 

The  first  pure  theoretical  treatment 
of  the  "viscous"  problem  in  its  sim¬ 
plest  form  (i.e.,  without  any  side- 
effects  such  as  jet  interference,  tem¬ 
perature,  etc.),  has  been  presented  by 
Crocco  and  Lees ( 9)  by  applying  their 
"mixing  theory"  to  the  base  pressure 
analysis  on  blunt  trailing  edge  air¬ 
foils.  Their  conclusions  agreed  fairly 
well  with  the  semi-empirical  deriva¬ 
tions  of  Chapman(7)  and  with  the  experi¬ 
mental  data  of  Bogdanoff . 

Thus,  regarding  cylindrical  bodies 
of  revolution  with  or  without  boat¬ 
tailing,  as  well  as  two-dimensional 
airfoil  sections,  useful  engineering 
data  may  be  found  in  Refs  by  Crocco 
and  LeesCS),  Chapman C5, 7) ,  Cortright 
and  SchroederO-2) t  Cope (6),  Gabeaud(2), 
Kurzweg^^)  and  Love(ll).  Assuming  a 
turbulent  boundary  layer,  semi- 
theoretical  data  in  good  agreement  with 
the  existing  experimental  evidence  of 
base  pressure  estimates  for  bodies  of 
revolution  with  or  without  boattailing, 
and  for  two-dimensional  airfoils, may 
be  found  in  Refs  by  Chapman(5,7)  Cort¬ 
right  and  SchroederO-2)  and  Love^D. 
Unfortunately,  a  direct  application  of 
their  methods  for  engineering  purposes 


is  recommendable  only  in  cases  of  no 
boattailing,  due  to  relative  complexity 
of  the  methods  in  the  case  of  boat- 
tailed  bodies.  For  the  latter, 
empirical  data  based  on  accumulated 
experimental  evidence  are  easier  to 
use. 

As  the  importance  of  reliable  pre¬ 
dictions  of  the  missile  base  pressure 
values  has  become  more  and  more  im¬ 
portant,  other  experimental  and  semi- 
empirical  data  and  methods,  including 
many  new  variables  (jet-effects,  tem¬ 
perature  conditions,  rarefied  gas 
effects,  etc.),  are  constantly  being 
accumulated,  see  respective  Refs. 
(2.6-7),  (2.6-8),  (2.6-11),  (2.6-14) 
to  (2.6-31). 

Thus,  in  the  Refs.  (2.6-5),  (2.6-20), 
(2.6-21),  (2.6-22),  (2.6-27),  (Chap¬ 
man,  Love  Perkins,  Hart,  Reller) , 
support  interference  effects  on  base 
pressure  are  investigated.  Explicit 
effects  of  the  Reynolds  Number  at  a 
constant  Mach  Number  are  studied  in 
Refs.  (2.6-5),  (2.6-13),  (2.6-15), 
(2.6-19),  (2.6-20),  (2.6-27),  (Chap¬ 
man,  Kurzweg,  Perkins,  Love,  Reller). 
Fin  interference  and  jet-pump  effects 
are  also  partially  covered  in  some  of 
the  references.  Two-dimensional  base 
pressures  are  well  presented  in  Refs. 
(2.6-4)  by  von  Karman  and  (2.6-31) 
by  Morrow  and  Katz. 

Regarding  the  relative  magnitude 
of  the  base  drag  term  at  supersonic 
speeds,  some  wind-tunnel  experiments 
indicate  that  the  base  drag  component 
is  small  with  respect  to  the  total 
body  drag  when  the  body  is  plump  with 
a  blunt  nose.  However,  the  base  drag 
is  of  the  same  order  of  magnitude  as 
the  skin  friction  drag  when  the  bodies 
are  sharp  pointed  and  slender  (super¬ 
sonic  long  range  missiles  and  pro¬ 
jectiles)  . 

Unfortunately,  a  unified  theoretical 
or  a  semi-empirical  treatment  of  all 
the  variables  which  influence  the  base 
drag  under  the  actual  flight  condi¬ 
tions  has  not  been  yet  developed. 
Therefore,  in  proposing  the  working 
charts  for  design  purposes,  a  gradual 


build-up  procedure  from  simple  cylin¬ 
der-cone  to  more  complicated  caiwes  has 
been  adopted.  The  number  of  variables 
is  thus  increased  in  an  additive  way 
as  indicated  by  the  proposed  analytical 
expression  for  the  base-pressure, 
see  Section  1.7.4. 

As  an  illustration  of  the  semi-empiri- 
cal  methods  used  in  the  present  base 
pressure  analysis,  the  Chapman's  and 
the  Love's  approaches  to  the  problem 
are  outlined  below. 

(i)  Chapman's  Solution  of  the  Base 
Pressure 

In  the  Ref  (2.6-5),  an  interesting 
semi-theoretical  approach  to  the  base 
pressure  evaluation  (without  jet-pump 
effects)  has  been  defined  by  Chapman. 
Since  the  general  Body  configuration 
has  effects  on  both  the  potential  free- 
stream  flow  and  the  viscous  boundary 
layer,  Chapman  split  the  problem  into 
two  parts.  First,  he  defined  a  "mean 
static  pressure  of  the  outer,  invis- 
cid  flow",  p'  ,  which  accounts  for  the 
body  configuration  effects  on  the 
free-stream,  including  the  boattail 
angle,  the  nose  shape,  and  the  cylin¬ 
drical  mid-section.  This  reference 
mean  pressure,  p' ,  represents  a  hypo¬ 
thetical  average  static  pressure  ob¬ 
tained  by  the  method  of  characteristics 
which  would  exist  if  the  body  were 
prolonged  for  one  diameter  distance 
behind  the  base,  see  Fig  (2.6-1). 

In  this  way,  Chapman  actually  eliminated 
the  body  shape  parameter  as  an  explicit 
independent  variable  by  taking  its  in¬ 
fluence  on  the  free  stream  implicitly 
through  the  above  defined  hypothetical 
reference  pressure, p'sftM'),  where  M'  cor¬ 
responds  to  p'  .  In  the  second  step, 
the  available  experimental  data  were 
correlated  through  the  pressure  ratio 
(pb/p/)by  a  single  correlation  curve  as 
the  function  of  the  Mach  Number 
and  the  body  geometry.  This  second  term 
thus  expresses  the  body  shape  influence 
on  the  boundary  layer,  i.e.,  the  viscous 
effects.  Analytically: 

(p^Hp^Xp^)  ’  (2 . 6-1) 

where  (p7p„  )  is  the  calculated  average 
inviscid  free  stream  static  pressure 
ratio,  and  (  pb /p'  )  the  correlated  ex¬ 
perimental  evidence. 

Regarding  applicability  of  data  to 
design  purposes,  some  useful  approxima¬ 
tions,  based  on  observations,  can  be  in¬ 
troduced  for  supersonic  regimes: 


(1)  The  nose  shape  influences  the 
base  pressure  only  if  the  total  body 
fineness  ratio  (L/D)  is  less  than  5. 

It  means  that,  in  general,  only  the 
body  shape  up  to  some  five  diameters 
from  the  base  affects  appreciably  the 
base  pressure.  Consequently,  for  slen¬ 
der,  relatively  high  fineness  ratio 
bodies  without  boattailing,  the  p'  ref¬ 
erence  pressure  can  be  approximately 
taken  as  equal  to  the  p„  va’ue.  The 
experimental  verifications  of  the  above 
assumption  can  be  found  in  Refs,  by 
Lovell).  Reller(27)f  Charters  and 
Turetsky(23) . 

(2)  At  supersonic  speeds,  the  static 
pressure  behind  an  airfoil  in  two-di¬ 
mensional  inviscid  flow  is  equal  to 
its  free  stream  value,  p„  .  Therefore, 
in  a  first  approximation,  the  pressure 
drag  due  to  trailing  edge  bluntness  can 
be  taken  as  p/=ps. 

(3)  Boattailing  of  bodies  of  revo¬ 
lutions  increases  the  "afterbody  pres¬ 
sure  drag"  in  front  of  the  base,  pa  , 
but  at  the  same  time  raises  the  refer - 
ence,p't  value  above  that  of  the  free- 
stream  static  pressure,  pm  ,  i.e.,  de¬ 
creases  the  base  drag.  By  boattail¬ 
ing,  the  total  pressure  drag  is  even¬ 
tually  decreased.  But  "boattailing" 
of  two-dimensional  blunt-base  airfoils 
has  only  little  numerical  effect  on 
trailing-edge  base  pressure  value,  see 
Figs  (2.6-2)  and  (2. 6-3),  i.e.,  far  less 
than  in  the  case  of  bodieE  of  revolu¬ 
tion. 

(4)  As  stated  later,  there  are  three 
primary  Mach  Number  effects  on  the 
base  pressure.  In  applying  the  Chap¬ 
man's  method,  a  reference  Mach  Number, 
M'  ,  corresponding  to  the  reference 
pressure,  p'  ,  should  be  used.  Such  a 
choice  of  a  reference  Mach  Number  would 
presumably  account  for  the  various 
Mach  Number  effects  as  related  to  body 
shape,  type  of  mixing  process  and  the 
boundary  layer  characteristics. 

(5)  Assuming  a  fully  turbulent  flow 
on  all  wetted  surfaces ,  the  Reynolds 
Number  effects,  as  related  to  the  body 
geometry,  can  be  represented  by  the 
ratio  (8/D).  For  small  boattail  angles 
(9b<I5*),  it  can  be  assumed  that  the 
pressure-gradient  variation  does  not 
affect  the  boundary  layer  thickness  (8) 
appreciably.  Consequently,  for  the 
given  value  of  M7  ,  the  boundary  layer 
thickness  can  be  considered  as  solely 

a  function  of  the  Reynolds  Number  at 
the  base,  i.e.,  for  a  turbulent  boundary 
layer: 
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Fig  (2  6  - 1 )  Method  of  evaluating  P'  together  with  some  specific 
values.  Ref  (2.6-5) 
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Fig  (2.6-2)  Effect  of  Reynolds  Number  on  bate  pressure  of 
bodies  of  revolution  with  turbulent  boundary 
layers.  Ref  (2.6-5) 
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Fig  (2.6-3)  Base-pressure  correlation  for  bodies  of  revolution  with 

relatively  thin  turbulent  boundary  layer. 

Ref  (2.6-5) 
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(8/l>  a  (r*l) 


(2.6-2) 


or,  since  the  above  interpretation 
represents  the  second  term  in  Chapman 1 s 
expression,  Eq  (2.6-1),  it  follows  that: 


(~p^)=  f (M',  8/d)  = 


(L/D)  i 

■r^J  (2 


6-3) 


With  these  simplifications  for  the 
(  P"  /fW  )  and  the  (P5/p'|  ratios ,  both  the 
Mach  Number  and  the  Reynolds  Number 
effects  can  be  computed  by  Chapman's 
method.  The  results  are  in  good  agree¬ 
ment  with  experimental  evidence,  see 
Figs  (2.6-2)  and  (2.6-3).  The  Reynolds 
Number  effects  prove  to  have  but  negli¬ 
gible  effect  for  bodies  of  revolution 
with  relatively  thin  boundary  layers 
(8/D  small);  while,  for  two-dimensional 
airfoils  the  effect  is  appreciable, 
(8/tB»l)  ,  see  Fig  (2.6-5).  In  both  cases 
a  turbulent  boundary  layer  is  assumed. 

(ii)  Love's  Solution  of  the  Base  Pres- 
sure  . . . . 


an  alternative  semi-empirical  method 
for  estimating  base  pressures  for  two- 
dimensional  airfoil  bases  and  the  bases 
of  bodies  of  revolution,  assuming  tur¬ 
bulent  boundary  layers.  This  method 
represents  an  extension  of  the  Cort- 
right's  and  Schroeder's  analysisO-2)  f 
and  is  verified  by  many  direct  experi¬ 
mental  measurements.  The  results  are 
in  a  very  good  agreement  with  Chapman's 
(5),  see  Fig  (2.6-6).  Additionally, 
boattailing  effects  and  fin-interference 
effects  are  treated  by  using  available 
experimental  data. 

Combining  the  Chapman's  and  the 
Love's  results,  the  respective  final 
working  charts  have  been  prepared  for 
cylindrical  bodies  of  revolution. 

When  comparing  these  semi-empirical 
curves  with  the  respective  experimental 
data,  a  cautious  selection  should  be 
made.  In  some  free-flight  and  wind- 
tunnel  measurements,  the  pick-up  ori- 
fices  for  base  pressure  readings  have 
been  located  at  the  body  outer  envelope 
"near"  the  base,  mostly  because  of 
structural  reasons.  Such  "base  pres¬ 
sure"  readings,  taken  outside  the  dead 
wake  region,  are  hardly  representative 
for  a  proper  base  drag  evaluation. 


In  the  Ref  (2.6-33),  Love  presented 


Fig  (2.6-4)Base-  -essure  correlation  for  airfoils  with 

relatively  thin  turbulent  boundary  loyere.  Ref(2.6-5) 
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Fig  (2. S- 5 )  Effect  of  Reynolds  Number  on  base  pressure  of 

airfoils  with  turbulent  boundary  layers.  Ref  (2.6-5) 
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2.6.3  A  SUMMARY  ANALYSIS  OF  THE  MAIN  INFLUENTIAL  PARAMETERS 


A  simplified  schematic  illustration 
of  the  base  flow  pattern  is  presented 
in  Fig  (2.6-7).  Excluding  rarefied  gas 
effects  and  assuming  a  fully  turbulent 
boundary  layer  over  the  rear  portion  of 
the  missile  configuration,  the  follow¬ 
ing  brief  conclusions  regarding  the  main 
influential  parameters  may  be  derived 
from  the  existing  theoretical  and  ex¬ 
perimental  evidence: 

(i)  Reynolds  Number  Effects 

Being  primarily  a  viscous  phenomena, 
the  base  pressure  is  necessarily  a  strong 
function  of  the  boundary  layer  type 
and  its  development  history  along  the 
body.  A  shift  of  the  transition  point 
from  laminar  to  turbulent  boundary  layers 
along  the  body  length  additionally  af¬ 
fects  the  viscous  flow  conditions  at  the 
base  (34)  (Kavanau) .  Since  a  predomi¬ 
nantly  turbulent  boundary  layer  has  been 
assumed  on  the  cylindrical  part  of  the 
missile  body,  this  effect  can  be  neg¬ 
lected,  see  Chapman (3,7) f  and  Faro^l?). 
Thus,  in  a  first  approximation,  it  can 
be  stated  that  the  Reynolds  Number  affects 
the  base  pressure  values  through  the 
conditions  of  the  turbulent  boundary 
layer  as  estimated  at  the  base.  Even 
with  this  simplification,  experimental 
evidence  indicates  that  the  boundary 
layer  state  at  the  base  may  be  in  some 
cases  additionally  influenced  by  the 
geometry  of  the  body  configuration  ahead 
of  the  base.  Notably,  if  the  nose  con¬ 
figurations  are  not  faired  smoothly  with 
the  cylindrical  portion  of  the  body, 
and  for  low  fineness-ratio  values 
(Ln+Lcyl)/d  *  t*ie  base  drag  may  be  ad¬ 
versely  affected,  i.e.,  increased. 

From  experimental  evidence,  Ref 
(2.6-8),  by  Bogdanoff,  it  can  be  con¬ 
cluded  that  the  Reynolds  Number  effects 
on  base  pressure  values  with  cone-cylin¬ 
der  configurations  are  in  a  more  general 
case  as  follows: 

-  If  a  laminar  boundary  layer  is  main¬ 
tained  at  the  base,  a  rapid  decrease  in 
base  pressure  occurs  with  increased  Rey¬ 
nolds  Number.  When  the  boundary  layer 
transition  occurs  at  the  base,  a  further 
increase  in  Reynolds  Number  increases 
the  base  pressure.  This  is  followed  by 
a  slow  steady  decrease  in  the  base  pres¬ 
sure  values  as  the  transition  moves  fore- 
ward  on  the  body.  Thus,,  assuming  a  fully 
turbulent  boundary  layer  along  the  body, 
only  slightly  conservative  estimates  of 
the  base  pressure  may  be  anticipated, 


since  in  most  cases  the  transition 
point  under  free  flight  conditions 
should  be  well  forward  on  the  main  body* 

(ii.)  Mach  Number  Effects 

The  manifold  effects  caused  by  the 
Mach  Number  variation  influences: 

(1)  The  average  pressure  of  the 
outer  free  stream  flow, 

(2)  The  average  density  and  velocity 
profiles  of  the  boundary  layer  at  the 
base, 

(3)  The  type  of  mixing  process 
(expansion-compression  wave  pattern 
between  the  boundary  layer  and  the  air 
on  each  side  of  it,  i.e.,  both  in  the 
free  stream  and  in  the  dead  air  re¬ 
gions)  . 

For  the  simplest  body  configuration 
of  a  cone  plus  cylinder,  with  the 
assumed  turbulent  boundary  layer  pre- 
vailance,  an  increase  in  the  Mach 
Number  promotes  a  strong  decrease  in 
the  base  pressure  coefficient,  see 
Figs  (2.6-3),  (2.6-6),  (2.6-8)  and 
(2.6-9). 

(iii)  Combined  Mach  Number  and  Rey¬ 
nolds  Number  Effects 

The  Mach  Number  and  the  Reynolds 
Number  effects  are  coupled  in  a 
greater  or  lesser  degree,  depending 
upon  the  type  of  boundary  layer  and 
the  shift  of  the  transition  point.  A 
good  general  summary  of  the  combined 
effects  in  various  cases  can  be  found 
in  Ref  (2.6-9)  by  Crocco  and  Lees. 

With  the  restriction  to  turbulent  bound¬ 
ary  layers,  the  Reynolds  Number  effects 
at  supersonic  speeds  become  of  a  second 
order  of  importance,  see  Fig  (2.6-2) 
and  Refs.  (2.6-14)  and  (2.6-17). 

(iv)  Boattail  Effects 

As  stated  already,  the  boattail 
effects  are  also  covered  by  the  methods 
of  Chapman  and  Love,  but  unlike  the 
cylindrical  body  solutions,  their 
methods  of  evaluating  the  boattail  base 
pressures  are  too  complicated  for  a 
practical  use.  Instead,  a  simpler  em¬ 
pirical  expression,  based  on  experi¬ 
mental  data  for  conical  after-bclies 
from  Ref  (2.6-36)  by  Stoney,  cat:  be 

lupd: 


2.6-10 


2.  6  -  12 


Fig  (2.6  —  9)  Bose  pressure  on  bodies  of  revolution  having  cylindrical  afterbodies 
—  Collection  of  data  — 


TABLE  (2.6-1) 


MACH 

NUMBER) 

M 

X 

CDOB  CYL. 

1.5 

.730 

.1715 

1.5 

.700 

.1905 

1.5 

.680 

.2030 

2.0 

.620 

.1360 

2.0 

.600 

.11*30 

2.0 

.570 

.1535 

2.5 

.520 

.1100 

2.5 

.500 

.111*2 

2.5 

.1*70 

.1210 

3.0 

.1*30 

.0905 

3.0 

.1*00 

.0953 

3.0 

.360 

*1016 

3.5 

.380 

.0723 

3.5 

.325 

.0786 

3.5 

.280 

.081*0 

1*.0 

.310 

.0616 

!*.o 

.260 

.0660 

U.o 

.205 

.0710 

i*.5 

.210 

.0558 

5-0 

.170 

.01*75 

9C 


J(M)  ,READ  FROM  FIC.l  REF.(2.6-I3  ) 


Cqob  *  — l —  SEE  FIQ.  (2.6-8) 
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CALCULATION* OF  BASE  DRAG  COEFFICIENT  USJNO  DATA  ON  BASE  PRESSURE 
OF  CYLINDRICAL  BODIES  FROM  REF.  (2.6-13) 
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Mil 


ACoob8T*CoobcrL[(-^-]-']  »  (2>6_4) 

where  (Og)  and  (0)  are  the  base  and  the 
cylindrical  body  diameters  respectively. 
Note  that  the  reference  area  is  S,  = 

(  t02/4  ). 

It  follows  that  the  boattailing  exerts 
a  definite  favorable  effect,  reducing 
the  base  drag.  This  expression  can  be 
used  only  for  (0B  <  15*)  with  an  acceptable 
accuracy.  Optimum  values  of  0a  are  dis¬ 
cussed  later. 

The  Eq  (2.6-1*)  holds  both  for  sub¬ 
sonic  and  supersonic  speeds,  but  care 
must  be  taken  when  applying  it  to  pro¬ 
nounced  boattail  angles  (0B  >  IS* )  at 
subsonic  speeds,  since  a  negative  base 
drag  can  exist,  see  Ref  (2.6-26)  by  Katz 
and  Stoney. 

The  same  expression  (2.6-4),  although 
derived  for  conical  afterbodies,  can  be 
used,  in  a  first  approximation,  for 
parabolic  after-bodies  also. 

For  the  transonic  range  of  speeds, 

(  .8  <  M  <  1.2  )  ,  the  experimental  data  by 
Katz  and  Stoney(26)  can  be  applied. 

They  measured  base  pressures  on  several 
fin-stabilized  bodies  of  parabolic 
arc  profiles  in  free  flight  and  at  Rey¬ 
nolds  Numbers  ranging  from  20  x  106  to 
130  x  10^.  The  body  length  was  varied 
from  6  to  25  diameters.  The  geometric 
data  for  the  test  models  are  presented 
in  Figs  (2.6-10)  and  (2.6-15)  and  in 
the  related  Table  (2.6-2).  The  respec¬ 
tive  accuracy  of  the  measurements  is 
given  in  Table  (2.6-3).  Although  in 
all  these  cases  fins  were  present,  they 
were  located  one  chord  length  ahead 
of  the  base  so  that  their  effect  on  the 
base  pressure  proved  to  be  negligible, 
see  Ref(2£~30)  by  Spahr  and  Dickey. 

The  forebody  configuration  effects  have 
also  been  found  to  be  found  to  be 
negligible  for  the  total  fineness  ratios 
investigated  (L/D>5).  Thus,  the  data 
from  the  Ref  (2.6-26)  suitably  replotted 
in  the  form, 


dCpbsT 1  f(-Q-  *  M«)  > 

in  the  Fig  (2.6-15),  are  recommended  for 
use  as  the  base  pressure  increments  due 
to  parabolic  afterbody  shapes  as  measured 
under  actual  flight  conditions  for  Mach 
Numbers  ranging  from  0.8  to  1.4  and  for 
afterbody  fineness  ratios  up  to  10.  This 
does  not  include  the  actual  fin-effects, 


if  they  are  mounted  nearer  to  the  base 
(closer  than  one  fin-chord). 


In  the  present  paper,  the  in vise  id 
pressure  drag  change  around  the  body 
due  to  boattail  (base  drag  excluded), 
has  been  taken  care  of  in  the  "pressure 
drag  term",  see  Section  2.5.  In  some 
literature,  however,  this  boattail 
in  viscid  pressure  drag  can  be  found 
combined  with  the  boattail  base  drag 
term,  the  two  together  called  the"after- 
body  drag".  This  is  the  case  in  many 
experimental  treatments  of  the  base 
pressures  at  large.  For  a  quick 
separation  of  the  two  terms,  the  follow¬ 
ing  semi-empirical  expression  can  be 
used: 


Cqopaft  =^('D0PBT  +  dCoobBT 

„  _  .ooi  eB  +  .  000710b 

Coopaft  =  511 


where 


(2.6-5) 


n  =  4  for  M  <  3.5 , 
n  =  3  for  M  >  3.5  , 

Sr  =irD2/4  ,  reference  area, 

is  the  angle  of  slope  of  a  coni¬ 
cal  afterbody  in  degrees,  used  as 
positive,  or  angle  of  slope  of  an  in¬ 
scribed  cone  in  the  case  of  parabolic 
afterbodies  (approximation)  ,  see 
Fig  (2.5-18),  Section  2.5. 


The  first  term  in  Eq  (2.6-5) 
approximates  the  second  order  theore¬ 
tical  values,  as  calculated  by  Jack^33^ 
while  the  second  term  is  the  empirical 
expression  (2.6-3)  taken  in  the  form 
cOObCYL  +  ACD0bBT  ■ 


The.  applicability  of  Eq  (2.6-5)  is 
restricted  to  (0B  <  15° )  if  a  reason¬ 
able  accuracy  is  expected. 


An  eventual  selection  of  minimum 
drag  afterbodies,  based  on  both  theore¬ 
tical  and  empirical  evidence,  can  be 
easily  done  by  following  the  simple 
rule: 


-  For  a  given  (LBT/D)  ratio,  the 
minimum  afterbody  drag  is  obtained  when 
0B  =  4.5°  for  conical  afterbodies,  or 
when  meridians  have  a  base  slope  angle 
of  0p  =  9°  for  parabolic  afterbodies. 
Note  that  the  tangent  to  the  parabolic 
base  angle  is  always  exactly  twice  that 
of  an  inscribed  conical  body,  see  Fig. 
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Model  |;  L  /0«  6.0  4;  K*Ln/L»0.40 
Ln«  I8.l“,  L»  4 5.3" 

K  *  Max.  Dio.  Location  Coefficient 


FOR  ALL  MODELS  < 

H  0^4 ■  S*  .307  ft* 

TT  Db2/4«  Sb*  X)586  ft* 
Al.e.«45* 

SflN  EXP  TOT.  *  1.6  9  ft* 
PARABOLIC  BODY  SHAPES 
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—  6.9 
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FiG  (2.6-10)  GEOMETRY  OF  MODELS  TESTED  IN  REF.  (2.6-26) 

ALL  DIMENSIONS  I  N 
INCHES,  IF  NOT  STATED  OTHERWISE. 
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Fig  (2.6-11)  Configurations  for  minimum  afterbody  drag  at 
Ref  (2.6-36) 


TABLE  (2.6-2) 


Model 

K  *Ln/L 

Totol 

L/D  length 
(  dl  am.) 

Afterbody  1 
Itngth- 
Llf/O 
(  d  1  o  m.) 

Fertbody 

length 

LN  /  D 

(dl  am.) 

1 

0.40 

6.0  4 

5.62 

2  42 

2 

0.  40 

8.  9  1 

5 . 35 

3.56 

3 

0  60 

17.  78 

7.  1  1 

10.  67 

4 

0.40 

12. 50 

7.50 

5.00 

5 

0.  60 

24.50 

9.  80 

14.  70 

Geometrical  data  for  models  tested  in  ref  (2.6-26) 
See  fig  (2.6-10) 


TABLE  (2.6-3) 


M 

Errors  of  Measurement 

M 

Coob 

cPb 

1.4 

.005 

.005 

.008 

1 . 1 

.005 

.007 

.015 

0  8 

.005 

.  010 

.030 

Accuracy  of  measurements  in  Ref  (2.6-26) 
See  fig  (2.6-  10) 
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(2.6-11). 

(v)  Tall  Fins  Interference  Effects. 

^^DOb(F) 

The  presence  of  fins  at  the  rear  end 
of  a  body  of  revolution  may  or  may  not 
have  an  appreciable  effect  on  the  base 
pressure,  depending  upon  the  simul¬ 
taneous  interplay  of  the  following  pri¬ 
mary  influential  variables: 

(1)  Free  stream  Mach  Number,  , 

(2)  Number  of  fins,N, 

(3)  Fin  airfoil  section, 

(4)  Fins  location,  (x/c)F, 

(5)  Fin  thickness  ratio,  (t/c)F  , 

(6)  Fin  height-body'  diameter  ratio, 

{hFEXP/D  ) , 

(7)  Finsweep-back,  ale  and  Ate  , 

(8)  Body  shape  at  fin’s  location 
(boattailing) . 

Relatively  few  experimental  investi¬ 
gations  of  the  fin  interference  effects, 
separated  explicitly  from  the  bulk-base 
drag  measurements,  are  available,  see 
Refs.  (2.6-17)  (Faro),  (2.6-20)  (Love), 
(2.6-22)  (Hill),  (2.6-24)  (Hart), 
(2.6-30)  (Spahr  and  Dickey),  (2.6-36) 
(Stoney).  The  data  are  not  systematized 
regarding  the  various  influential  fac¬ 
tors  mentioned  previously,  and  in  most 
cases  only  qualitative  general  conclu¬ 
sions  may  be  derived  for  direct  design 
purposes . 

Expressed  in  terms  of  the  total  base 
pressure  drag,  the  relative  increase  or 
decrease  due  to  fin  interference  ef¬ 
fects  does  not  exceed  ±  10%  in  the  worst 
case,  see  Ref  (2.6-11)  (Love).  Besides, 
since  "jet-pump"  effects  may  have  a  far 
bigger  influence  (up  to  757o),  and  since 
they  may  be  estimated  only  very  roughly 
(as  shall  be  seen  later),  it  can  be 
argued  that  the  approximate  method  for 
fin-interference  effects  as  proposed 
in  Ref  (2.6-11)  is  sufficiently  accurate 
for  engineering  estimates.  The  experi¬ 
mental  evidence  supports  fairly  well 
the  data  for  M  >1.5  ,  and  the  overall 

sacrifice  of  accuracy  is  but  a  negligi¬ 
ble  percentage  of  the  total  base  drag, 
as  compared  with  a  more  sophisticated 
approach  in  fin-effect  estimates. 

For  a  more  detailed  explanation  of 


the  proposed  procedure  for  fin-inter¬ 
ference  predictions  as  specified  below, 
the  Ref.  (2.6-11)  by  Love  should  be 
consulted. 

In  order  to  generalize  and  unify 
the  effects  of  the  various  influential 
factors  as  related  to  fin  effects, 
a  basic  reference  configuration,  which 
predominates  in  most  experimental 
investigations,  Refs.  (2.6-17), 
(2.6-22),  (2.6-30),  have  been  chosen. 

-  A  cylindrical  body  with  an  ogival 
nose  and  four  (N=4)  equally  spaced 
10%  thick  fins  of  circular-arc  sec¬ 
tions  and  rectangular  planforms.  The 
ratio  of  fin  span  to  body  diameter  is 

(bF/D)  =  ( 2  hrEXP+  D)/  D  =  3.5  , 

(2/6-6) 

where  IiFexp  is  the  individual  fin 
height.  The  ratio  of  fin  thickness  to 
body  diameter  is 

(~D“)  =  ',5  •  (2.6-7) 

The  trailing  edges  of  the  fins  are 
flush  with  the  cylindrical  base.  The 
boundary  layer  is  turbulent. 

For  this  basic  configuration,  the 
effect  of  the  four  (N  =  4  )  fins,  flush 
with  the  body  base,  are  presented  in 
Fig  (2.6-16),  as  ACoob(p)  REFs(4C00bFINTER  )ref 
versus  Mach  Number.  The  plotted  curve 
is  a  mean  average  from  the  theoreti¬ 
cal  results  of  Ref  (2.6-11)  by  Love  and  the 
experimental  results  of  Ref  (2.6-30) 
by  Spahr  and  Dickey,  and  free  flight 
tests  of  Ref  (2.6-17)  by  Faro. 

Any  other  combination  of  the  influ¬ 
ential  parameters,  differing  from  the 
"reference"  configuration,  would  then 
have  the  following  changed  effects: 

(1)  A  variation  in  number  of  fins 
(N),  all  other  data  constant,  shall 
proportionally  change  the  fin  inter¬ 
ference  effects,  i.e„  in  a  first 
approximation,  based  on  data  from  Ref. 
(2.6-30): 

[aCoob(F)jN  =  .2  [iCoobiF)  ]REf.x  (N-H)  * 

(2.6-8) 

for  N  >  I  » 

[ACootXF)]N=  .2  [iCoob(F)jREFx  (N  + 1)(-^) 

2  (2.6-9) 

with  Sr  =  irD  /4  . 


(2)  A  variation  in  fin  span-body 


2.6-18 


diameter  ratio  (bF/D)  shall,  in  a  first 
approximation,  proportionally  change 
the  fin  interference  effects  (all  other 
data  constant)  as: 

Lr4Coot(F)](bF/D)  =  ^  [aC&0b(F)]RE(P  ’(2>6_10) 

[^COObH(bF/D)=  WD  [4C&0b(F,]«FX  (%")  ’ 

(2.6-11) 

with  Sr  =  irD2/4  • 

(3)  A  decrease  in  fin  airfoil  thick¬ 
ness  ratio,  (t /c  )FtN  ,  all  other  data 
constant,  decreases  the  base  pressure 
coefficient  value,  but  the  effect  is 
of  a  diminishing  trend  with  increase 
of  Mach  Number.  A  semi-empirical  vari¬ 
ational  law  is  presented  in  Fig  (2.6-17) 
from  Refs.  (2.6-11)  and  (2.6-30)  as: 


missile  configuration.  Using  these 
data,  a  convenient  replot  of  the  mean 
average  values  is  presented  in  Fig 
(2.6-18)  in  the  form  of  an  incremental 
base  drag  coefficient: 

[*  coob(F)](K/C)F  --  f  [(Hr)p  ’M]  '  (2.6-15) 

••  [ACoob(F»](x/C)F  =  [4C/DOb  ,f>](-^)’(2'6"L6) 

where  (x/C)F  is  the  relative  actual 
fin  position  in  fractions  of  the  fin 
root  chord  along  the  body  axis, 
measured  from  the  reference  "flushed" 
configuration  (x=0)  ,  with  x  positive 
for  fin  shifts  forward,  and  negative 
for  fin  shifts  backward  into  the 
dead-air  region.  From  the  results  in 
Fig  (2.6-18),  it  can  be  seen  that  the 
effect  of  the  fin  position  becomes  in¬ 
creasingly  negligible  for  M  >  2.5  . 


[aCoob  (f)]  (f/c)f.  ,afle«  o  =  f  [ (t/c)F  t  Moo] 

(2.6-12) 

Note  that  it  has  a  negative  value. 

(4)  The  effect  of  sweep-back,  AFL- ,  is 
to  decrease  the  fin  interference  effects 
upon  the  base  pressure,  since  the  thick¬ 
ness  ratio  of  the  fin  parallel  to  the 
cylindrical  body  surface  is  effectively 
reduced  through  the  relative  increase 
of  the  fin's  chord.  Within  a  first 
approximation  then,  assuming  a  given 
absolute  fin  airfoil  thickness,  tF  , 
the  reduction  of  the  fin  effects  of  a 
swept-back  planform  compared  to  the 
basic  reference  configuration  may  be 
estimated  from: 


[aCooblFi] 


(t/c)F  ,  A  Fle 


=  JaCooblF)] 


(t  /c)p  ,  A  ple  b  o 


x  cos  A  fle  >(2.6-13) 


[iCDOb(F)](f/c)FiAFLE  =  [4CMb4t/c)F,AFLE  ■ 


with  Sr  =  tD  /4 


x  cos  A 


FLE 


m  • 


(2.6-14) 


(6)  Using  a  simple  linear  super¬ 
position  law,  the  approximate  expres¬ 
sion  for  the  total  fin  interference 
base  drag  increments ,  as  produced  by 
variations  specified  from  (1)  to  (5), 
takes  the  form: 

“M‘,n  =  [iCD0B"’>](./tll:,  AFLt  ,  M,  (!>,/■».  {./«„ 


:■  ACootw,  =  { ^ 

X  COS  A0+  [dCDob(F)](!(/c^}x  ,2(I+N)X 


(2.6-17) 


where  (t/c)F  .  (  AFLE  )  ,  (N) ,  (bF/0)  and 

( x /C )F  are  the  actual  values  of  the 
fin  airfoil  thickness,  the  angle  of 
fin  leading  edge  sweep  back,  the  number 
of  fins,  the  fin  span-body  diameter 
ratio  and  the  fin  position  with  respect 
to  the  body  base  in  terms  of  the  fin 
mean  geometric  chord,  respectively. 

The  related  value  of  (AC'oot>(F)  )ref 

)(»/c)f AFLE'0.and  (ACoot>(F)hx/c)F  should 
ineti  from  Figs  (2.6-16),  (2.6- 
17)  and  (2.6-18). 


(ACpobiF) 
be  obla 


(5)  The  effect  of  the  position  along 
the  cylindrical  body  of  the  trailing 
edge  of  the  fin  root  is  very  pronounced. 
In  Ref  (2.6-11)  by  Love,  the  empirical 
results  from  Ref  (2.6-30)  (Spahr)  and 
the  semi-empirical  calculations  based 
on  three  different  methods  are  summar¬ 
ized  for  the  earlier  defined  "reference" 


In  the  above  expression  (2.6-17), 
thei  effects  of  airfoil  shape  and  body 
shape  at  the  fin  position  (boattailing) 
are  assumed  negligible.  This  approxi¬ 
mate  expression  is  applicable  for 
(M  >  1. 5  )  .  For  lower  Mach  Number  values, 
( M  <  1.5)  ,  the  results  of  the  fin-inter¬ 
ference  on  base  pressure  for  {x/Z)F  -0 
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tend  to  level  off,  since  the  leading 
edge  shock  wave  nears  detachment,  and 
interferences  from  the  shock  waves  on 
opposite  fins  occur. 

Note  that  Eqs  (2.6-8)  to  (2.6-17)  are 
necessarily  reduced  to  the  common  refer¬ 
ence  area,  Sr  =  TrCr/4  . 

(vi)  Jet  Effects  on  Afterbody  Drag 
Component .  ACoot>JET  • 

There  are  no  generalized  theoretical 
methods  for  predicting  jet  effects  on 
the  afterbody  drag  component  as  encoun¬ 
tered  in  all  its  complex  missile  con¬ 
figurations  and  varying  flight  regimes. 
The  experimental  data  are  still  limited 
and  insufficient  for  a  reliable  unifi¬ 
cation  of  all  of  the  influential  fac¬ 
tors  in  the  form  of  generalized  charts 
for  direct  design  application.  The 
quantitative  method  proposed  herein  is, 
therefore,  very  approximate  and  based 
mostly  on  the  empirical  evidence  pre¬ 
sented  in  Ref.  (2.6-37)  by  Cortright 
and  Kochendorfer . 

Since  in  preparing  the  "working" 
graphs,  a  broad  extrapolation  and  an 
averaging  of  the  few  reliable  data  are 
performed,  the  accuracy  of  the  proposed 
predictions  regarding  jet  effects  is 
uncertain.  It  is  hoped,  nevertheless, 
that  the  general  qualitiative  trend  is 
preserved  in  accordance  with  experi¬ 
mental  evidence. 

The  jet  effects,  influencing  both  the 
base  drag  proper  and  the  pressures  on 
the  rear  portions  of  the  body,  change 
completely  the  rear  flow  pattern. 
Therefore,  it  is  considered  convenient 
to  investigate  the  two  effects  com¬ 
bined,  i.e.,  as  a  total  "afterbody"  drag 
coefficient  change. due  to  jet  effects, 
with  the  term  (  ACQ0bJET  )  nominally 
included  in  the  "base  drag"  equations, 
see  Section  2.6.4. 

For  the  engine-in-fuselage  configura¬ 
tion,  the  main  flow  and  geometric 
parameters  influencing  the  afterbody 
drag  through  the  jet-stream  pressures 
are  denoted  in  the  illustrative.  Fig 
(2.6-12): 

-  The  boattail  angle,  ©a  ,  or  afterbody 
c  ontour , 

-  The  diameters  of  the  body,  D  ,  of  the 
base,D0  ,  and  of  the  nozzle  exit,DN, 

-  The  free  stream  static  pressure,  , 
the  boactail  static  pressure,  p  ,  the 
pressure  just  ahead  of  the  base,  pg  , 


the  base  pressure,  pb  ,  the  jet  static 
pressure,  pj  ,  the  jet  total  pressure, 

Pj  ,  and  the  jet  total  temperature,  Tj  , 

The  nozzle  exit  angle, ,  positive 
as  in  Fig  (2.6-12), 

-  The  basic  representative  nozzle 
configurations:  convergent  nozzle,  con¬ 

vergent-divergent  nozzle,  ejector  nozzle 
and  nozzle  with  annular  base  bleed. 

The  convergent  nozzle  is  the  sim¬ 
plest  to  investigate,  and  therefore  is 
taken  as  a  basic  reference  in  the  jet- 
drag  analysis.  Effects  of  other,  more 
complicated  cases  are  then  expressed 
as  incremental  terms  in  a  way  similar 
to  that  used  for  the  fin  interference 
investigations . 

The  convergent-divergent  or  ejector 
nozzles  are  used  mostly  for  higher 
Mach  Numbers,  in  order  to  yield  a  maxi¬ 
mum  thrust  potential.  As  the  engine 
design  pressure  ratio  increases,  the 
ratio  of  exit  diameter,  On  ,  to  throat 
diameter, Dt  ,  of  a  convergent-divergent 
nozzle  must  be  increased  respectively. 
Secondary  air  flow  in  an  ejector  nozzle 
is  introduced  to  cushion  the  expansion 
of  the  primary  stream.  With  blunt 
annular  bases,  the  air  is  sometimes 
discharged  into  the  low  pressure  region 
through  an  air-bleed  in  order  to  re¬ 
duce  the  base  drag. 

Jet  effects  on  boattail  pressure  drag, 
ACDObBT(JET) 

A  qualitative  illustration  of  ex¬ 
panding  jet  effects  on  flow  deflection 
for  a  conical  afterbody  with  a  con¬ 
vergent  nozzle  is  presented  in  Fig 
(2.6-13).  The  boundary  layer-shock 
wave  interaction  results  in  the  boundary 
layer  thickening  with  an  accompanying 
pressure  rise  and  a  subsequent  forma¬ 
tion  of  compressible  waves  ahead  of 
the  trailing  shock  wave. (37)  For 
higher  jet  to  static  pressure  ratios, 

( Pj  /  pa,  >  l  )  ,  the  increased  jet  stream 
expansion  may  cause  flow  separation 
from  the  boattail.  Thus,  the  pattern 
of  the  pressure  changes  at  the  boattail 
surface  depend  on  many  factors.  Some 
of  them  are  illustrated  in  Fig  (2.6-13). 
Qualitatively,  the  following  conclu¬ 
sions  may  be  summarized,  (Cortright  and 
Kochendorf er(37 )  and  Cubbage(38): 

(1)  In  case  of  no  jet,  for  conical 
afterbodies  of  a  fixed  base-to-body 
diameter  ratio,  an  increase  in  boattail 
angle  increases  considerably  the  boat- 
tail  pressure  at  supersonic  speeds. 
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Fig  (2.6-13)  Jet  effects  on  boottoil  pressures  Typicol  cose;  free-stream  Mach 
Number.  !.9;  boattail  angle,  5.6°.  Ref  (2.6-37) 
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(2)  In  case  of  a  jet  stream,  issuing 
from  a  convergent  nozzle  having  a  zero 
exit  angle,  there  is  a  beneficial  jet 
interference  that  reduces  the  boattail 
pressure  drag.  This  favorable  effect 
increases  with  increase  in  boattuil 
angle  and  jet-free  stream  pressure  ratio. 
As  a  result,  the  boattail  pressure  drag, 
in  general,  decreases  with  jet  inter¬ 
ference.  For  parabolic  afterbodies  with 
higher  sloping  angles,  this  boattail 
pressure  drag  reduction  due  to  jet 
interference  is  appreciably  greater 
than  for  conical  after-bodies  under  the 
same  conditions,  see  Fig  (2.6-15). 

(3)  The  favorable  jet  interference 
effect  in  reducing  the  boattail  pres¬ 
sure  drag  becomes  greater  with  an  in¬ 
crease  of  nozzle  exit  angle,  «jg  ,  for 
both  the  convergent  and  the  convergent- 
divergent  nozzles. 

Combined  jet  effects  on  afterbody  drag, 

[  ACdopbt(jeti+  dCoopbumj :  AC0otj JEt  • 

From  the  experimental  and  the  semi- 
empirical  data  presented  in  Refs.  (2.6-37) 
(Cortright,  (2.6-38)  (Cubbage),  (2.6-39) 
(Judd), (2 . 6-40)  (Henry),  (2.6-12)  (Cort¬ 
right)  and  (2.6-25)  (Peck),  the  impor¬ 
tant  conclusions  regarding  the  base 
and  the  afterbody  (base  + 
boattail)  drag  can  be  summarized  as 
follows,  keeping  in  mind  that  here  an 
increase  in  base  pressure  means  a  cor¬ 
responding  decrease  of  the  base  drag, 
and  noting  that  for  boattail  pressure 
drag  the  opposite  is  true: 

(1)  At  high  subsonic  speeds  the 
boattail  angle  of  conical  afterbodies 
for  minimum  afterbody  drag  coefficient 
is  in  the  range  between  5°  to  8°.  At 
supersonic  speeds  the  optimum  boattail 
angle  is  in  the  range  from  2.5°  to  5°. 

The  optimum  values  are  not  affected 
significantly  with  pressure  variations. 

(2)  There  is  a  marked  difference  in 
jet  effects  on  base  pressures  at  sub¬ 
sonic  and  supersonic  speeds: 

At  subsonic  speeds,  for  small  base 
annuli  ,(  Dg /DN  )<  1.5  ,  a  relatively  strong 
increase  in  base  pressure  occurs  with  an 
increase  in  the  jet-free  stream  pres¬ 
sure  ratio,  while  for  larger  base  annuli, 
(Dg /Dn  )>2.0  ,  a  strong  decrease  in  base 
pressures  accompanies  the  jet-free  stream 
pressure  ratio  increase. 

At  relatively  low  supersonic  speeds, 
(M«  2.0)  ,  there  is  a  pronounced  in- 

crease  in  base  pressures  with  increase 


of  the  jet-free  stream  pressure  ratio, 
the  lower  (Db/Dn)  value  annuli  exper¬ 
iencing  a  sharper  trend  of  the  pressure 
increase . 

At  higher  supersonic  speeds . (M>3) . 
the  jet  effects  on  base  pressures  are 
appreciably  reduced  for  all  jet-free 
stream  pressure  ratios  and  annuli 
thicknesses . 

(3)  There  are  no  essential  differ¬ 
ences  in  the  above  trends  between  the 
convergent  and  the  convergent-divergent 
nozzles  designed  for  a  jet-free  stream 
pressure  ratio  from  10.5  to  50.  The 
absolute  base  pressure  values  are 
slightly  higher  for  the  convergent- 
divergent  nozzles. 

(4)  A  change  in  the  afterbody 
geometry  does  not  alter  the  above  basic 
trends ,  provided  the  flow  remains  un¬ 
separated  over  the  boattail,  but  the 
absolute  values  of  the  base  pressure 
are  changed. 

(5)  An  increase  in  the  nozzle  exit 
angle,  ,  increases  both  the  annular 
base  pressure  and  the  boattail  pres¬ 
sure  through  an  increased  strength  of 
the  trailing  shock. 

(6)  An  increase  in  the  jet  tempera¬ 
ture  increases  the  base  pressure  value. 
Therefore,  the  use  of  experimental 
data  with  an  unheated  air  jet  is  some¬ 
what  conservative  regarding  base  drag 
estimates.  An  analysis  of  the  tempera¬ 
ture  effects  is  complex,  since  the  jet 
shape  and  its  mixing  with  free  stream 
are  influenced  by  variations  of  the 
jet  total  temperature ,  Tj  ,  the  specific 
heat  ratio,  rt  ,  and  the  gas  constant,  Rj  . 

(7)  The  Reynolds  Number  variation 
has  but  small  effect  on  the  base  pres¬ 
sure  and  the  jet  interference  effects, 
provided  thz  boundary  layer  at  the  base 
is  turbulent. 

(8)  The  base  drag  can  be  appreciably 
reduced  by  use  of  an  annular  base  bleed, 
see  Refs.  (2.6-41),  by  Cortright  and 
Schroeder,  and  (2.6-42)  by  Hebrank, 
especially  with  convergent -divergent 
nozzles,  which  otherwise  exhibit  the 
highest  blunt-base  drag. 

With  an  annular  base  bleed,  the 
base  drag  coefficient,  as  referred  to 
the  annular  base  area,  is  a  sum  of 
three  terms: 

-  the  base  drag  due  to  base  pressure, 
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Fig  (2.6-15)  Continued  (2  ) 
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-  the  base  drag  (reduction)  due  to 
exit  momentum, 

-  the  base  drag  (increment)  due  to 
free-stream  inlet  momentum. 

With  all  the  three  terms  present, 
there  will  be  only  a  small  initial 
reduction  in  drag  for  lower  mass-flow 
values,  followed  by  an  increase  (that 
later  tends  to  level  out)  for  larger 
mass  flows.  Thus,  only  if  the  bleed 
air  is  taken  from  some  low  energy  source, 
and  not  by  free-stream  inlet,  can  the 
beneficial  effect  of  the  annular  base 
bleed  concept  be  realized. 

Quantitative  estimates  of  the  various 
influential  factors,  described  briefly 
above,  are  presented  in  the  next  Sec¬ 
tion,  2.6.4  , for  the  respective  experi¬ 
mental  data  that  have  been  found  avail¬ 
able  in  the  unclassified  literature. 

(vii)  Trailing  Edge  Base  Pressure, 
C00bWTE  anC*  CDObFTE 

The  blunt  trailing-edge  airfoil  data 
by  Chapman,  Windrow  and  Kester(7)  for 
Mach  Numbers  up  to  3.0,  and  the  data 
by  Syvertson  and  Gloria  (32)  for  Mach 
Numbers  between  2  and  5,  can  be  used  as 
a  basis  in  evaluating  the  trailing-edge 
bluntness  pressure  drag  increment  for 
engineering  purposes.  When  expres¬ 


sing  the  base-pressure  for  airfoils, 
the  reference  pressure  is  { p1  =  p„  )  as 
stated  later.  A  summary  of  the  experi¬ 
mental  data,  including  Reynolds  Number 
effects,  are  presented  in  Figs  (2.6-4), 
(2.6-5)  and  (2.6-21). 

By  comparing  data  from  Fig  (2.6-5) 
for  airfoil  base  pressures  and  Fig 
(2.6-3)  for  base  pressures  of  cylindri¬ 
cal  bodies  without  boattailing,  the 
following  conclusions  may  be  deduced: 

(1)  An  increase  in  Mach  Number  causes 
a  very  sharp  decrease  in  base  pressure 
values  for  both  cylindrical  bodies  and 
airfoils . 

(2)  The  relative  boundary  layer¬ 
thickness  ratio,  ( 8/tB  )  ,  where  (tB)  is  the 
trailing  edge  thickness,  expressed  con¬ 
veniently  through  the  boundary  layer 
thickness  parameter,  c/(tBRe*2)  ,  for  turbu¬ 
lent  boundary  layers  shows  no  appre¬ 
ciable  effect  on  base  pressures  for 
(M<2)  ,  but  the  influence  becomes  pro¬ 
nounced  for(M>2)  . 

For  cylindrical  bodies,  this  effect 
is  negligible. 

It  is  of  interest  to  note  that  for 
turbulent  boundary  layers  the  angle 
of  attack  influence  on  the  base  pres¬ 
sure  is  negligible  up  to  a  =  5°  ,  see 

Ref  (2.6-7). 
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2.6.4  THE  PROPOSED  METHODS  FOR  THE  BASE  DRAG  COEFFICIENT  EVALUATION 


The  governing  equation  is: 


c00b  5  [(CoOOCYL  +ACDObBT  +  ^CDO&jFORe)+4C0Otj(F)+ 


+  6C0ot)jEr)  +  *C°°6WTE+  CDObFT£*]  . 


(2.6-18) 


As  stated  earlier,  due  to  lack  of  a 
unified  method  of  analysis  of  the  base 
pressure  problem  in  its  general  form 
(i.e.,  with  all  influential  factors 
under  actual  flight  conditions  present 
simultaneously) ,  a  stepwise  additive 
treatment  of  the  base  pressure  esti¬ 
mates  is  proposed,  according  to  the 
above  analytical  expression,  (2.6-18), 
and  the  following  scheme: 

(1)  Cone  (ogive)  +  cylindrical  body 
configuration,  fully  bluff  base,  no 
boattailing,  no  jet-pump  or  fin  effects, 

CoobcYL  * 

(2)  Additive  boattailing  effect  for 
small  or  moderate  boattail  angles, 

(  0B  <  15  ),ACDo5BTi 

(3)  Additive  jet-pump  effect  on  the 
whole  afterbody  (boattail  +  base): 
underexpanded  and  overexpanded  jets . 
Thermal  effects  on  the  base  pressure 
value  eventually  accounted  for,  ACDObJET  > 

(4)  Additive  fin-interference  ef¬ 
fects  on  base  pressure ,  dCDOb(F) , 

(5)  Wing  and  fin  trailing  edge 
bluntness  effects ,  CDObwTe  +  C00bFTE  . 

Note:  The  Figures  and  Tables,  men¬ 
tioned  in  the  text,  are  compiled  at 
the  end  of  this  Section, 2. 6. 4. 

(i)  Basic  assumptions: 

In  addition  to  the  general  assump¬ 
tions  of  the  "quasi-steady"  flow 
conditions  for  symmetrical  flight 
cases,  pertinent  to  the  whole  drag 


analysis  in  this  paper,  the  following 
specific  assumptions  in  computing  the 
base  drag  term  are  introduced: 

(1)  For  wing  (fin)  trailing  edge 
base  pressure  estimates,  the  two-dimen¬ 
sional  airfoil  data  are  used.  Three- 
dimensional  tip-effects  are  thus  neg¬ 
lected,  since  the  error  is  negligibly 
small  for  engineering  applications. 

(2)  The  semi-empirical  axially 

symmetric  flow  data  are  used  for  bodies 
with  or  without  boattailing.  The 
accuracy  of  the  data  is  within  limita¬ 
tions  of  the  respective  theories,  as 
discussed  in  Section  2.6.5.  I 

(3)  The  "jet-pump"  and  the  fin- 
interference  effects  are  estimated  on 
a  rather  scarce  empirical  evidence. 

The  accuracy  of  the  proposed  charts 
could  not  be  established;  nevertheless, 
it  is  expected  that  the  presented  data 
fit  fairly  well  within  the  limited 
range  of  Mach  and  Reynolds  Numbers . 

(4)  A  turbulent  boundary  layer  at  the 
rear  portions  of  all  wetted  areas  is 
presumed.  The  boundary  layer  transi¬ 
tion  effects  on  base  pressure  are  con¬ 
sidered  negligible.  The  estimates  are 
thus  but  slightly  conservative,  since 
the  transition  point  is  well  forward  for 
the  actual  average  missile  atmospheric 
flight  conditions  and  the  usual  manu¬ 
facturing  tolerances. 

(5)  The  body  fineness  ratios  greater 
than  5  are  presumed,  rendering  nose- 
cone  interference  effects  on  base 
pressure  values  negligibly  small. 

(6)  The  angle-of-attack  and  the 
rarefied  (higher  altitude)  gas  effects 
are  not  considered.  Their  effects  may 
be  evaluated  according  to  the  methods 
presented  in  Section  2.4. 

(7)  Mach  Number  effects  are  fully 
accounted  for.  Relatively  insignificant 
Reynolds  Number  effects  are  neglected 
for  bodies  with  relatively  thin  bound¬ 
ary  layers,  (  S/D  )«  1.,  but  they  are 
fully  taken  into  account  for  thin  air¬ 
foils  ,  (  8/  *  )  ~  1  . 

(ii)  Cone  (ogive)  Plus  Cylindrical 
Body  Without  Boattailing,  Cnnhrvi  " 

Love's 0-1)  and  Chapman 's^)  semi- 
empirical  data  for  cylindrical  bodies 
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ot  revolution  with  turbulent  boundary 
layers  are  used.  The  working  graph,  Fig. 
(2.6-19),  represents  the  average  values 
from  the  two  references  for  (M  >  2)  and 
a  mean  value  of  experimental  data  for 
(0$M<2).  The  wind  tunnel  and  the  free- 
flight  base  pressure  measurements  on 
models  of  fineness  ratios  greater  than 
5  with  fully  developed  turbulent  boundary 
layers  show  an  agreement  with  the  pro¬ 
posed  base  drag  curves  within  ±5%  for 
(M  > 1.2). 

The  applicability  of  the  graphs  is 
restricted  to  bodies  of  revolution  with 
nose  cones  (ogives)  of  a  fineness  ratio 
(L/D)  greater  than  5.  Under  these  con¬ 
ditions,  nose  cone  interference  effects 
on  base  pressure  values  are  negligibly 
small. 

The  base  drag  coefficient,  reduced 
to  the  reference  area,Sr  =( TT  D2  )/4,is 
then  readily  obtained  from: 


-DObcrL 


_  /  Pb  P°°  \  .  - 
V  I  '  "CPfa 


(2.6-19) 


(iii)  Boattail  Effects  on  Base 
Pressure  Drag,  A  C00bBT  . 

Both  for  conical  and  for  parabolic 
boattails,  the  respective  decrease  in 
base  pressure  drag  can  be  obtained  with 
an  acceptable  accuracy  from  the  simple 
empirical  expression,  Ref.  (2.6-36) 


reduced  to  the  reference  area  Sr  =  (7TDz)/4 

(iv)  Fins  Interference  effects,  ACoob{F 

The  interference  effects  due  to  the 
fin  location,  the  number  of  fins,  the 
fin  airfoil  thickness  ratio,  fin 
height-body  diameter  ratio,  the  fin 
leading  edge  sweepback  angle  and  the 
free  stream  Mach  Number  on  the  base 
drag  coefficient  value  are  estimated 
by  a  generalization  of  the  empirical 
and  semi-empirical  data  from  Refs. 
(2.6-11)  (Love),  (2.6-17)  (Faro), 
(2.6-22)  (Hill),  (2.6-30)  (Spahr  and 
Dickey),  (2.6-24)  (Hart).  A  reference 
configuration  for  which  most  of  the 
data  are  available  was  necessarily 
chosen  to  serve  as  a  common  basis  in 
presenting  the  generalized  data.  This 
reference  configuration  is: 

-  A  cylindrical  body  with  an  ogival 
nose  and  four  equally  spaced  10%  thick 
fins  of  circular-arc  sections  and  of  a 
rectangular  planform.  The  ratio  of 
the  fin  span-to-body  diameter  is  3.5. 

The  fin  trailing  edges  are  flush  with 
cylindrical  base.  The  boundary  layer 
is  turbulent. 

The  fin  interference  effects  for 
this  reference  configuration  are  pre¬ 
sented  graphically  in  Fig  (2.6-16) 
in  the  form  of  a  base  drag  coefficient 
increment , 
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ACoObBT  =  CDObcYL  | 

\{¥i- 

']  ’  (2.6-20) 

[4CDob(F)]REF  =  "  [ACPb(F)]REF:  f(M< 

b)  ’  (2 . 6-23) 

$ 

I 

£ 

••  CD0bCYL  +  ACDObgT 

-  CD0bCYL 

Of.M.6-21) 

”  [ACD0b(F)]REF  =  [- Acpb(F)]REF(-^) 

*  (2.6-24) 

where  ACoobBT  represents  a 

decrease  in 

which  is  properly  reduced  to 

the  common 

Jh 

base  pressure  drag 

value, 

and  ( Da )  and 

reference  area. 

(  D  )  are  the  base 
ters  respectively. 

and  the 

cylinder  diame- 

Sr  =  TT  Dz/4  . 

The  applicability  of  Eq  (2.6-21)  is 
restricted  to  afterbody  cone  angles 
(  0b<  7.5°  )  i.e.,  to  parabolic  afterbody 
base  tangent  slopes  of(0p<  15°).  Within 
the  restriction  the  agreement  with 
experimental  evidence  is  good  both  for 
supersonic  and  subsonic  speeds. 

For  transonic  speeds,  (. 8 < M  < 1.4) , the 
experimental  data  from  Ref  (2.6-26)  (Katz) 
can  be  used,  see  Fig  (2.6-15)  for  both 
parabolic  and  conical  afterbodies  in  a 
first  approximation: 

6Ct>obBT  =  -ACpb(-^-)  ,  (2.6-22) 


Then,  by  specifying  the  influential 
parameters  for  any  other  design  con¬ 
figuration,  i.e.,  by  defining: 

(t/c)F -  the  actual  fin  airfoil  thick¬ 
ness  ratio, 

(bF/D)-  the  actual  total  fin  span-body 
diameter  ratio,  where  hrexpis  the 
height  of  one  fin,  i  .e.,  (bF/D)=(2hrexptD)/D, 

N -  the  actual  number  of  individual 
fins , 

Afle-  the  fin  leading  edge  sweep-back 
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angle, 

(x/Cf)^-  the  fin  root  trailing  edge 
position  along  the  cylindrical  body, 
where  (CrF)  is  the  fin  root  chord,  and 
(xF)is  measured  from  the  cylindrical 
base  to  the  fin  root  chord  trailing 
edge  point,  positive  forward  and  nega¬ 
tive  for  fin's  shift  backward  into  the 
dead  air  region  of  the  wake.  The  above 
reference  configuration  value  (  ACpb(F)  )REF 
from  Fig  (2.6-16)  is  subsequently  cor¬ 
rected  as  follows,  see  Eq  (2.6-17): 

ACoob(F)  s  -(dCpbF)(|/C)F f  aFlE  ,  n.  (bF/o) .  (x/c»F  , 

(2.6-25) 

ACpob(F)  :  .057(1  +  N)(bF/D)[(-ACpb(F))fiEF  + 

+  (6Cpb(F))(j/c)f.  t  aFlE  =  o  x  cos  Afle  + 

+  (6CDob(F))(x/c)F](-^)  »  (2.6-26) 

where 

t>F-bFExp +D  5  2hFEXp  +  D  ’ 

-ACnb,r.  —  from  Fig .(2. 6-16),  a  positive  number 
if,Jref 

[ACpb(F)],t/c)Fl  AFLE=0-,rom  F|9-  (2.6-17) ,  o 

negative  number , 

[ ^ CA ob(F)j (x/t)F  1  pACPb(F,](xA:,F-,rom  F' 9  (2.6-18), 

either  positive, 

or  negative  . 

(2.6-27) 

A  more  detailed  interpretation  of  all 
the  terms  and  corrective  factors  is  given 
in  Section  2.6.3.  The  airfoil  shape  and 
the  boattailing  effects  on  fin  contri¬ 
butions  to  the  base  drag  are  neglected. 

The  proposed  expression  (2.6-26)  is 
necessarily  an  approximate  one,  repre¬ 
senting  the  mean  average  values  replotted 
from  the  stated  references.  But,  since 
absolute  fin  contribution  is  only  a 
small  percentage  of  the  total  base  drag, 
the  procedure  is  regarded  as  acceptable 
for  Mach  Numbers  greater  than  1.5.  At  lower 
speeds, (M  <  I  5  )  ,  a  leveling-off  of 
the  basic  curves  on  Fig  (2.6-16)  occurs 
due  to  the  leading  edge  shock  detachment 
and  the  shock  interferences  from 
opposite  fins. 


( v)  Jet  Interference  Effects  on 
the  Base  and  the  Boattail  Drag,  ACnnhitT 

As  stated  earlier,  the  jet  inter¬ 
ference  effects  on  the  base  and  after¬ 
body  (base  +  boattail)  drag  coeffi¬ 
cients  depends  on  the  following  air 
flow  and  geometric  parameters  (see  Fig 
2.6-12  ): 

(1)  The  boattail  angle,  @a  >  and  the 
afterbody  contour  (conical  or  para¬ 
bolic)  . 

(2)  The  diameters:  of  the  body, 

D  ,  of  the  base,  Db  ,  and  of  the  nozzle 
exit , Dn  . 

(3)  The  pressures:  free  stream 
(Poo  =  PH),  boattail  (p),  base  (p5),  jet 
static  pressure  (  Pj  ) ,  jet  total  pres¬ 
sure  (Pj). 

(4)  The  jet  total  temperature,  Tj  , 
the  coefficient  of  specific  heat  ratio, 

y j  ,  and  the  gas  constant,  Rj  . 

(5)  The  nozzle  configurations: 
convergent ,  convergent-divergent, 
annular  base  bleed  ejector  nozzle,  etc. 

(6)  The  nozzle  exit  angle,  . 

A  quantitative  analysis  of  the 
various  factors  is  performed,  based  on 
the  experimental  evidence  available, 
see  Refs.  (2.6-37),  (2.6-38),  (2.6-39). 
Due  to  scarcity  of  data,  the  accuracy 
of  the  proposed  working  charts  are 
limited  in  value  and  only  as  good  as 
the  data  themselves  . 

The  jet  effects  influence  consider¬ 
ably  both  the  base  drag  proper  and  the 
pressures  on  the  rear  of  the  body, 
i.e.,  the  boattail  drag.  It  is  there¬ 
fore  convenient  to  investigate  the 
two  effects  combined.  Thus,  the  total 
incremental  drag  term, 

ACDObjET  =  [ACD0PBT(JET)  +  A CDOpb  ( JET)]  > 

(2.6-28) 

in  the  Eq  (2.6-18)  represents  the  total 
"afterbody"  (base  +  boattail)  pressure 
drag  coefficient  change  due  to  jet 
effects,  computed  as  follows: 

(1)  Base  Drag  Coefficient  Changes 
gHg-bo.  J?t_Effect_s  ,AC00pb(JET). 

The  most  consistent  experimental 
data  have  been  found  for  a  convergent 
nozzle,  which  is  the  simplest  to 
analyze.  Therefore,  in  preparing  the 
working  graphs,  the  convergent  nozzle 


as  follows: 


of  an  engine  built-in  in  a  conical 
afterbody  of  a  relatively  small  (near 
optimum)  boattail  angle  has  been 
chosen  as  a  basic  reference  configura¬ 
tion,  assuming  a  cold  jet.  Effects 
of  other  flow  and  geometric  parameters, 
different  from  the  basic,  are  then  ex¬ 
pressed  as  additional  corrective  fac¬ 
tors  in  a  way  similar  to  that  used  in 
the  fin  interference  analysis. 

In  preparing  the  respective  working 
graphs  on  Fig  (2.6-20),  many  interpo¬ 
lations  and  extrapolations  were  in¬ 
volved  due  to  the  scarcity  of  actually 
measured  data.  Due  care  was  taken 
to  follow  closely  the  existing  quala- 
tative  trends  in  each  case. 

The  basic  reference  configuration 
of  a  conical  afterbody  with  a  built-in 
convergent  nozzle  is  specified  by  the 
following,  see  Figs  (2.6-12)  and  (2.6- 
20): 

08s  5.6°  , 


eN°-  0°, 

(Db/Dn)  from  l.l  to  2.7, 

(Pj/pH)  from  I  to9  .  (2.6-29) 


-  For  different  boattail  angles, 

5.6  ,  of  conical  afterbodies,  irre¬ 
spective  of  the  Mach  Number,  the  /pH 
and  the  DB  'DN  ratios,  an  approximate 
correction  by  using  the  experimental 
data  from  Ref  (2.6-37)  (Cortright), 
gives : 

[(cW*t]8|>=  {[(cW*,L  +  -°°9<,«  -  °5} ' 

(2.6-32) 

-  For  both  convergent  and  convergent- 
divergent  nozzles  an  increase  in  the 
nozzle  exit  angle  (from  its  zero-value) 
increases  the  base  pressure  coeffi¬ 
cient,  i . e  .,  decreases  the  base  drag. 

A  mean  corrective  value  is  introduced 
on  the  basis  of  the  experimental  data 
presentedin  Ref.  (2.6-37): 

[(Cpb)JET]  =  {[(Cpb)JET]  +  .0025  €'»}  • 

N 

(2.6-33) 

-  Effect  of  variation  in  the  base- 
to-body  diameter  ratio, (  DB/D  ),  is 
automatically  included  in  the  basic 
curves,  Fig  (2.6-20),  since  for  the 
given  reference  boattail  angle, 

( 0B  =  5.6°),  and  a  constant  (DN/D)  ratio 
of  .37,  it  follows  that: 


(a)  The  reference  base  pressure 
coefficient: 


Db  _  db  ^  _ 
T'Dn  D  ' 


37t  • 


(2.6-34) 


[(.CPb)jEr  ] 


Pb~Pq 


J  REF 


(2.6-30) 


No  correction  is  thus  needed. 


acting  on  the  base  annulus  versus  jet 
static  pressure  ratios  (pj /Poofrom  1  to 
9)  is  presented  in  Fig  (2.6-20)  for 
various  base-to-nozzle.  diameter  ratios 
(Db/Dn  from  1.1  to  2.7)  and  Mach  Num¬ 
bers  of  .9,  1.5,  2.0,  2.5,  3.0,  and 
4.0.  The  basic  reference  base  drag 
coefficient,  referred  to  the  reference 
area,  Sr=7TD2/4  ,  is  then: 

[cDocb(JET>]nEF = 

'dn  Ph/  (2.6-31) 


-  Effects  of  parabolic  afterbodies, 
as  compared  with  conical,  should  be 
confined  to  the  boattail  surface  pres¬ 
sure  drag  changes.  Regarding  the  base 
drag  estimates,  effects  of  parabolic 
afterbodies  could  be  accounted  for 
approximately  by  using  for  the  boattail 
angle  in  the  corrective  expression 
(2.6-32),  twice  the  value  of(0B)for  an 
inscribed  conical  afterbody,  i.e., 

(®p)parabolic  "  ^®b)C0N)CAL  (2.6-35) 


This  relationship  stems  from  the 
geometry  of  the  afterbodies  at  the  base. 


For  other  intermediate  Mach  Number 
values,  the  interpolation  should  be 
used . 

(b)  Corrections  for  variations  in 
the  actual  flow  and  geometry  parameters 
in  each  individual  case  are  performed 


-  The  corrections  for  convergent- 
divergent  nozzles,  as  compared  with  the 
reference  convergent  nozzle,  may  be 
approximated  by(37): 

f(cPb)JEii  =  {r(cPb)JETi  +  °35}  • 

y  'JEDcon-div  U  k  Jetjref  6_36) 


2.6-33 


f 


-  The  jet  temperature  effects  are 
'  functions  of  the  jet  temperature ,  Tj  , 

the  specific  heat  coefficient,  r. ,  the 
jet  total  pressure  ratio,  Pj  /p*  ,  and 
the  free  stream  Mach  Number,  MH  =  , 

for  any  given  base-nozzle  configura¬ 
tion.  By  using  approximate  mean  values, 
an  order  of  magnitude  corrective  factor 
may  be  formulated  as: 

[(cpb)ji;T]Tj  «  {[(C'pb)JET]REr+  .2X10” 4  (Tj  -Th)}  , 

(2.6-37) 

where  Tj  and  Th  are  the  jet  and  the 
ambient  temperatures  in  op  absolute, 
respectively . 

-  The  Reynolds  Number  effects  are 
negligible,  see  Ref  (2.6-37). 

Thus,  taking  all  corrections  into 
account  the  final  expression  for  the 
base  drag  coefficient  increment  due 
to  the  jet  effects  becomes: 

dCpopb(jET)  =  CDOpb(JET)  "  [coobCYL  +  dCoOb(BT)j  » 

dCoopb(jET) 1  cD0pb(jET)  ~{coobCYL  +  CoobcrL  ~  •]}' 

ACoopb(jET)  -  coopb(JET)  -  coobCYL(-^-)  ’ 

(2.6-38) 

where: 

[cDOPb(JET.]CONV.D1/  -  (4^ )  {[(CPb)JET]REF+ 

+  ,0090b -.05  +  .0025 + 

+  .2xi64(Tj-TH)  +  .035}  f 
(2.6-39) 

Explicitly,  for  convergent  nozzles  . 
[acoopb(JET)]coNv= -  [-^]{[(Cf*)JET]  r£f  + 

+  IO'4[9O0g+25^  +  -2  (lj  -T„)  — 

-  50oj|  -  CpobcYi  [-^-]  > 
(2.6-40) 

and  for  convergent-divergent  nozzles  . 
[4CDopb(JET)]coNv_Div--[ACoopb(JET,] 


J  CONV 


■cS-On  I  -4 

^  N  350*10 


NOTE:  The  algebraic  value  of  [(cpb)JET ] 
should  be  taken  from  Fig  (2.6-20), 


REF 


For  parabolic  afterbodies  instead  of 
(0b),  the  corresponding  (6p=20b)  value 
should  be  substituted  in  the  Eq  (2.6-41) 

(2)  Boattail  Pressure  Drag  Coeffi¬ 
cient  Changes  Due  to  Jet  Effects  . 

ACdopbtijet)  • 

-  The  evaluation  of  jet-effects  on 
the  boattail  pressure  drag  change  is 
done  on  the  basis  of  the  sporadic  data 
from  Ref  (2.6-37),  (2.6-38) 
and  (2.6-39),  (Cortright,  Cubbage,  Judd). 
The  tentative  expressions,  derived  and 
proposed  below,  actually  approximate 
the  jet  effects  on  boattail  pressure 
drag  for  supersonic  Mach  Numbers  of  the 
order  of  2,  applicable  to  both  conver¬ 
gent  and  convergent-divergent  nozzles. 

The  effects  of  the  boattail  angle,  0b  , 
the  nozzle  exit  angle,  0N  ,  and  the  jet 
pressure  ratio,  pj/pH,  are  included. 

Using  again  the  concept  of  the  reference 
conical  configuration,  having  ( 0g  =  5.6* ) 
and  =  0*  )  ,  the  pressure  drag  coef¬ 
ficient  decrement  on  boattail  surfaces 
due  to  any  other  conical  boattail  angle 
(  @b  t  5.6  )  and  a  nozzle  angle  ( t°N  *  0  ) 
can  be  approximated  in  the  presence  of 
a  jet  stream  by: 


ACDopBT(jEt)  1  “Sxto  4  -  5x10  5  € N  f 

ACD0Pbt(jet)  =  -5x|0~4(-^)[-^  +  I0  '€n]  » 

(2.6-42) 

where  »B  and  are  in  degrees ,  and 
the  reference  area  is  sr  =  7rD2/4  . 

For  parabolic  afterbodies,  with  an 
inscribed  cone  angle  of  (0°=0®/2): 

ACpopBT(jET)  =  ~ 5x|°4("P^)[3I.4  +l°  ^n] 

(2.6-43) 

Expressions  (2.6-42)  and  (2.6-43) 
are  very  approximate,  and  should  be 
used  cautiously  for  both  convergent  and 
convergent-divergent  nozzles. 

(3)  Combined  Afterbody  (Base  Plus 
Boattail)  Drag  Coefficient  Decrement, 
ACpoh(jET)  »  referred  to  the  reference 
area,  Sr  =  ttD2/4  ,  due  to  total  jet 
effects  thus  becomes: 


- 3  ,•  /Pj 


ACD0bjET=  ACoopb[JET)  +  ACdopbt(jet) 


(2.6-44) 


(2.6-41) 


or  explicitly  for  various  boattail  and 
nozzle  configurations,  differing  from 
the  arbitrarily  chosen  "reference" 


2.6-34 


_ _ _ 

case: 

For  conical  afterbodies,  convergent 


nozzles : 

(ACD°bJET)coNE  =-  [-^ri]{[(Cpb)JET]REF  + 

+  IO"4[9O0b +.2(T|-Th)-500]}- 
-  5x|0-4(£i-)[^L  +  |°-|e«]-  CoobcYL^)' 


Dfl 

D 

(2.6-45) 


For  conical  afterbodies,  convergent- 
divergent  nozzles: 


(4CoobJET)cgNE_D)v  =  -[^*5^]  {[(cP*>)jet]«f‘ 
+  IO'4[9O0S+25€j+  .2  (Tj  — Th)  -  I5C>]}  - 

‘  S<"5*(S)[!&  +l0''£«']-  CK>bCYL(^) 

(2.6-46) 


For  parabolic  afterbodies,  convergent 
nozzles: 

.2  r.2 


(AC0ObJET)pARA  =  {[(Cpb)JET]REF  + 

+  I0"4  [l8O00  +  26€n  +  .2(Tj-TH)-5(X)]}  - 

'  5  X  l0'4  (^)  [^4  +  l0"  €°n]  -CD0bCYL  (%)• 


(2.6-47) 


For  parabolic  afterbodies,  convergent- 
divergent  nozzle: 


‘REF 


UCoobjE'Wjj.^-  [^]  {[(CpI,)*,], 

+  IO'4[i8O0b  +  25€n  +.2(Tj-TH)  -  l5o]|- 

(2.6-46) 

Alternatively,  the  Eq  (2.6-46), 
(2.6-47)  and  (2.6-48),  can  be  con¬ 
veniently  written  as: 


"WKW t* 


(4Coobj£T)CONE  =  (^CoobjET^CONE  |  ^  ~2  * 

CONV-DIV  CONV  L  u 

(2.6-49) 
p  02 

(bCoobjET)pAB*=  (ACoobjET)cONE  “ ("pirKTMi)  * 

r.ONU  rrmj  n 


] 


(/>C0Ob.ETlSR  o(<  ’(4COOP.ETIJJJI-  (2  6.50) 


-1C1 


In  the  above  expressions: 


(2.6-51) 


CoobcYL ("^)3-  from  Fig.  (2.6-19), 


[(CPb)jET]REF  " 


from  Fig.  (2.6-20),  by 
its  algebraic  value, 


is  the  jet  static  pressure 
ratio, 


0B s (0p/2)  and  «N  in  degrees. 

Tj  and  Th  -  are  the  static  jet  and 
the  atmospheric  temperatures  in  °F 
absolute. 


(vi)  Trailing  edge  base  pressure  drag. 
CoObwTE  and  C00bFTE  ' 

The  wing  and  the  fin  trailing  edge 
base-to-free  stream  pressure  ratio, 

(  Pb  /  Ph  =  Pb  fVm  )  i  can  be  evaluated 
from  Fig  (2.6-4),  irrespective  of  the 
airfoil  shape.  Since  the  data  are  for 
base  pressures  lor  airfoils  with  rela¬ 
tively  thin  turbulent  boundary  layers , 
the  Reynolds  Number  effects  for  even¬ 
tually  relatively  thick  boundary  layers 
may  be  additionally  taken  into  account 
by  using  Fi§  (2,6-5).  Instead,  in 
this  paper,  It  is  deemed  more  convenient 
to  express  the  pb /pH  ratio  directly 
through  a  scale  effect  parameter 
5  /(  teRej^as  a  function  of  Mach  Number 
(Mh),  ' 

where  5  =  Cwexp  ,  or  C  =  Cfexp 

and  tt  =  tTE «  .01  ft  ,  (2.6-52) 

in  accordance  With  Fig  (2.6-21).  Thus, 
the  corrections  for  variations  in  bound¬ 
ary  layer  thickness  with  Reynolds  Num¬ 
ber  are  automatically  taken  into  account 
through  the  variable  effective  trailing 
edge  thickness  parameter  (  ta  Rej-8  ). 

The  wing  trailing-edge  base  drag 
coefficient  is  then  given  by 


I 


[ 

i 
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l 


! 

! 

! 

1 

$ 


t>WEXP 
COS  A WTE 


1 


•  « 


Cop„,E  =  ,.e25(JM»)(iim) 


(2.6-53) 

and  the  total  fin  trailing-edge  base 
drag  coefficient  by 


CoopFTE 


(2.6-54) 

as  referred  to  the  references  area, 

Sr  =  ttD2  /  4  ,  where: 

(pb  /pH)-  should  be  taken  from  Fig 
(2.6-21)  as  a  function  of  the  Mach  Num¬ 
ber,  mh  ,  and  the  effective  trailing 
edge  thickness  parameter  ,( g/ tg  Rec'2  ), 


±  Ph.  .  ±  2Ph  1.825 
it  «1h  ‘  ir  TmJp^  "  Mh2 


y  =  1.40  , 


^wexp  -  is  the  exposed  wing  span,  ft., 

^fexp-  is  the  exposed  fin  height  (one) 
ft., 

Rec  ■  is  the  Reynolds  Number,  referred 
to  exposed  wing  (or  fin)  mean  geometric 
chord ,  c^p  , 

iB=tTE-  is  the  manufacturing  trailing 
edge  thickness,  of  the  order  of  0.01  to 
0.02  (in  ft), 

Ate  "  i-s  the  absolute  value  of  the 
trailing-edge  sweep  back  (or  forward) 
angle,  degrees. 


With  the  number  of  fins  equal  to 
(  N  ) ,  the  final  combined  expression  for 
the  wing  and  the  fins  takes  the  form: 


CoObwTE  +  CoobFTE  : 


1.825 

+n(i 


[>■  PbN  /  bWEXP 

IV  Ph'w'cosAwte 


)*WTE 


^b  \  /_JVexp_ 
PH  /f'cosAtte 


+ 


(2.6-55) 

(vii)  Final  expressions  for  the 
total  base  drag  coefficient,  ( see 
Tables  '(TT5-4)  and  (2.6-5)' 


Coob  =  (CoobCYL  +  ACoobBT  +  ACpob(F)  +  4CoobjEj)  + 

+  (Coobv*TE  +  CoobFTE ^  *  (2.6-56) 


or  explicitly: 

For  conical  afterbodies,  convergent 
nozzles :  (Case  I) : 


Coob  =  CoobcYL^)^  {  057(N+l)(-^-)(-^-)2  X 
X  [(-ACpb(F))REF+  C0SAFLE(4Cpb(F))|,/C)FiAFLE=0  + 

+  (AC00b,F()<X/C)F]}  +  {^|  [(I  -  ^)W(^sXwTE  ),WTE 


+  {-(^F^)[(CPb(JET))REF 


.2  »2 


+  l0",(90®B  +  25€N+.2(Tj-TM)-500]  -  5  x  |0~4 (£j-) 

“[sOT  +  ,0‘'eNl- CoobcYL  (ir)3}  * 


(2.6-57) 


The  last  term,  (  ACoobjET  ^con^-conv  • 
separated  by  vertical  dash  line  "/" 
from  the  rest,  represents  the  jet 
interference  effects  and  should  be 
taken  equal  to  zero  for  the  no-jet 
case.  It  is  the  only  term  that  under¬ 
goes  changes  with  various  other  nozzle 
designs,  as  follows: 

For  conical  afterbodies,  convergent- 
divergent  nozzles:  (Case  IlJ: 


(dC DOb jet) CONE  =  (ACD0bjET)C0NE  "  • 035  ‘ 

C0NV-DIV  CONV  L  u 

(2.6-58) 

For  parabolic  afterbodies,  convergent 
nozzles :  (Case  III): 

P  *  ©Q 

(ACoobjEi)pARA  =  lacoobjE-r)coNE  ~  10  3  ("pfr ) ( 3I  4 )  * 

CONV  CONV  KH  01 

(2.6-59) 

For  parabolic  afterbodies,  convergent- 


2.6-36 


*  ,»••**■* 


divergent  nozzles:  (Case  IV): 

(AcoobjET)pARfl  -  (ACoobJET)CON£  -,0'3 
CONV-OIV  CONV 

(2.6-60) 

In  the  above  expressions,  the  mean¬ 
ing  of  the  different  terms  is  as  fol¬ 
lows  : 

D  -  is  the  cylinder  diameter,  ft, 

De  -  is  the  base  diameter,  ft, 

0N  -  is  the  nozzle  diameter,  ft, 

N  -  is  the  number  of  fins, 

bp  -  is  the  fin  total  span  bfrMZhfrExfrtDJ.ft. 

hFEXP  '  is  the  individual  fin  height,  ft, 

(t/r:F  -  is  the  fin  airfoil  thickness  ratio, 

Cr  -  is  the  fin  root  chord,  ft 

(x/c,  )p  -  is  the  fin  trailing  edge  root 
chord  relative  position  with 
respect  to  body  base,  positive 
forward , 

Afle  -  is  the  fin  leading-edge  sweep- 
back  angle,  degrees, 

©B  -  is  the  conical  boattail  angle;  for 
parabolic  bodies,  boattail  angle  of 
an  inscribed  cone,  degrees , 8p-  20B , 

«N  -  is  the  nozzle  exit  angle,  positive 
for  diverging  exit  profile,  degrees, 

Tj  -  is  the  jet  static  temperature,  °R 
absolute , 

Th  -  is  the  ambient  static  temperature, 

°R  absolute, 

(Pj/pH>-  is  the  jet  static  pressure  ratio, 

<P i  /PH>  =  (  Pj  /pj’ 

PH-  is  the  altitude  static  pressure, 

PH-  P®  '  lb/sq.ft, 


Mh  -  is  the  free-stream  Mach  Number, 

Mh  =  M®  . 

bWEXP -  is  the  exposed  wing  span,  ft, 

Awte  “  ts  the  wing  trailing-edge  sweep 
angle,  taken  by  absolute  value, 
degrees , 

fTE  -  is  the  wing  or  fin  trailing  edge 
bluntness,  approximately  .01  ft, 

Pb  -  is  the  static  pressure,  lb. /sq.ft, 

coob  ~  is  the  base  drag  coefficient  of 
a  cylindrical  body,  see  Fig. 
(2.6-19), 

-ACpb.J  -  is  the  reference  fin 
L  Uref  interference  pressure 

coefficient,  see  Fig 
(2.6-16)  (a  positive 
number) , 

-  is  the  increment  in  fin- 
wc),AFle=0  interference  drag  coef¬ 
ficient  due  to  fin  air¬ 
foil  thickness ,  see  Fig 
(2.6-17)  (a  negative  num¬ 
ber)  , 

[ACDbb(F)]  -  is  the  increment  in  fin- 
L  J(x/c)f  interference  drag  coeffi¬ 
cient  due  to  fin  relative 
position  with  respect  to 
body  base,  see  Fig  (2.6- 
18)  (either  positive,  or 
negative) , 

(pb  /pH  )  -  is  the  base-free  stream  pres¬ 
sure  ratio  for  fins  and  wings, 
see  Fig  (2 . 6-21)  , 

Cpb(jET)]  ”  is  the  reference  base 

Jref  pressure  coefficient  due 
to  jet  effects,  see  Fig 
(2.6-20). 

A  detailed,  self-instructi ve  com¬ 
putational  procedure  for  the  ba,- e 
pressure  drag  is  presented  in  Table 
(2.6-5). 


2.6.5  COMPUTATION  INSTRUCTIONS  FOR  THE  TOTAL  BASE 
PRESSURE  DRAG  COEFFICIENT  ESTIMATES ,  C  DOb 


(i)  Basic  Data  Preparation: 

For  a  given  missile  configuration 
the  respective  geometric  parameter?, 
entering  the  governing  Eq  (2.6-57)  for 
Coot  ,  should  be  numerically  specified 
and  tabulated  in  Table  (2.6-4). 

( ii)  List  of  Working  Graphs  for  the 
Base  Pressure  Drag  Estimates 

Fig.  (2.6-19)  -  Base  drag  coeffi¬ 
cient,  Coobcv,  ,  for  cylindrical  bodies 
without  boattailing,  having  fineness 
ratios  (L/D)  greater  than  5. 

Fig.  (2.6-15)  -  Base  pressure  coef¬ 
ficient  increment , AC pb  ,  for  parabolic 
afterbodies  at  zero  angle-of -attack, 
transonic  speeds. 

Fig.  (2.6-16)  -  Reference  fin-inter¬ 
ference  base  pressure  coefficient  incre¬ 
ment,  <-ACpb(F))REF  . 

Fig.  (2,6-17)  -  Base  pressure  coef¬ 
ficient  variation  with  the  fin  thickness 
ratio, (ACpb(F))(,/C,Fi  ApLE  :Q  . 

Fig.  (2.6-18)  -  Base  pressure  coef¬ 
ficient  variation  with  the  fin  location 
with  respect  to  the  base ,  !  AC'00b)(,/c) 

Fig.  (2.6-21)  -  Wing  and  fin  trail¬ 
ing  edge  base  pressures  for  turbulent 
boundary  layers ,( pb /pH  ) . 

Fig.  (2.6-20)  -  Effect  of  free  stream 
Mach  Number  on  base  pressure  for  various 
jet-static  pressure  ratios,  reference 


configuration. 

(iii)  Computational  Procedure 

A  self-instructive  computational 
procedure  for  the  total  base  pressure 
drag  coefficient  estimates  is  pre¬ 
sented  in  Table  (2.6-5).  Four  possible 
cases  are  explicitly  defined  for  the 
"jet-on"  condition: 

Case  I  -  Conical  frustrum  boattails 
with  built-in  convergent  nozzles, 
governing  Eq  (2.6-57). 

Case  II  -  Conical  frustrum  boattails 
with  built-in  convergent-divergent 
nozzles.  The  governing  Eq  (2.6-57) 
should  be  corrected  in  accordance  with 
the  auxiliary  Eq  (2.6-58). 

Case  III  -  Parabolic  frustrum  boat- 
tails  with  built-in  convergent  nozzles. 
The  governing  Eq.  (2.6-57)  should  be 
corrected  in  accordance  with  the 
auxiliary  Eq  (2.6-59). 

Case  IV  -  Parabolic  frustrum  boat- 
tails  with  built-in  convergent-diver¬ 
gent  nozzles.  The  governing  Eq  (2.6- 
57)  should  be  corrected  in  accordance 
with  the  auxiliary  Eq  (2.6-60). 

In  the  "no- jet"  case,  the  last 
term  in  the  governing  Eq  (2. 6-57) » 
clearly  separated  by  the  vertical  line 
"/",  is  non-existing.  All  four  cases, 
specified  above,  reduce  to  one  single 
expression,  represented  by  the  remain¬ 
ing  terms  in  Eq  (2.6-57). 
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Fig  (2.6- 18)  Measurements  and  estimations  of  the  effects  of  fin  location  upon  bose  pressure 
at  several  Mach  Numbers. 
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Fig  (2  6-20)  Continued  (5)  Free-streom  Mach  Number,  4.0  Ref  (2.6-37) 
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2.7  TOTAL  ZERO-LIFT  DRAG  FORCE  COEFFICIENT 


With  all  the  approximations  and  Limi¬ 
tations  specified  throughout  the  pre¬ 
sented  analysis,  the  final  zero-lift 
drag  coefficient  expression  in  quasi¬ 
steady  flight  regimes  (or  tentatively 
in  accelerated  flight  wi  thout  the  ap¬ 
parent  mass  effects  accounted  for)  takes 
the  form: 


Coo  *  [C00f  +  <CD0p  +  CD0p»  )+C00b  ] 

(2.7-1) 

where  the  total  frictional,  pressure 
and  base  drag  components  are  specified 
explicitly  in  the  respective  Sections, 
2.3,  2.4,  2.5  and  2.6. 

The  final  zero-lift  drag  coefficient 
values  for  the  whole  missile  configura¬ 
tion  are  to  be  computed  as  indicated  in 


Table  (2.7-1)  for  all  the  earlier 
specified  flight  and  missile  geometry 
conditions . 

In  conclusion,  it  is  pointed  out 
that  the  presented  computational  methods 
can  be  used  for  any  other  net  of  data. 
For  instance,  at  hypersonic  speeds,  for 
the  respective  pressure  and  base  drag 
coefficient  computations  the  compiled 
data  from  Ref  (2.6-44)  can  be  used, 
while  at  subsonic  speeds  the  additional, 
well  elaborated  data  from  Ref  (2.6-46), 
are  recommended.  At  lifting  condi¬ 
tions,  the  induced  drag  term  (see  Sec¬ 
tions  1.6,  1.7  and  1.8)  is  computed 
in  the  way  closely  similar  to  the  one 
presented  here,  the  respective  pressure 
drag  data  being  extensively  assorted, 
for  instance  in  .lefs.  (2.6-44),  (2.6-45) 
(2.6-46),  (2.6-47). 
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